PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103
Plan for Lecture 23:
More mathematical tools
1. Fourier transforms

2. Fast Fourier transforms
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=3 ‘ed, 9/03/2014 Chap. 2 |Accelerated coordinate systems. &4
& |Fri, 9/05/2014 Chap. 3 ICalculus of variations #5
|6 |Mon, 9/08/2014 Chap. 3 |Calculus of variations H#E
7 |Wed, 5/10/2014 Chap. 3 Hamilton's principle #7
8 [Fri, 9/12/2014 Chap 2&6 |Hamilton's principle #8
® |Mon, 9/15/2014 Chap. 3&6 |Lagrangians with constraints #3
10 Wed, 9/17/2014 Chap. 3 &6 |Lagrangians and constants of motion #10
11 |Fri, 9/19/2014 Chap.3 &6 |Hamilionian formalism #11
12 |Mon, 9/22/2014 Chap.3 &6 |Hamiltonian formalism #11
13 |Wed, 9/24/2014 Chap. 3& 6 |Hamiltenian Jacobi transformations
14 |Fri, 9/26/2014  Chap. 4 |Small oscillations Begin Take-Home
15[Mon, 9/29/2014 Chap. 4 Normal modes of motian Continue Take-Home
16 |Wed, 10/01/2014 Chap. 4 Normal modes of motion Continue Take-Home
17|Fri, 10/03/2014 Chap. 4 Normal modes of motian Take-Home due
18 |Mon, 10/06/2014 Chap. 7 [Wave motion #12
19 Wed, 10/08/2014 Chap. 7 Sturm-Liouville Equations #13
120 |Fri, 10/10/2014 Chap. 7 Sturm-Liouville Equations #13
121 |Mon, 10/13/2014 Chap. 7 Sturm-Liouville Equations #14
|22 \Wed, 10/15/2014 Appendix A [Contour integration methods #15
Fri, 10/117/2014 Fall break - no class
‘ [23|Mon, 10/20/2014 Appendix A [Fourier transfarms #16
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Fourier transforms * )
A useful identity: I dt e =278 (w0 -,

A ) 2sin| (w—w, )T
Note that: [deetomr = M
rJ 107 —
i i ()
-10 -5 5 10
(0]
For T>0: I
e w— ZUU
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Definition of Fourier Transform for a function f'(¢):

f)= JawF@) e

Backward transform :

F(w)= i 'fdtf(t) e

Check :

o= ol o 1]

1= far g [i Jao "] = Jar s s

Note: The location of the 2r factor varies among texts.
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Properties of Fourier transforms -- Parseval's theorem:

T * _L < *
idt(f(v) fty = 2ﬂ£dw (F(@)) F(w)

Check: Tdt (f(t))k ftr) = T d{[; T da)F(a))e”“‘] ZL T da)'F(a)')e”“’J
—o0 —0 T — T -0

=i]§ dwF(w)ij‘ d(u'F(w')T dt &

17 . 17
=L [doF (o)L [do'F(0") 275(a' -
2”L o. (w)27z£ 0'F(0") 275 (0 - o)

=iidwF*(aJ)F(w)
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Use of Fourier transforms to solve wave equation

. u L, 0u
Waveequation: ——c¢ — =
d o o
Suppose  u(x,t)=e " F(x,w) where F(x,w) satisfies the equation :
FF(xrw) _

@ ~ Iy
P _CTF(X’ w)=-k"F(x,0)

Further assume that fixed boundary conditions apply: 0<x< L
with F(0,0)=0 and F(L,w)=0

Forn=123---
ﬁ,(x,(u):sin e kﬁk”=ﬂzﬂ
L L c
yr __kyx ik, (xmet) ik, (xher)
u(x,ty=e"" sin(k”x) = (e ¢ ) = (e ¢ )
2i 2i
10/20/2015 PHY 711 Fall 2014 -- Lecture 23 €




Use of Fourier transforms to solve wave equation -- continued

or’ ox?
Using superposition: Suppose u(x,?) = ZC,,e""’”’ﬁn (x,0,)

0

27 2
TLEO) O F(v0,)= k] Fixa,)
OX’ C

For F‘” (x,0)= sin(%) k—k,= % =

c

=u(x,0)=y C,e" sin(k,x)= Z% et (e""’ - e”k”‘)
n n 1

C
=227,1(e,k,,(r7u)787.&,(”(,))5f(xfc[Hg(XJrc[)
1
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Fourier transform for periodic function :
Suppose f(t+nT)= f(¢) forandinteger n

F(w)= i Tdtf(t)@“w = i U’ dt fipem ]

n=

Note that :
ie"""” =Q i S(w-1Q2), where Q= 27”
Details:

sin((N+%)wT)
sin({T')

inoT _

n=N

o
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Some details :
$ g _ sl Jor)

e sin({ )
(sin(M +1)wT) 2z
Jim| T2 ) T -QT)="% 10
" LYL( sin(t @T) ”ZV: 8o ) T Zﬁ(w )
= ie‘"“’r :Qiﬁ(a)—vﬁ), where Q:ZTE

@ o T
= F(w)= i £ dt fl)e'™ = 2 Qé‘(a}—vﬂ{ ! dt fl)e™ ]
Thus, for a periodic function

1= F(Q)™
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Example:

Suppose:  f(¢)= t=nT

T
Note, in this case the repeat period is 27" and the convenient sample

for (n—1)T <t <(n+1)T; n=0,2,46...

timeintervalis —7 <¢<T.

= 27 ft CXN
F(vQ):%zIT% s1n(%]a’t 1G] :;2‘17("{21 sm(%j

A A

i )7? i
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7, 7
YA 7
Example: T y ., @ )
Suppose: f(t) - Z ef(t+nT) la* _ z F(v())eﬂmr
AN = v

where Q= 277[ and F(v()) _ Le_azvmzm

AN AL
NVARVERVVERNY,

1
D
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0

Continued: f(t)= L i L R z F(Q) ™
vy . |

i Note: f(t)~= Y F(1Q) ™
\ ‘

\

v=—M

-y M

mT < —i2vm/(2M +1)
= F(Q
= f[2M +lj V;,; ( )e
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Thus, for a periodic function

= iF(vQ)e””m

Now suppose that the transformed function is bounded;
‘F(V(l} <g for M >N

Define a periodic transform function function

F)= Fi+v'(2N+1)2))

Effect on time domain :

J0= TF0op ™ =

3. ook o540

AN +1)Q S ~ 2N +1
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Doubly periodic functions

uT
2N +1
~ 1 N
= FLe—ilevy/(ZNH)
“OON+1 7
E, — Z ﬂe12m/y/(2N+l)
u=—N
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More convenient notation
AN+1->M

1 M-1 ~

- F:/efiZm/,u/M
M v=0
E, — Zf#eIZIZV/J/M
u=0

Note that for W = ¢**'™
Fy=f W+ W+ [ W0+ W0 4.
E = W+ fW' + W+ f W+
Ey= WO+ W+ [ W+ [+
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Note that for W = ¢>*'™
C= SO WO+ SO S

E=f W+ W' + W+ f W+
Ey= W+ W+ [ W+ [+

However, W" = (eiz”/M )M =1

and M2 = (ei27r/Myw/2 -1

Cooley-Tukey algorithm: J. W. Cooley and J. W. Tukey, “An
algorithm for machine calculation of complex Fourier
series” Math. Computation 19, 297-301 (1965)
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Example for M =4 Wk _ e—i2/rk/4

woowe owe we\ fo
we w' ow?r ow? 1;1
wewr owt w7,
WO W3 W6 W9 i:;

s> [l TS Tie o

16 complex multiplications and additions

Some simplifications:
11 1 1)/
1w owr wr|| S
w1
3 2 1 ~
. w w-w 7
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Example for M =4 continued

EY (11 1 1)/

El |t w w w4
Elltw 1 w7}
F)\Lwhowr w7

Reorder and factor:

EY (1w o oY1 o w o)A
Elf(t w0 ofo1 o w|Ah
Ello o 1t w|1tow offz
)0 0 1w lo 10 w7

4 complex multiplications and 8 complex additions
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