PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103
Plan for Lecture 9:
Continue reading Chapter 3 & 6

1. Summary & review

2. Lagrange’s equations with
constraints
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Course schedule

(Preliminary schedule -- subject to frequent adjustment.) rrr>

Date F&W Reading [Topic Assignment
1 |Wed, 827/2014 |Chap. 1 Review of basic #1
2 [Fri, 8/29/2014  [Chap. 1 [Scattering theory 2
3 |Mon, 9/01/2014 [Chap. 1 Scattering theory continued #3
4 |Wed, 9/03/2014 |Chap. 2 \Accelerated coordinate systems \g
5 |Fri, 9/05/2014  |Chap. 3 [Calculus of variations ’#—j
8 |Mon, 9/08/2014 |Chap. 3 [Calculus of variations ‘@
7 |Wed, 910/2014 [Chap. 3 Hamilton's principle 7
8 |Fri, 9/12/2014 [Chap.3&& |Hamilton's principle 2]

» 9 |Mon, 9/15/2014 |Chap. 3& 6 |Lagrangians with constraints ‘@
anhtiaa a7mnta
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Comment on problem Lagrangian formulation of

Brachistochrone motion: x(H):a(H—sinH)

()= a(l —cos 9)

¥y -1 5=—4acos(t0)

Lagrangian for mass traveling alon)\g{ s

L(s(8),5() = L ms® — mgy = L ms® —nga(l {i] ]
: 4a
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Lagrangian for mass traveling along s :

L(s(t),5(1)) :izms'z —mgy = 7ms‘2 —nga[l—[ il j }

4a

doL_oL_
dt 0s 0s

Smi=-T8

4a
=§= —és
4a
s(t) =s, + Asin /ét
4a
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Comments on generalized coordinates:
L=Llg, (0} 14, O}1)

Here we have assumed that the generalized coordinates
q, areindependent. Now consider the possibility that
the coordinates are related through constraint equations
of the form:

Lagrangian : L= L({g,())},{3,(0)}1)
Constraints: f, = f,({g,(0)},t)=0

Lagrange
multipliers

d oL oL Eﬁ/@}=0

Modified Euler - Lagrange equations : —————+ S
drog, oq, T 7o,
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Simple example:

L(u(t),(t)) =+ mi* + mgusin 6

L(x,y,%,7) =t m(% + 7 )~ mgy
f(x,y)=sin@x+cos@y=0
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Casel:

L(u(t),u(t)) =L mii* + mgusin @
i‘i_%z 0=mii—mgsin€ =0
dt ou  Ou

Case 2: —ii=gsinf

L(xa)’,ff,)"):%m(fcz +)'72)— mgy

f(x,y)=sinf@x+cosfy=0

ii—%-*-/lalzozmjé-%—/lsine

dt 0x Ox Ox

i£—£+lg:0:mj)+mg+/lcosﬁ

dt oy oy oy

sin@ X+cosd j=0

= A=mgcosl
(—cos@jc'+sin0j}):—gsin6
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Rational for Lagrange multipliers

Recall Hamilton's principle :

s=}L({qo<z>}, g, 0} )ar

t d oL oL
&g_o_{(z(5£7@ U]dt

o

With constraints: f; :f/({qn(t)},t):O

Variations dg,, are no longer independent.

¥,=0-%

= Add O to Euler - Lagrange equations in the form :

o,
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0
ﬂf’ 5q, ateacht
q;
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Euler-Lagrange equations with constraints:

Lagrangian : L= L({q,, o} {q,;(f)}st)
Constraints: f; :f/({qg(t)},t): 0

Modified Euler - Lagrange equations: —————

~ a "
d o_L oL Y f;
dt g, 0q, 5

Example:

Lagrangian: L= %m(r’z +r%0 )+ mgr cos 0

Constraints: f=r—(=0

mg
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Example continued:

Lagrangian: L=1
Constraints: [ =r—

4 mr0+mgrsin @ =0
dt

F=0=i =t
= 9=—‘§sin9
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%mi—mréz—mgcosﬂ+l=0

= A=ml6*+mgcosl

PHY 711 Fall 2014 - Lecture 9

m(r2 +r0? )+ mgrcos 6
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Another example:

Lagrangian: L=3m0} +L1m,0% +mgl +m,gl,

Constraints: f'=0,+(,-(=0

. _T T %m,[,—m,g-%—/lzo
[
[ .
l 1 %mz,€27m2g+l=0
. Figure 19.1 Al-ood'lmldnw-.[|+:[z=0=21+zz
- 2mm, g
m, +m,
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e mem
7, =-1,=10"0
m,+m2

Another example:

A particle of mass m starts at rest on top of
a smooth fixed hemisphere of radius R.
Find the angle at which the pamcle leaves

the hemisphere.
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Example continued

Constraint Equation: f(r,6)=r—R

Lagrangian : L(r,0,7,0) = %m(r'2 +r26? )— mgr cos 6

Euler - Lagrangian equations :
oL d oL P o _ 0

+
or dt or or

%_i%+ﬂg:0 mgrsin¢97mr2972mri‘6.’:0
00 dtod 00

mré® —mg cos@—mi+ =0
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Example continued
mré® —mgcos@—mi+A=0

mgrsin @ —mr*0 —2mri6 =0

Using constraint :
mRO* —mgcosO+A=0
mgRsin@—mR*6 =0

6=L5sino :ézz—z—g(cose—l)
R R

= A=mg(3cosf-2)

9/15/2014 PHY 711 Fall 2014  Lecture 9 14




