PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103
Plan for Lecture 22:
Summary of some mathematical tools
1. Contour integration
2. Fourier transforms

3. Fast Fourier transforms
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10/15/2015 SHY 711 Fall 2014 — Lecture 22
3 [Mon, 9/01/2014 Chap. 1 Scattering theary continued #3
4 |Wed, 9/03/2014 Chap. 2 Accelerated coordinate systems a4
5§ |Fri, 8/05/2014 Chap. 3 Calculus of variations #5
6 |Mon, 9/08/2014 Chap. 3 Calculus of variations #E
7 Wed, 9/10/2014 Chap. 3 Hamilton's principle a4
8 |Fri, 8/12/2014 Chap.3&6 Hamilton's principle #8
9 |Mon, 9/15/2014 Chap.3&6 Lagrangians with constraints #9
10|Wed, 9/17/2014 Chap.3 &6  Lagrangians and constants of motion [#10
11 |Fri, 5/19/2014 Chap.3&6  Hamiltonian formalism #11
12 |Mon, 9/22/2014 Chap.3&6  Hamiltonian formalism 11
13|Wed, 9/24/2014 Chap.3 &6  Hamiltenian Jacobi transformations
14 |Fri, 9/26/2014  Chap. 4 Small oscillations Begin Take-Home
15|Mon, 9/29/2014 Chap. 4 Normmal modes of mction Continue Take-Home
16 |Wed, 10/01/2014 Chap. 4 Normal modes of motion Continue Take-Home:
17 |Fri, 10/03/2014  Chap. 4 Normal modes of motion [Take-Home due
18|Mon, 10/06/2014 Chap. 7 Wave motion 12
18 \Wed, 10/08/2014 Chap. 7 Sturm-Liouville Equations #13
20Fri, 10/10/2014 Chap. 7 Sturm-Liowville Equations #13
21|Mon, 10/13/2014 Chap. 7 Sturm-Liouville Equations #1d

» 22|Wed, 10/15/2014 Appendix A Contour integration methods #15

Fri, 10/17/2014 Fall break — no class
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artment of Physics

Events

fed. Oct 15, 2014
Physics Colloquium:
Quantum Dots

Prof. S. Geyer, WFU
Olin 101 4:00 PM
Refreshments at 3:30 PM

Randall D. Ledford Scholarship |
in Physics

Andrea Belanger Awarded
Poster Prize

Physics Colloguium:
Nanobiophysics
Prof. Robert Ros, ASU
Olin 101 4:00 PM

Ryan Godwin Awarded 2::‘:11?;“‘5 a3me
Predoctoral Fellowship
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PIY 711 — Contonr Integration

These noles swiunarize some basic properties of complex lunctions and Lheir utegrals.
An analytic funetion f(z) in a certain region of the complex plane z is one which takes a
single (non-infinite) value and is differentiable within that region. Cauchy’s theorm states
that a closed contour integral of the funetion within that region has the value

o1

As an exawple, [unctions composed of nteger powers of z —

0. (1)

flZ) =27 for m=0,1+2 4. )
fall i this catogory. Notice thial nou-integral powers are generally nol analytic aud Ul
n = —1 is also special. In fact, we can show that
[ dz ;
)-1 s, 8 3)
s
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I'his resnlt follows from the fact that we can deform the contonr to a unit circle ahont
the origin so that z = ™. Then

r dz 2% ot )
i [ S idf = 2mi. (1)
Jooz Jo e .
Omne result of this analysis is the Cauchy integral formula which states that for any analytic
fimetion f(z) within a region '

J(z)
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Example
Suppose f(|z| - oo)z 0 and for z = x:
f(x)=a(x)+ib(x)

Im(z)
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Example -- continued

f@:iﬁﬁﬂﬁ'WMquﬁdﬂﬂmm
2m° z'-z
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Im(z)

Re(z)
a(x)+ib(x)= L jde'
27 X'—x
Example -- continued
Im(z)
— |
x Re(2)
P o L) o, A g )
2 x'=x o X'=x e X=X 2 X=x
=P J-—f'(xl) ax'+iz f(x)
o X=x

Example -- continued
(WAC PGS,
:[ dx'= j -

x'—x x'
—00

0

dx'+ T f'(x') dx’-l—xr f(x’) dx'
+& X=X x—

x'—x

Kramers-Kronig relationship
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Another resalt ol this analysis is the Residue Theorm which stales (hat i the complex
function g{z] has poles at a finite number of points z, within a region ' but is otherwise
analytie, the contour integral can he avaluated aceording to

=2miy . Res(gp). (6)
7

where the residue is given by

gt

: 1

Res(g,) =

(z— :P‘,"‘g(:)vl} . (7)

where m denotes the crder of the pole.
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w2 2
Example: X z
e [ e
s 1+x 1+z
Im(z)

§14Z_724d2 = Zﬂi(Res(zp - ei”/4)+ Res(zp _ 63‘”/4)) Re(z)
z

4 /4 3iz/4 -irld 3irl4
1+z =(z—e'” Xz—e'” Xz—e”’ Xz—e ' )

/4 . 3iz/4
Res(z *e"”/")*i Res(z *e“””‘) e
- T4 r

4i
eur/4 eSilrM B T
4 4 )
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Contour integral for homework:
< cos(ar)

dx.
0 4drt+5r24+1 o
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Fourier transforms
A useful identity

jdte ook —275(w-w,)

—n

Note that
2 sin[(w— o, )T]

N
ja’te i(@-ay )
T 0=,

101520154 ! PHY 711 Fall 2014 - Lecture 22 | | | K
2 F 3
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Definition of Fourier Transform for a function f(¢):
f0)= [doF(@)e™
Backward transform :
L
F(w)=— |dtfit) &
@)= j 10
Check :

f(t) = j;da) (i j:;(:dt' f(t') e”w‘J e"(l)!
o= idf e [i 1"“’ e"”‘""’] = Lit' ) 5(-1)

Note: The location of the 2n factor varies among texts.
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Properties of Fourier transforms -- Parseval's theorem:

Jarto) v = o () Fo

o j;d’(f(t)f s _id{(zlnldwF(w)e'” ]”;[];dwy:(m')em,]
:iidwp(w)iidw'p(w-)idt ooy
:iidwp*(w)iidw‘p(wv) 275l - 0)

:iidwF'(w)F(w)
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Use of Fourier transforms to solve wave equation

2 2
Wave equation : a—?— c* 871: =0
ot ox
Suppose  u(x,t)=e " F(x,w) where F(x,w) satisfies the equation :
O*F(xv,0)

= —%ﬁ(x,(u) =—KF(x,0)

Further assume that fixed boundary conditions apply: 0<x< L
with F(0,0)=0 and F(L,w)=0

Forn=123---
F,(x,0) =sin i k~>k”:M£&
L L c
yr ik it (emet) ik, (vser)
u(x,t) = e sin(k,x) = e (e ¢ ) = (e )
2i 2i
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Use of Fourier transforms to solve wave equation -- continued

2 2
ou 26u=0

¢
or’ Ox

2

Using superposition: Suppose u(x,?) = ZCne"””’E (x,®,)

27 2
TLOO) % (. 0,)= - Flx,o,)
2

ox’
For E(x,a)):sin nm k%kﬁ:ﬂsw”
L L ¢
_ —iot _ Cy, it ( ik, ik, x
:>u(x,t)—ZC”e sm(k,,x)—z?e e —e
n n 1
C
=227,1(e,k,,(m)787.‘,,(“”))5f(xfa)+g(x+a)
1
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Fourier transform for periodic function :
Suppose f(t+nT)= f(¢) forandinteger n

F(w)=i jdtf(t)euw _ i (Idtf(t)e"““*"”]

0

n=—mn

Note that :
S - 2z
> =QY S(w-1Q), where Q="
— = T
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Some details :
& wor _ sin((M +3)T)

e

P sin({ )
(sin(M +1)wT) 2z
lim| ———25—7 (=2 T —VQT )=— -1Q
t Lr}n( sin(t @T) ”Z‘ 8o ) T Zﬁ(w )
= ie‘"”r :Qiﬁ(a)—vﬁ), where 922771

v=—o0

= F(w) =i Tdtf(z)e”“ = i Qﬁ(a}—vﬂ{jdtf(t)e”‘” ]

Thus, for a periodic function

f@:iﬂ@yw
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Example: (nT
Suppose:  f(¢)= Tn for(n—l)TStS(n+1)T; n=0,2,46...

Note, in this case the repeat period is 27 and the convenient sample

timeintervalis —7 <7 <T.

= 27 %t . (vat 5 Y VA
F(Q)= ﬁl,rT sm( o }a’t f(= ;2‘F(v91 sm( ZTJ

1A //ﬂ
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1 e ] |
v - vl
Example: 1 = ., " v
Suppose: f(t) - Z ef(t+nT) a _ z F(vg))eﬂvm
aN'7w = v

—a Q4

where QEZ—” and F(VQ):Le
T 2

AT

1
D

.
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Continued: f(¢)=

ef(l+nT)2 la®

10/14/2014

} F(ve) M _
; i Note: f(t)~= Y. F(1Q)e ™
| = v=—M
\ ‘
\
-y M
mT < —i27vm/(2M +1)
=Y F(\
jf(2M+l): ZA:J ,( k

cture 22

Thus, for a periodic function

f)= ZF(VQ)E’”&

Now suppose that the transformed function is bounded;
‘F(V(l} <¢ for M >N

Define a periodic transform function function

F0)= Fha+v (2N +1)0))

Effect on time domain :

(Z)_Z;F (op™ = N+ I)Q Z Flae mzzg[ 2N+1)

v=—N "
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Doubly periodic functions

uT
2N +1
7 1 —127[1//4/(2N+1)
Ju= 2N+
N

Z 127[1/;1/ (2N+1)
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More convenient notation

2N+1->M

7 1 &~ i2 vl M
- Fefz v

fy MV:O \4

F:/ — Zf#ezZﬂvy/M

u=0
Note that for W = ¢?*'™
Fy=f W+ W+ f W0+ fW° 4.
E = W+ fW' + W+ f W+
Fy= WO+ W+ [+ [+
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Note that for W = "'

Fy=f W+ W+ f W+ f 0+
1 :foW"+JN‘1W‘+f2W2+f3W3+---
Ey= W+ W+ [ W+ [+

l

However, W" = (eiz”/M )M =1

and M2 = (ei27r/Myw/2 -1

Cooley-Tukey algorithm: J. W. Cooley and J. W. Tukey, “An
algorithm for machine calculation of complex Fourier
series” Math. Computation 19, 297-301 (1965)
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