PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103
Plan for Lecture 37

1. Continued discussion of the effects of
viscosity in fluid motion (Chap. 12)

a. Comment on Stokes’ viscosity
b. Navier-Stokes equation

2. Comments on Exam 2

>HY 711 Fall 2014  Lecture 37

11/21/2014

23 |Mon, 10/20/2014 |Appendix A |Fourier transforms #16
24 |Wed, 10/22/2014 Chap. 5 Motion of Rigid Bodies #17
25|Fri, 10/24/2014 |Chap. 5 Motion of Rigid Bodies #18
26 Mon, 10/27/2014 Chap. 5 |Symmetric top in gravitational field #18
27 |Wed, 10/29/2014 Chap. 8 \Vibrations of membranes #19
28 Fri, 10/31/2014 Chap. 9 Physics of fluids #20
229 Mon, 11/03/2014 (Chap. 9 Physics of fluids \g
30 Wed, 11/05/2014 Chap. 9 |Sound waves
31 Fri, 11/07/2014 Chap. 9 |Sound waves Begin Take-Home
32 Mon, 11/10/2014 Chap. 9 INon-linear effects Continue Take-Home
33 Wed, 11/12/2014 Chap. 10 |Surface waves in fluids Continue Take-Home
34 |Fri, 11/14/2014 Chap. 10 |Surface waves in fluids Continue Take-Home
35 Mon, 11/17/2014 Chap. 11 Heat Conduction Take-Home due #22
36 \Wed, 11/19/2014 |Chap. 12 Viscosity #23
» 37 |Fri, 11/21/2014 Chap. 12 More viscosity #24
38 Mon, 11/24/2014 |Chap. 13 Elastic Continua Prepare presentations
\Wed, 11/26/2014 Thanksgiving Holiday
Fri, 11/28/2014 Thanksgiving Holiday
39 Mon, 12/01/2014 \Chap. 13 Elastic Continua Prepare presentations
\Wed, 12/03/2014 |Student presentations |
Fri, 12/05/2014 Student presentations |1
Mon, 12/08/2014 Begin Take-home final Final grades due 12/17/2014 ]
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Comments on Stokes’ equation for viscous drag

Stokes' analysis of viscous drag on a sphere of radius R
moving at speed u in medium with viscosity 77 :

F,= —77(67:Ru)

Plan:

1. Consider the géerieral étfects ot viscosity on fluid
equations

2. Consider the solution to the linearized equations
for the case of steady-state flow of a sphere of
radius R

3. Infer the drag force needed to maintain the
steady-state flow
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Newton - Euler equation for incompressible fluid,
modified by viscous contribution (Navier - Stokes equation)

ﬁ+(V»V)V=f . fv—p+1V2V
ot P

appl

Continuity equation: V-v =0 Irrotational flow: Vxv=0

Assume steady state: = % =0
t

Assume non - linear effects small

Initiallysetf, .., =0;  Vp=pV’v

app
Assume V= Vx(fo(r)u)+u
where  f(r)—=—0
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V:Vx(fo(r)u)+u

u=uz
Vx(Vx f(r)z)=V(V- £(r)z)-V*f(r)z
Vxv=0 :>V2(V><v)=0

VHVxf(r)z)=0 =V (V/(x2)=0 =V'f(r)=0

f(r)=Cr*+Cyr+C, +9
-

v, =ucos9( —gﬂjzucosﬁ(l—4q —&—2—?‘)
,

rdr r
2
v, =—usinf l—d—{—lﬁ =—usin9(l—4Cl—Q+C—;‘)
dr”  rdr ror
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v, :ucosﬁ(l—gﬂj:ucos€[1—4Q _26 —Z—C;“j
,

rdr r
v, =ucosﬁ(lfggjzfusin9(174a 724—%]
rdr ror

Tosatisfy v(r >o)=u: =C, =0
To satisfy v(R) =0 solve for C,,C,

3
v, =ucos6 1—3—R+R—3
2r 2r

4 4F°

3
Vo =usin9[13RRj
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3
v, =ucos9[1—3R+RJ

2r 210

3
Vo =—using 1—3—}3—1!3—3
4r 4r

Determining pressure :

Vp = UVZV = —nV[u Ccos e(ijjj
r

)
= p=p,—nucosb| —
2r
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= p, —Nucos 9(£j
p pO ’7 2}"2
Corresponds to:

47 R*
0s 6

Fy :(p(R)_po) o

=—nu(67R)
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More general formulation of viscosity from Chapter 12
of Fetter and Walecka

For a non-viscous fluid, we can define a stress tensor:
ideal __
Ty = pvv, + pdy

From Euler and Newton equations for fluid:
a(pv,) 3
3 K)o 3 -
J.Vd r a ;IAdAIT;J +_[Vd rpfi

3
—Z -[ P dA T, = kth component of force acting on surface d4
1=1

For an ideal (non-viscous) fluid: 7}, =7,
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Effects of viscosity

Argue that viscosity is due to shear forces in a fluid of the form:

v

Flpug =11 6yX dd
Formulate viscosity stress tensor with traceless and diagonal terms:

ov, Ov, 2

n '77[663 k,(vv)]f@,(w

viscosity bulk viscosity

Total stress tensor: T, =T, + T}/
Tkltdﬂd = pvy, + péy
ov, Ov, 2
Ty=-n —*+—-L-=5,(V-v)|-&5,(V v
fea] 2 22w ()
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Effects of viscosity -- continued

Incorporating generalized stress tensor into Newton-Euler equations

pv, 0PV o ] azvl ( 1 )3 82V/
+y —L= -+ + T +—

o tZ a P D3 e 1T gaxlax,.

Continuity condition

@+ 3 0pv,

o I 8x,

Vector form (Navier-Stokes equation)

=0

%+(V‘V)v:f—%Vp+%Vzv+%(§+%n]V(V~v)
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Comments on Exam 2

1. Consider a displacement function u(z,t) representing a one-dimensional traveling wave

(either transverse or longitudinal) which is a solution of the one-dimensional wave equation
with wave speed c:

Pu 10%u

fa? 2ae

If the initial conditions for the wave displacement u(z, ) are given by

u(,0) = Uge™@=20/7%

and

find the form of u(z, t) for ¢ > 0. Expt
2o, and c.

vour result in terms of the constants Uy, V, o, g,
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Solution for u(x,0) = p(x) and Z—u(x,O) w(x):
t
x+ct
1 1 N
= u(x,t)= E(go(x —ct)+o(x+ ct)) + b I v (x"dx
x—ct
_ U() —(x—x0+ct)/o'z —(x—xo—rt)/n‘z
u(x,t) = 5 (e +e )
+ M e-(()cm)/u)4 _ e—((x—cz)/y)4
8¢

m—» X

a

The figure above shows a triatomic molecule aligned as shown with M = 16m at the origin
and the other two masses m in the z — y plane at the locations (%) and
(dcos(a) + dsin(a)g)

(a) Find the moment of inertial tensor for the molecule in the given coordinate system,
expressing your answer in terms of the parameters m, d, and a.

(b) Find the
coordinate

ipal moments of inertia and the corresponding principal axes for this
m

(c) Find the center of mass of this

tem.

(d) Find the principal moments of inertia and corresponding principal axes for rotating this
system about its center of mass.

2112014 PHY 711 Fall 2014 — Lecture 37

3 15




» X
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sin” & —sinacosa 0
o

I=md*| —sinacosa l+cos’a 0
0 2

0

cture 37
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cipal moments of inertia
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The 3 Euler angles, a, 3, and + were defined as a series of rotations to take a vector v in one
coordinate frame to another frame in which is written as v Alternatively, these angles can
ate frame,

represent a general rotation of a vector quantity within a given coords

R =R,RsRa

v =Rv where

It can be shown that the 3 x 3 matrix components of the rotation matrix are giver

R = coscrcos feosy — sinasiny

Ry = siniacos fcosy + cosasiny
infos

Re: =
Rys = = cosacos fsiny — sina cos
Ry, = —sinacos fsiny + cos acos y

Ry = sin fsiny

= cosasinf

=sinasing

=cosf

As an example, consider the vector

() Evaluate the matrix R and find the veetor v = Rv when a = 7/4, cos(8) = \/1/3, and
—x/3
vector v/ = Ry when a = x/4, cos(6) = /1/3, and

5
(b) Evaluate the matrix R and find the

y=mn/3.
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e
{

a) R=

=)

W=

o=

b) R=|-

o=

W=
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N =

o=
o=

V=Rv=|0

W=
w
! |
Wi —
o= (S]]

=)
D=

0
Vi=Rv=0
1

W=
wi=
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where ¢ denote

goometry, it is
depender

Consider linear sound waves i a gas confined between two rigid concentric spheres of radii a
and 3a. The velocity potential 9(r, ) for the sound wave satisfies the equation

>

“vip =0,

i

peed of sound (sssumed to be constant). Because of the spherical
jent. to factor the velocity potential into radial, angular, and time

i terms:

(r.0.0.0) = [lr)Vim(0.0)e,

where o denotes a harmonic frequency and Yi(0, ) denotes the angular function which

satisfes the equation

V(100 1 @), )
4 (mm\mum + ‘Tr”@) Yin(0.6) = ~1(1+ 1)¥in(0.0).
() Find the equation that the rodil anction /(r) st sstsy 0 epresent the rdial
al modes ofthe sound

part of the nom

jay conditions for the normal mode functions are

(b) Show that the bo
dia) _ di(3a) _
M0 o g B0y,

lowest frequency spherically symmetric (1 = 0) normal
 wnltple of the speed of sound ¢ and the corresponding

(€) Numerically determine
tnode. Find frequency w

radial function.
(d) Numerically determine the lowest frequency { = 1 normal smode. Find froquency w as
tmultiple of the speed of sound ¢ and the corresponding radial functio

Note — the following functional forms for the spherical Bessel functions may prove useful:

3sin(z)

)= (5 2) s - 22

‘These spherical Bossel and Newmann functions (z(z) fo

or = = y) satisfy the

differential equation:
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#,(r) = C,(j, (kr) + x,,(kr))
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@ (r)=C, (]l(kr) + xzyz(kr))
\ Boundary values:

do,(a) —0= de,(3a)
dr dr

J'(ka)+x,y' (ka)=0= j',(3ka) + x,y",(3ka)
__J(ka) __ j',Bka)

" y(ka)  y',(3ka)
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