PHY 711 Classical Mechanics and
Mathematical Methods

10-10:50 AM MWF Olin 103

Plan for Lecture 27:

Introduction to hydrodynamics

1. Motivation for topic

2. Newton’s laws for fluids

3. Conservation relations
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10/31/2013 >HY 711 Fall 2014 — Lecture 28
13 |Wed, 9/24/2014 |Chap.3 &6 |Hamiltonian Jacobi transformations
14 [Fri, 9/26/2014  |Chap. 4 'Small oscillations Begin Take-Hol
15 Mon, 9/29/2014 |Chap. 4 Normal modes of motion Continue Take-
116 Wed, 10/01/2014 |Chap. 4 Normal modes of motion Continue Take-
17 |Fri, 10/03/2014 |Chap. 4 Normal modes of motion Take-Home due¢
118 Mon, 10/06/2014 |Chap. 7 'Wave motion #12
19 Wed, 10/08/2014 |Chap. 7 'Sturm-Liouville Equations #13
120 |Fri, 10/10/2014 [Chap. 7 'Sturm-Liouville Equations #13
121 Mon, 10/13/2014 [Chap. 7 'Sturm-Liouville Equations #14
122 \Wed, 10/15/2014 |App: A [Contour methods #15

Fri, 10/17/2014 Fall break -- no class

123 Mon, 10/20/2014 |Appendix A |Fourier transforms #16
|24 Wed, 10/22/2014 [Chap. 5 Motion of Rigid Bodies #17
125 |Fri, 10/24/2014 |Chap. 5 Motion of Rigid Bodies #18
|26 Mon, 10/27/2014 [Chap. 5 'Symmetric top in gravitational field  #18
|27 \Wed, 10/29/2014 [Chap. 8 Vibrations of membranes #19

» |28 |Fri, 10/31/2014 [Chap. 9 Physics of fluids #20
129 Mon, 11/03/2014 |Chap. 9 Physics of fluids
30 \Wed, 11/05/2014
31|Fri, 11/07/2014
13 >HY 711 Fall 2014 — Lecture 28

Natural progression from strings, membranes,
fluids; description of 1, 2, and 3 dimensional

Interesting and technologically important
phenomena associated with fluids

Newton’s laws for fluids
Continuity equation

Bernoulli’'s theorem

Motivation
1.
continua
2.
Plan
1.
2.
3. Stress tensor
4. Energy relations
5.
6. Various examples
7. Sound waves
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Newton’s equations for fluids
Use Lagrange formulation; following “particles” of fluid

Variables:  Density p(x,,z,)
Pressure p(x,y,z,t)
Velocity v(x,y,z,t)
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ma=F
m— pdV
dv
a—>—
dt
F - Fapplied + Fpressure
) =
p(x) p(x+dx)

= (= p(x+dx,y,2)+ p(x, y,2))dvdz

_(px+ay, yj) 2002 gy
X

pressure

_ Py
Oox
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Newton’s equations for fluids -- continued
ma = Fapplied + F
dv

pressure

pdV o foppica PAV = (Vp)dV
dv
P E = pfapplied -Vp
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Detailed analysisof acceleration term:

v=v(x,y,2,)

dv_ovdx ovdy ovdz oOv
=——t——t——+

dt oxdt dydt ozdt ot
. . . .

+—v, +—V, +

=—v .
dt ox " oy’ oz ot

v _ (v-V)v+ v
dt Ot
Note that :

éxvx+gzvv+gzvv:V(1V~V)—VX(VXV)
ox oy 7 oz ° 2
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Newton’s equations for fluids -- continued

dv
E = applied

1 ov
p[v(g V- Vj — VX (V X V)+ E] = pfapplied —-Vp

_Vp

ov Vp

= +viv)-vx(Vxv)=f £

at (2 ) ( ) applied p
Solution of Euler’s equation for fluids

ov Vp

5+V(§v2)—vx(Vx V): fopptica ———

Consider te followingrestrictions :

1. (Vxv)=0 irrotatioral flow"
=>v=-VO

2. f,uas=—VU conservatveappliedforce

3. p=(constant) incompressble fluid
o(-vo) vp
ot

:V[p+U+;v2 _6@)20
P ot

+V(iv)=-vu-
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Bernoulli’'s integral of Euler’s equation

V(p+U+;v2—6q)J—0
P ot

Integrating over space:
ob

p 2
—+U+ivi—=C(¢

P 2 a ®

where v=-VO®(r,7)= —V((D(r, H+C' (t))
=2,y +%v2 - 66;(; =0 Bernoulli's theorem

P
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Examples of Bernoulli's theorem
ob
Piy+v-C oo
P ot

Modified form; assuming % =0
t

Pys %vz = constant

pl = p2 = patm

v ~0 j
p
Py st =Lriy, 1107

)
N4

Posirzors P puv7it Fail 2014~ Leotre 28

. -
1

U,-U, = gh ® ol
h

-9

Examples of Bernoulli’s theorem -- continued

T P1=DP2= Pum

y U, -U,=gh

i v, =0

2

10/31/2013 PHY 711 Fall 2014 — Lecture 28




Examples of Bernoulli’s theorem -- continued

Pyt 1y? = constant

p ;
Y -
@;(:3 S/ <:>

F
P =" DPun P2 = Pam

A4
U, =U,
vA=v,a continuity equation
Py 1,2_ P 1,2
—+U +53v, =—=+U, +7v,
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Examples of Bernoulli’s theorem -- continued

Py 1y? = constant

p ;
Y -
qs(:j S/ (:>

<
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Examples of Bernoulli’s theorem — continued
Approximate explanation of airplane lift
Cross section view of airplane wing
http://en.wikipedia.org/wiki/Lift %28force%29

®
pr—— Sy

@

U =U,

Py sty =Layy, 4102
p p

Pr— P = %("12 _sz)
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Continuity equation:

op
FLLiv. =0
o (pv)

%+p(v.v)+(vp).v=o

. dp 0Op
Consider: —=—"—+(Vp)-v
dt ot ( ,0)
= @ + p(V . V) =0 alternative form

dt
of continuity equation
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Some details on the velocity potential
Continuity equation :

op
P.y. =0
o (pv)

Z—f+p(V-V)+(Vp)~v =0

For incompressible fluid: o = (constant)
=V-v=0
Irrotational flow: Vxv=0 =>v=-VOb

=>V0=0
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Example — uniform flow

b

0

oD 0D
2 + 2 + 2

ox” Oy 0z

Possible solution :

O=-v,z
v=—-VO=v1
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Example — flow around a long cylinder (oriented in
the Y direction)

A
2 X
Vo =a A
— A Vo Z
— 4 [E—
_—
j— —
_

VP =0
oD
or

r=a
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Laplace equation in cylindrical coordinates
(r,0,defined in x-z plane; y representing cylinder axis)
voo-l2,8 150 3o
ror or r°060° Oy
In our case, there is no motion in the y dimension
= @(r,0,y)=(r,0)
From boundary condition : v (r — oo) =v,
oD

0z

(r—>o)=—-v, = O(r — 00,0)=—v,rcos O

Note that :

Guess form: ®(r,0)= f{r)cos
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Necessary equation for radial function

——r=—=f= 0
ror or r
f(r)y=Ar+ B where 4, B are constants
r
Boundary condition on cylinder surface :
ool _ 0
ol
df B
—(r=a)=0=4-—
dr ( ) az
= B=A4ad’

Boundary condition atco: = A4 =-v,
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" or
1 0d ?
0 —raezvo[lJrszlnH

For homework; consider similar boundary value problem for
a spherical obstruction
Laplacian in spherical polar coordinates :
2
Vooo- k() L 2,0), 12
reor or ) rsin@ 00 00 ) r-sin“ @ 0¢
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