PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103
Plan for Lecture 6:

Continue reading Chapter 3

Further development of the
“calculus of variation”
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PHY 711 Classical Mechanics and Mathematical Method

|MWF 10 AM-10:50 PM ‘OPL 103 |hllp:llwww.wfu.edul~nata]iel'14phy711/‘

Instructor: Natalie Holzwarth ‘Phone:758-5510 (Office:300 OPL e-mail:natalis@wlu ed

Course schedule

(Preliminary schedule — subject to frequent adjustment.) rrr>

Date F&W Reading Topic Assignment
1 |Wed, 8/27/2014 |Chap. 1 Review of basic principles #1
2 |Fri, 8/29/2014 'Chap. 1 ‘Scattering theory 2
3 |Mon, 5/01/2014 |Chap. 1 ‘Scattering theory continued #3
4 |Wed, 9/03/2014 |[Chap. 2 \Accelerated coordinate systems #4
5 |Fri, 9/05/2014 ‘Chap. 3 'Calculus of variations #5
»i Mon, 5/08/2014 |Chap. 3 /Calculus of variations #6
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Brachistochrone problem: (solved by Newton in 1696)
http://mathworld.wolfram.com/BrachistochroneProblem.html

0 A particle of weight
- mg travels
-0.5 frictionlessly down a
y 1 path qf shape y(x).
What is the shape of
L5 the path y(x) that
minimizes the travel
_21 ‘ | | time from
0 1 2 3  y(0)=0to y(n)=-27
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Alternative relationships for extremization:
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p 1+[Z—y)z
f({y(x),—y} ]: =

dx -y
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dx\” oldyrdx)dx) \ox
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2
—y(l-%—(d—y] J:KEZa Let y=-2asin’£=a(cosd-1)
dy  2asin4cos§do

= =dx
dy__|2a_, 2a 2
4 = —71 ;!
X y 2asin* ¢

=dx j‘
0

2a x=[a(l—cos 0)d6'= a(0 —sin 6)

Parametric equations for Brachistochrone:
x =a(@-sin )
y=a(cos@-1)
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Brachistochrone problem -- summary dy Y
- 1+(—j =K=2a
0 dx
-0.5 d__|2a_,
dx -y
y 1
Check :
-L5 dy _dy/d0 _ —asin@
dx  dx/dO a(l—cos 0)
-2 . : : __cos4
0 1 2 3 T sing
x §
. . 2a y+2a
Parametric equations; 0<f<rx - Tv‘l =7 —
x=a(0—sin @) __ [Gwst+1)
—cos@+1
= _ 77005%
y=a(cos6-1) ——
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Brachistochrone problem -- summary

3 Check: y,(x) :7£x
T

Tf2g =1+ () N2ar

=1.185V2ar
Check : For optimal y(x): Check : y,(x)=—2a Sin[zij
a
a’y)Z
1+(f oz -(1€7)

m T,42g ={ 1+ 12 2ar
T\2g = J‘ dx dx=2ar B ( )

0 -y =2.378V2arx
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Shape of a rope of length L and mass density p hanging
between two points

X1Y1

X2Y2
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Potential energy of hanging rope :

E= pg]gyw 1+(dyj2dx
5 dx
Length of rope:
L:I1+CZT@
Deﬁrlle a composite function to minimize :

W=E+AL
= Lagrange multiplier
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w =T(pgy+ﬂ)\/l+(2;j2dx

X

(Pt 2]
ic[f - a(dif/dx)gj B (%]
dy j B (zj

dx 2
1+ (Q]
dx
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~

= (pgv+2 1+( =K

(pgy+/1

(pev+ 1) —— |-
1+ (d—y)
dx

1 x—a
y(x) = —pg(ﬂ, +K COSh(l{/pg]]
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1 xX—a
y(x) = —pg(/l + KCOSh([{/ngJ

Integration constants : K, a, A

Constraints: y(x,) =y,
() =y,

Xy 2
| 1+(Qj dx=1
M dx
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Summary of results

For the class of problems where we need to perform an extremization
on an integral form :

I= Jlf[{y(x),%},x]dx ol =0

A necessary condition is the Euler - Lagrange equations :

()&l

dfp o _(@j
de\” oldy/dx)dx ) \ox

=0

9/08/2014 PHY 711 Fall 2014 - Lecture 6

Application to particle dynamics

x—1t (time)

v —¢q (generalized coordinate)
f —> L (Lagrangian)

I—> A (action)

dq

Denote: ¢=
=

A= 1llg.dhoks

i
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