PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 31: Chap. 9 of F&W

Wave equation for sound in linear
approximation

1. Inhomogeneous equations

2. Green’s function methods
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17 |Fri, 10/03/2014 |Chap. 4 Normal modes of motion Take-Home due
18 Mon, 10/06/2014 |Chap. 7 'Wave motion #12
119 Wed, 10/08/2014 |Chap. 7 'Sturm-Liouville #13
|20 |Fri, 10/10/2014 [Chap. 7 'Sturm-Liouville Equations #13
|21 Mon, 10/13/2014 [Chap. 7 'Sturm-Liouville #14
|22 \Wed, 10/15/2014 |Appendix A |Contour integration methods #15
Fri, 10/17/2014 Fall break -- no class
|23 Mon, 10/20/2014 |Appendix A |Fourier transforms #16
|24 \Wed, 10/22/2014|Chap. 5 Motion of Rigid Bodies #17
125 |Fri, 10/24/2014 |Chap. 5 Motion of Rigid Bodies #18
|26 Mon, 10/27/2014 [Chap. 5 'Symmetric top in gravitational field ~ #18
|27 \Wed, 10/29/2014 [Chap. 8 Vibrations of membranes #19
|28 |Fri, 10/31/2014 [Chap. 9 Physics of fluids #20
|29 Mon, 11/03/2014 (Chap. 9 Physics of fluids #21
30 Wed, 11/05/2014 |Chap. 9 'Sound waves
» 31 |Fri, 11/07/2014 |Chap. 9 'Sound waves Begin Take-Home
32|Mon, 11/10/2014 | Chap. 9 | Non-linear effects Fontmue Take-Home
33 Wed, 11/12/2014 Continue Take-Home
34 |Fri, 11/14/2014 Continue Take-Home
35 |Mon, 11/17/2014 Take-Home due
2@ \Nan 117109014
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Wave equation with source:

1 0°D
VO ————=—f(rt
Solution in terms of Green's function :
cp(r,z):jd3r'jdz'G(r—r',t—z')f(r',t')
where

2
v? —Lz% Gir—r't—t)=-56(-r")o(t—t")
C
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Wave equation with source -- continued:
We can show that :

5 t'—[t T Ir—r] r|j
C

Gr-r',t-t")= 47r|r—r'|
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Derivation of Green’s function for wave equation

c* or?
Recall that

(Vz —182JG(r—r',t—t') =-8@-r)s(t—1t")

" _ 17 —io(t-t')
5(;—;)_Zje do

-0
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Derivation of Green’s function for wave equation -- continued
Define: G(r,w)= IG(r,t)e””’dt

1 T —iot
G(r,t)= g:[oG(r,a))e dw
é(r,a)) must satisfy :

2

(V2+k2)5(r—r’,a)):—5(r—r') where &’ =a)—2
C

11/07/2014 PHY 711 Fall 2014 — Lecture 31




11/7/2014

Derivation of Green’s function for wave equation -- continued

(V2 +k2)5(r 1, 0)=-5(r-r)
Solution assuming isotropy in r —r':

iik‘r—r"

é(r—r’,a)):m

Check -- Define R=|r—r| and for R >0:

(V2 + 52 )G(R.0)= - d2 (RG(R )+ K*G(R.w)=0
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Derivation of Green’s function for wave equation -- continued

ForR>0:
(v +£2)G(R, )= CZ; (RG(R, @))+ K*G(R, )= 0
d’

dR> (RG(R w))+k (Ré(R,a))): 0

(RG(R. )= 4 ™ + B

ikR

~ e
G(R,w)= A4
= G(Ro)= 4%

R
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Derivation of Green’s function for wave equation — continued
need to find A and B.

1

Note that: V? =—5(r-r
Arjr —r]|
= A=B= L
4z
CN?(R,aJ) = e Note that: k= @
47R c
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Derivation of Green’s function for wave equation — continued

G(r -r',t— t’) = 2L Ié(r -r, a))e’i”’(t’t')da)
T -0

1 © eiik‘r—r"

_ e—im(t—t')da)
2r 7 47r|r - r'|
2r 7 47r|r - r'|
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Derivation of Green’s function for wave equation — continued
1 ) eii%’\rfr'\

Glr—r',r-1)= e e

;_w 47r|r - r'|

Noting that LI e dw = o(u)
2 7,

'_|r—r'|
R —
c

= G(r—r',t—t’)z 47r|r—r'|
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For time harmonic forcing term we can use the
corresponding Green’s function:

iik‘r—r"

e

(N;Qr - r’,a))z 74”‘1. —r’\

In fact, this Green’s function is appropriate for boundary
conditions at infinity. For surface boundary conditions
where we know the boundary values or their gradients,
the Green’s function must be modified.
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Green's theorem

Consider two functions 4(r) and g(r)
Note that : j(hV2g — szh)rfr = ﬂ;(th —gVh)-nd’r
v N
VD +k®D =—f(r,0)
(V2 +£2)G(r v, @) = —5(r—r")

ho @, g<—>5
j(&i(r,a))é‘(r —r')- GQr —r|

v

o)/ (ro)l’r =
%(&)(r, a))VéQr —rl, a))— 6@1‘ —rl, w)V&)(r, a)))- nd’r
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Green’s theorem — continued:

(T)(r’ E()) = _[ qu -r, a))f(l", a))dsr'+

§(&)(r' s a))V&Qr —-r'

S

,w)— 5@1‘ -r], a))VCB(r', a)))~ fd’r'
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Wave equation with source:

1 0D -

VO - — =
¢’ o

Example :
f(r,t) = time harmonic piston of radius a, amplitude £z

can be represented as boundary value of ®(r,?)
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Treatment of boundary values for time-harmonic force:
s a))f(r', a))d3r'+

j;(CTD(r', w)V'@Qr - r", a))— 5@1‘ —r", a))V'CTD(r', w))~ fd’r'

S

5(r,a)) :JGQr —r'

Boundary values for our example :
(8@} _{ 0 for x’+y*>a’
. 2 2 2
0z ), l|iwea for x"+y° <a
Note: Need Green's function with vanishing gradientat z =0:

ik|r—r| ik|r—¥|
~ 1 e e = 1
GQr—r,a): wherez'=—-z"; z>0

[ +7
47[‘1‘ — r" 4zr‘r -
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)2y
'z

CT)(r,a)) =— § GQr—r'

8:z'=0

ik|r—r| eik‘r—?"
'

GQrfr',a)): ¢ z'y z>0

£ L
47r‘r - r" 47r‘r - F"

where z'=—

. eil\‘rfr"
GQrfr',a))z‘:O z>0

N 27r‘r 7r" z‘=0;
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CT)(r, w)=— j; 5@1‘ - r", w)wdx'dy'

5220 24
a

= —ia)ga_[ r'dr'zquﬁ'
0

ikr—r|
e

— '
o 27[‘1‘ r‘ o
Integration domain: x'=r'cos¢'
y'=r'sing'
Forr>>a; |r-r|=r—Ff-r
Assume F isin the yz plane; ¢=%
r=sindy +cosfz
Ir—r|~r—f-r'=r—r'sin@sing'
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D(r,w) =— Y r

. ikr a 27
iwea e " J‘ d e irmdsnd
0 0

2z
Note that:  —— [ dg'e ™™ = J,(u)
2z 5,

ikr a
= &(r,0) =—iwaa*— [ r'dr' J,(kr'sin 0)
r 0
j udud (1) = wJ,(w)
0

e" J (kasin 6)
r  kasin@

= O(r,w) = —iwead’
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Energy flux: j, =ovp
Taking time average: (j,)= %SR(&vp*)

= 1 p((- voY-iww) )

Time averaged power per solid angle :

<dP>=<je>'f'V2 =%pogzc3k4a6

dQ
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J,(kasin 0)|’
kasin @

Time averaged power per solid angle :

AP\ _ i )irt =L psicptqealkasind)
aaj ™ 277707 kasing
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Time averaged power per solid angle:

dpP S\ A 1
<E> =(J.)r’ = 5P05203k4a6

J,(kasin )
kasin@
ka—1

Plot of log(lOOOO

)

J,(kasin )|
kasin @
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a =5

i 7 e

” i o \/

ka =2

1
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