PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103
Plan for Lecture 8:
Continue reading Chapter 3 & 6
1. D’Alembert’s principle

2. Hamilton’s principle

3. Lagrange’s equations in
presence of magnetic fields
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PHY 711 Classical Mechanics and Mathematical Methods

[MWF 10 AM-10:50 PM OPL 103 |http:/www.wfu.edul~natalie/f14phy711/|

Instructor: Natalie Holzwarth [Phene:758-5510 [Office:300 OPL e-mall:natalis@wiu edu|

Course schedule

(Preliminary schedule — subject to frequent adjustment.) rrr>

Date F&W Reading|Toplc Asslgnment
1 |Wed, 8/27/2014 [Chap. 1 Review of basic principles #1
2 [Fri, 8/29/2014 [Chap. 1 Scattering theory 2
3 |Mon, 9/01/2014 [Chap. 1 Scattering theory continued  #3
4 |Wed, 9/03/2014 [Chap. 2 Accelerated caordinate systems #4
5 [Fri, 9/05/2014 |[Chap.3 Calculus of variations #
6 |Mon, 9/08/2014 [Chap. 3 Calculus of variations #
7 |Wed, 9/10/2014 [Chap. 3 Hamiltor's principle #
- & [Fri,9/12/2014 |[Chap.3&6 |Hamilton's principle #
9 |Mon, 9/15/2014
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Hamilton’s principle:

Given the Lagrangian function: L = L({qd},{qd},t) =T-U,

The physical trajectories of the generalized coordinates {qd (t)}

Are those which minimize the action: S = J‘L({qd},{qd},t)dt

Euler-Lagrange equations:

dtog, oq,) °

o
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D’Alembert’s principle -- notion of virtual work:

Generalized coordinates :

ds
q,({x)
Newton's laws :
F-ma=0 = (F-ma)-ds=0
ma-ds =§Zm§é, g;;ﬁqg
d{ . ox | . dox
- ;Z(E[W' oq, ] " e, ]&I”

. ox, OxX, d ox 0 dx, 0%

Claim : L= —t = =

=—%t and — = =
oq, &4, dtoq, 0q, dt 0q,

(1, .2 (. .2
ma-ds=YY| < alems?))_olems?) ’
] dt 5(],, 6(1{7
911212014 >HY 711 Fall 2014  Lecture 8 4
Some details --
ma-ds=Y > mk ﬁgq where x, ({q (t)},t)
o i '8qc, i e
d . Ox, . d 0x,
=22 | m, —mx,— 9,
- T\ dt 6q6 dt aqd
. ox,  OX d Ox 0 dx,  0Ox
Claim: L=—L  an a . _ g4 _ %
dq, 04, dtoq, oq, dt  oq,
Details: ﬁ:z &, %+6xl =y Ox, i, +6x1
dt T'oq, dt o Toq, ot
[
%4, oq,

- ax,:z 0°x, G+ 0°x, :i[ﬁx,]

oq, ‘04,04, ° dq,0t dt\dg,
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D’Alembert’s principle -- notion of virtual work:

ds Generalized coordinates :
L )

Newton's laws:
F-ma=0 = (F-ma)-ds=0

e a-gy{2f 2Ll il

_y[d[o(T))_o(T) _ ,
Sl S e zne)
0, _ ; __you
R L T A T
d(o(T-U)) 8(T-U)
Foma)-ds=-3 | S| o 0| B2 "2 50—
(F-ma)-ds ;[dt[ a0 } o q,
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D’Alembert’s principle -- notion of virtual work:

ds Generalized coordinates :
\/. (i)
F-ma)-ds = 6 (T U) =0
(F-ma)- q,
aqg oq,
0

Provided that a— =

Consistent with Hamilton's principle with

L=T-U=L({q,}.{4,}.)

9/12/2014 PHY 711 Fall 2014 — Lecture 8

9/12/2014

ExamPIe — sjmple harmonic oscillator
=5mx’ U=3mo'x

Assume x(0)=0 and x(Z)=0 S:I(T—U dt

Trial functions  x,(¢) = Asin(wt) S5, =0
x,() = Aot (7 - ot S, =0.067 A’mae’
x,(t) = Ae"* sin(wt) S, =0.0624°me’

0 0.2 04
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Note: in “proof” of Hamilton’s principle:

("”L “]:o for L=1llg, }d, b)=T-U
di 04, oq,

It was necessary to assume that :
d oUu

dt @ oq,,
= How can we represent velocity - dependent forces?

does not contribute to the result.
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Lorentz forces:
For particle of charge g in an electric field E(r,#) and magnetic field B(r,?):

Lorentz force: F= q(E +1vx B)
x—component: F, = ¢(E, +%(vxB),)
In this case, it is convenient to use cartesian coordinates

L=L(x,y,2,% ,2,t)=T -U
T=1m(e+y?+2)

d oL oL
x-component: [ —-———|=
(dt ox 6x]
ou dou
A] tly: F =——+———
pparenty: & ox dt 0%

Answer : U =q(D(r,t)fgi'-A(r,t)
c

where E(r,t)=7V(l>(r,l)flM B(r,z):VxA(r,z)
c
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Lorentz forces, continued:

x—component of Lorentz force: F, = q(EA +1(vxB), )

Suppose: U = qd)(r,t)fgi'-A(r,t)
c

Consider: F, = _u +i "F]
Ox dt Ox
04, (r,t
v, o(r.1), ¢ x@Ar(r,t)er (r1) od(r)
Ox Ox c ox ox Ox
DL ()
ox c
doU __qdd(ri) :_1[0/1‘&,:)).c+ o4,(r,1) ot F,‘A\(r,t)z_+ F,‘A\(r,t)]
dt ox c dt c ox ay oz ot
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Lorentz forces, continued:

v, o(r1) g (X 6Ar(r,t)+y 6A),(r,l)+ .04, (r,t)]

__00nr) goa(ri) g o4,(r,1) o4,(r,1) +gz_(6A:(r,t)_ o4, (r,1)
i Ox c ot c Y ox (%% c ox oz

=gk, (r,t)+%(sz (r,t)— ZB, (r,t)): qE, (r, t)+%(v x B(r,t))‘
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ox Ox c Ox Ox ox
1671'1 _4q 6Ax(r,t)),c+ 6Ax(r,t)y+ 8Ax(r,t)z,+ 04,(r,)
dt Ox c Ox oy (o4 ot
-, du
; Ox dt ox
__ o) g 0o4,(r,1) 24,(r,1) LafoAlen) oA (ri)) godlri)
1 ox c ox oy c Ox oy c ot

)




Lorentz forces, continued:

Summary of results (using cartesian coordinates)
L=L(x,y,2,% 3,2)=T-U

T=im(e+y*+22)  U=qd(r,)-Li Alr.r)
c
where E(r,t) = —Vd)(r,t)—l% B(r,t): Vx A(r,t)
c

L=1m(e +57 +2)-q0(r,t)+Li- Alr,2)
C
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Example Lorentz force
L=tm(e + > +2°)-qd(r,0)+ Li- Alr,1)
Suppose E(r,£)=0, B(r,7)= Lci’oi
A(r,1) =1 B,(~yk +1§)

L=1m(e+y? +z'2)+2i30(—xy+y'x)
C

AL O o 4 D y|-pi-0
dt ox Ox dt 2c 2¢
AL O o S Lpa]sdpi-0
dt 0y oy dt 2c 2¢

d oL oL .

— = =—mz=0

dt &z oz 7

Example Lorentz force -- continued

L=im(¥+y +z'2)+2i30(—xy+y'x)
C

df ._4 q 5. . 45

—| mx——=—B,y |-—B,y=0 =>mi-—By=0

dt[ 2¢ Oy) 2¢ 4 c 4

i[my+iBoxj+iBox:0 =mj+LBi=0
2¢ 2¢ c

—mz=0 =>mz=0
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Example Lorentz force -- continued

L=1m(e+y? +z'2)+2i30(—xy+yx)
C

mi=+1B 7
C

q

mj=-LB i

mE =0 Note that same equations are obtained
from direct application of Newton's laws :

mr:gi'xBoi
c
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Example Lorentz force -- continued
Consider formulation with different Gauge: A(r)=—-B,y%

L=%m(x +y7+2 )—fBoxy

4 mx—iBoyjzo =mi-LBy=0
dt c c

4 (mi)+LBi=0 = mi+LBx=0
dt c c
imz'=0 =>mz=0

dt
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Example Lorentz force -- continued

Evaluation of equations :

ij'_gBo)} = 0

¢ x(t) =V, sin(%t + ¢)
my+%805c =0 30)=V, cos( 1 +)
o #1)=V,.

x(t): x) 2V, cos(ﬁt+(p)

We)=y, +2V, sin(L 1+ )
Z(t):Zo +V.t
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