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Newton-Euler equations for viscous fluids

Navier-Stokes equation

N (v-9)y :ffle+1VZV+l[§+lf]jV(V-V)
ot p p P 3

Continuity condition

op

P 1y (pv)=0
o V)
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Example — steady flow of an incompressible fluid in a long

pipe with a circular cross section of radius R
Navier-Stokes equation

(Z—:-#(v-V)v:f—%Vp+%VZV+%(§+§n)V(V-V)

Continuity condition

op
—+V. =0
ot (v)
Incompressible fluid = V-v=0
Steady flow = N =0
ot
Irrotational flow = Vxv=0

No applied force = =0
Neglect non-linear terms = V(vz) =0

1112412014 PHY 711 Fall 2014 — Lecture 38

Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

Navier-Stokes equation becomes:

1
0=——Vp+Llviy

P P
Assume that v(r,t) =v,(r)z L
Zl =nV?v,(r) (independent of z)
z

Suppose that P = L
oz

L

=V, (r)= =
nL
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Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

Vzv,(r)=—A—p

g oL
1d deo)_ &
rdr dr nL
Apr?
v,(r)=———+C/In(r)+C
-(r) a6 (r)+C,

ApR?
= =0 vZ(R):O:—4pL

+C,

v, (r)= ﬁ]—’;‘(Rz —rz)
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Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

v,(r)= 4A’7—PL(R2 —rz)

Mass flow rate through the pipe:

4

aM. _ ZWPIR”d”Vz(”) _ApprR”
dt 0 8nL

Poiseuille formula;
=>Method for measuring n
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Newton-Euler equations for viscous fluids — effects on sound
Recall full equations:

Navier-Stokes equation

X (vV)v=f-Lvps "v2v+1(§+1n]v(v-v)
ot p p P 3

Continuity condition

op

L v (pv)=0
o TV ev)
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Newton-Euler equations for viscous fluids — effects on sound
Without viscosity terms:

ov 1 op
—+(v-V)v=f-—V, —+V-(pv)=0
2 TY) ovp o Vo)
Assume: v=0+06v =0 p=p,+0p
P=py+0p=p,+c’dp
Linearized equations: gov = —£V5p 2% +p,V - (Jv) =0
ot Po ot
Let Sv= 6V0 et(k-rfmt) é‘pE 6/7() er‘(k-rfmr)
2
Da}de:%k —wSp, + pk-6v,=0
P
Dkzza)z2 %, _k-6v,
c Po c
=>Pure longitudinal harmonic wave solutions
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Newton-Euler equations for viscous fluids — effects on sound
Recall full equations:
Navier-Stokes equation

X (v9)v :f—ivp+ﬁv2v+l(g+1njv(v-v)
ot P P P 3

Continuity condition

op
El
Assume: v=0+09v f=0 pP=p,+0p

+V-(pv)=0

p:p0+5p:po+czé'p+(2—j s
P

where ¢* = (a—pj
op ),
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Newton-Euler equations for viscous fluids — effects on sound
Note that pressure now depends both on density and
entropy so that entropy must be coupled into the equations

%+(V~V)V:f*le+lV2V+l[é/+§ﬂ)V(V-V)

o PP p
op Os )
—+V- =0 T—=k,V°T
5 V(oY) pr—=hy
Assume: v=0+0v =0 p=p,+p
p:po+5p:p0+025p+(al) os Whereczz ap
os ), ap ),
T=T,+0T =T+ oar 5p+(a—Tj Os
op ), os ),

s=5,+0s
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Newton-Euler equations for viscous fluids — effects on sound
Linearized equations (with the help of various
thermodynamic relationships):

2
9ov ——C—Vé'p—pu ar Vs +Lvisv+ ! [{+lnjV(V~§v)
0 op ), 3

4 Po Po Po
0P | v -(8v)=0
ot
995 _ s+ 25 9T vsp
ot T, \0p ),
Here: y=-2 K= L7
c, C,Ps

Let Sv= 5V0 ez(k»r—mr) 5p5 5/70 ex(k‘r—mr) Ss= 550 ez(k»r—mz)
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Newton-Euler equations for viscous fluids — effects on sound
Linearized plane wave solutions:

2 . 2 .
@SV, :—L&)"k—pu(gT] 5s0k7”7k é‘vU—L[{Jr%njk(k-évo
p

pO s 0 p(]
00p,
7" -p, k-6v,=0
ic K
083, = —iyh*s, — 2 [al] K5p,
0o \9PJ;

Longitudinal solutions:

2
wz—czk2+i%(ﬂ77+§j 8p, — pok’ oar os, =
Py \3 o),

ic,kk® [aT
I, \op

11/24/201

j P, +(a)+i7/1ck2)5sl, =0
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Newton-Euler equations for viscous fluids — effects on sound
Linearized plane wave longitudinal solutions:

Longitudinal solutions:

2
wz—czk2+i%(ﬂn+§j 8p, — pok’ oar 0s,=0
Py \3 op),

ic,kk* (0T
T,

0

o 1 op, + (a} + i;/zrkz)é‘sl, =0
®

Approximate solution: k=—+ia
c

2 Ke,pra’ :
where o~ aj [in+{)+L‘]5(a—T)
2¢°p,\ 3 2T \0p ),

—akr i(kr-or)

op=0pe e
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Brief introduction to elastic continua

reference deformation
" _ '
r'=r, +u(r) r,'=r, +u(r,)
] " _ _ A
L-hL=nL-n +((r2 r) V)“(rl)
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Brief introduction to elastic continua
Deformation components:
ou, 1(ou, Ou,| 1(0ou Ou
—t== +—L |+= -—
ox, 2\ox;, ox | 2(ox; ox

=¢+0;
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To be continued ....

Have a great Thanksgiving Holiday.
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