10/27/2014

PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103

Plan for Lecture 26:

Rigid body rotational motion (Chap. 5)

1. Use of Euler angles as generalized
coordinates.

2. Motion of a symmetric top

Begin to discuss membrane vibrations (Chap. 8)
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12 Mon, 9/22/2014 [Chap. 3&6  Hamiltonian formalism M
13 Wed, 9/24/2014 |Chap. 3&6  Hamiltonian Jacobi transformations
14 Fri, 9/26/2014  |Chap. 4 Small oscillations Begin Take-Home
15 Mon, 8/29/2014 [Chap. 4 MNormal modes of maotion [Continue Take-Home
16 Wed, 10/01/2014 [Chap. 4 MNormal modes of motion [Cantinue Take-Home
17 Fri, 10/03/2014 [Chap. 4 Normal modes of mation [Take-Home due
18 Mon, 10/06/2014 [Chap. 7 Wave motion @12
19 Wed, 10/08/2014|Chap. 7 Sturm-Liouville Equations @13
|20 Fri, 10/10/2014 [Chap. 7 Sturm-Liouville Equatians #13
[21 Mon, 10/13/2014 [Chap. 7 Sturm-Liouville Equations 14
22 Wed, 10/15/2014|Appendix A Contour integration methacis #15
[ Fri 10/17/2014 Fall break — no class
123 Mon, 10/20/2014 |Appendix A Fourier transforms #16
124 Wed, 10/22/2014|Chap. 5 Motion of Rigid Bodies 2l
126 Fri, 10/24/2014 |Chap. 5 Motion of Rigid Bodies #18
» 126 Mon, 10/27/2014 |Chap. 5 Symmetric top in gravitational field  #18
27 Wed, 10/29/2014
128 Fri, 10/31/2014
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Rotational kinetic energy
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+%Iz[02(sinﬁsiny)+ﬂcosy]z

1
+513[0'zcosﬂ+7']2
If I,=1,:

T(a,ﬂ,y,d,ﬂ',;?):%ll(dz sin® ﬂ+ﬂz)+%l3[dcosﬂ+;}]z
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Motion of a symmetric top under the influence of the
torque of gravity:

¢

o
L(a,ﬁ,y,d,ﬂ',;?):%ll(dz sin® B+ B2 )+

%@[d cosﬂ+;?]2 — Mgl cos
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L(a,ﬁ,;/,d,ﬁ,;’/)z%]l(dz sin’ B+ )+
%1;[02005,64;‘/]2 — Mgl cos

Constants of the motion :

Da :S—L_:Ildsinzﬂ+13[dcosﬂ+y‘]cosﬂ
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. :6—7:13[acos,6’+;/]
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E=Lipeliiy (p)

u-pcosp} _»?
21,sin’ g 21,
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21 sin*

L(ﬂ’ﬂ')zéllﬂz+ —Mglcos
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-t + Mgl cos
2 21, 21 sin* B gl cos f
2 “o - cos
E'= E_i:llnﬁ“ +M+Mglcosﬂ
21, 2 21 sin* g
115
Stable/unstable
solutions near
p=0
5 ' " ' . |
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Suppose  p,=p, and f~0
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More general case:

2 2
. - p, cos

E':E—&: 1[|ﬁz+w
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+ Mgl cos
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More general case:
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Pl 1, a0 (pa-p,cos pf
E'=E-—L=—1p +——~1—-—"+Mglcos 8
21, 2 21 sin” B
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Constants of the motion :
oL . .
p, =L Lfcosp+7]
oy
oL . . .
Po = 2a =I,asin’ ,B+13[acosﬂ+ y]cos,b’
3
=1lasin® B+ p,cos 8
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Elastic media in two or more dimensions --

Review of wave equation in one-dimension — here y(x,t) can
describe either a longitudinal or transverse wave.

Traveling wave solutions --

2 2
Note that for any function f{g)or g(g):
nxy)=f(x—ct)+g(x+ct)
satisfies the wave equation.
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Initial value problem : x(x,0)=@(x) and ‘Z—’:(x,o) =y(x)
(o)
then: u(x0)=@(x)= f(x)+g(x)
& 0) =y ) - ,C[M - %6 )

dx dx
1
= [()-g(0) === [p )
c
For each x, find f{x)and g(x):

f<x>:%(¢<x)—§fw(x'>dx']
)=~ g0+ Ly
2 c

= ) =3 (Hr—en+ fx-en)io- [
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Standing wave solutions of wave equation:
2 2
a—‘? - 87/21 =0
ot ox
with u(0,8) = pu(L,t)=0.
Assume:  pu(x,t)= *J%(e””‘p(x))

d*p(x, w
where ”f)+k2p(x):o k=2
dx c
. (v
p, (x)=Asin| —
L
v
kv = T w, = ck,
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Extension of ideas to wave motion on a two-dimensional
surface — elastic membrane (transverse wave; linear regime).

u(x,yt)

10/27/2014 >HY 711 Fall 2014  Lecture 2€ 1€

10/27/2014

Lagrangian density: £ u,%,%,%;x,%l
ox Oy ot

L :J.B u,%,%,@;x,y,t Ixdy
ox Oy ot
Hamilton's principle:

J]Z‘Ldt =0
f

oL 0 oL 0 oL 0 oL

ou ot o(ousor) ox o(oulox) ay douldy)
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Lagrangian density for elastic membrane with constant o and 7 :

L u,a—u,a—u,a—u;x,y,t = lo‘(a—uJ 71r(Vu)2
ox 0Oy ot 2 \ot 2

oL o oL o oL 9 ok

ou ot doulot) oxooulox) dy oouldy)

o’u T
——cVu=0 wherec® =—
ot” o
Two - dimensional wave equation :
o’u T
—-cVu=0 where > =—
ot o

Standing wave solutions :

u(x. )= Re " p(x, )

(VZ +k? )p(x,y) =0 where k =<
c
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Consider a rectangular boundary:

a
Clamped boundary conditions :

p(0,y)=p(a,y) = p(x,0) = p(x,b) =0

= P (X, 1) = Asin(w) sin(%]
a

2 2
, (mx nw
kmn - + wmn - Ckmn
a b
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ky = — |+ —
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More general boundary conditions:

2% u‘ = Ku‘ , represents boundard side constrained with spring
rVu‘b =0 represents "free" side
Mixed boundary conditions :

px0)= plxp) = L2 D) g

= P(x,y)=4 cos(@J sin(ﬂj
a

b
2
()
a
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Consider a circular boundary:

Clamped boundary conditions for p(r,@):

P(R,0)=0
(Vz +kz)p(r,(p) =0 wherek =
c
In cylindrical coordinate system
2 2
o0 1o 10
o’ ror r*og’
Assume:  p(r,¢) = f(r)®(p)
Let: O(p)=e"?
Note : D(p) =D(p+27)
= m = integer
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Consider circular boundary -- continued

Differential equation for radial function :
a 1d
——t————+k r)=0
[a’r2 rdr Jf( )=
= Bessel equation of integer order with transcendential solutions
Cylindrical Bessel function J,, (z)
»(2)

Cylindrical Neumann functio
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Some properties of Bessel functions

Asending series : Jm(z):(g)mi -1y ( )

/010+m)

Recursion relations: J,_,(z)+J,,,,(z) = J (2)

Ty J () = 2‘” @)

Asymptotic form: J, (2)———, cos(z -— —7)

Zeros of Bessel functions J, (z,, )=0
m=0: z,, =2.406, 5.520, 8.654,...
m=1: z,=3832,7.016, 10.173,...
m=2: z,,=5.136, 8417, 11.620,...

10/27/2014 PHY 711 Fall 2014 - Lecture 2¢ 24




Some properties of Bessel functions -- continued

Note: Itis possible to prove the following

identity for the functions J,, [% rj :

R 2
JouZer o Zer i =20 e o
+7"UR R 2

Returning to differential equation for radial function :

[a’z +1 d m;+kzjf(r)=0

drt rdr

. z, z
= r)=AJ,| 21| k,, ="
PV o R
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pur =1 =42 ) = e = a0, 2

pulrs @)= fi,(r)cos(p) Pl @)= fo(r)cos(p)
= AJ1 (% rJ cos((p) = AJ(% r)cos((p)
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