9/27/2015

PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103

Plan for Lecture 15:

Continue reading Chapter 4

1. Normal modes for extended one-
dimensional systems

2. Normal modes for 2 and 3
dimensional systems
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3 [Mon, 8/31/2015 [Chap. 1 ‘Scattering theory continued 3
|4 Wed, 9/02/2015 |Chap. 2 Accelerated coordinate systems M
5 |Fri, 9/04/2015 Chap. 3 Calculus of variations &
|6 [Mon, 9/07/2015 |Chap. 3 Calculus of variations \@
|7 |Wed, 9/09/2015 |Chap. 3 Hamilton's principle [ﬂ
8 [Fri, 9/11/2015  [Chap.3&6 Hamilton's principle =
19 |Mon, 9/14/2015 |Chap.3 &6 Lagrangians with constraints #9
10 Wed, 9/16/2015 |Chap.3&6 Lagrangians and constants of motion #10
11 |Fri, 9/18/2015 Chap. 3&6  Hamiltonian formalism #11
12 Mon, 9/21/2015 |Chap.3&6 Hamiltonian formalism #12
13 \Wed, 9/23/2015 |Chap.3&6 Hamiltonian Jacobi transformations #13
114 |Fri, 9/25/2015 Chap. 4 ‘Small oscillations #14

Mon, 9/28/2015 |Chap.
\Wed, 9/30/2015 |Chap.
Fri, 10/02/2015 |Chap.
Mon, 10/05/2015 [Chap.

Normal modes of motion
Normal modes of motion
Normal modes of motion
Wave motion
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19 \Wed, 10/07/2015 |Chap. Sturm-Liouville Equations
|20 Fri, 10/09/2015 |Chap. Sturm-Liouville Equations
Mon, 10/12/2015 No class [Take home exam
\Wed, 10/14/2015 No class [Take home exam due
Fri. 10/16/2015 Fall break -- no cla
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Example — linear molecule
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Let: x, >x-x x,>x,-x —/{,
1 , 1 5, 1 ., 1 2 2
L=—mx +—m,x, +5m3x3 —Ek(x2 —xl) —Ek(x3—xz)

2
Coupled equations of motion :

mx, = k(xz _xl)

m,x, = _k(xz _x1)+k(x3 _xz): k(xl —2x,+ xs)
my¥; = _k(xz - xz)

Let x()=X e

—atmX{ =k(xg - x7)

—alm X¢ =KXy —2x5 + X7

—@m XY =—k(xy - x7)
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Consider an extended system of masses and springs:

X k k k
|
X
X X; i+l

Note: each mass coordinate is measured relative

to its equilibrium position x;

L=T-V :%&x} —lki(xm -x
2 3 2 i3

Note: In fact, we have N masses; x, and x,,,
will be treated using boundary conditions.
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L=T—V=lmﬁ:5c,2 —lki(xm —x f
2 i=1 2 i=0

Xx,=0andx,,, =0

From Euler - Lagrange equations :
mx, = k(x2 —2x1)
mx, = k(x3 -2x, +x1)

mx; = k(xm —2x,+ xl*l)
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From Euler - Lagrange equations :

m)‘éi:k(xj+l—2xi+xj71) with x, =0=x,,

Try: x/(t):Ae—immqa/

— 0 Ae :ﬁ(eiqa D4 )Ae—iwrﬂqa/
m

-0’ = %(2 cos(ga)-2)

=S = ﬁsinz[ﬂ)
m 2
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From Euler - Lagrange equations - - continued :

mic'j=k(xj+l—2xj+xj7]) with x, =0=x,,,

Try: x;()=Ae”™™ >0 = ﬁsinz(ﬂj
m 2

Note that: x,(¢) = Be™ ™ > = ﬁsinz[q—zaj
General solution :
x;(t)= ‘R(Ae’"’"”"“j + Be @44 )
Impose boundary conditions :
%,(t) = R(4e ™ + Be ™) =0
Xy () = R(Ae 9V . perioriaa¥)_
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Impose boundary conditions - - continued :
x,(6)=R(4e ™ + Be™)=0
Xy, (1) = m(Ae—iaxan(NH) i Be—i(mfiqu(NJrl)): 0
=B=-4
Xy, @)= “B(A e’ (e"’”(N”) — eV ”))) =0
= sin(ga(N +1))=0
= qa(N+1)= vr  wherev=0,1,2---
VIT
TN

qa
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Recap - - solution for integer parameter v

x; ()= 9{(21’146"‘"” sin( L] D
N+1
, 4k . L[ vz
®,” =—sin
m 2(N +1)

Note that non - trivial, unique values are
v=12,---N
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Example for N=4: = ﬁ :
" \Nm

o o5 T s 2 o5 f
qa
Note that solution form remains correct for N >«

o(ga)=~4k/m ‘sin(qa)‘
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Consider an infinite system of masses and springs now
with two kinds of masses:

X Vi Xin Yin Xiva
Note: each mass coordinate is measured relative

to its equilibrium position x!, y?, -+

L=T-V
1
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=Em§0“x,2 +%M§y,2 —%k;(xm -y )Z —%kg(y, - X, )2
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L=T-V

1 & 1 . 1, & 1, &
=Em;x,2+5M;y,2—5k;(xm—y,)Z—Ek;(y, -, )2

Euler - Lagrange equations :
mx; = k(yH - 2x, +y,)
My, = k(x/ =2y, +x/+1)
Trial solution :

x, (1) = Ae i

y[ ([) — Be—imﬂanj

mae* -2k k(e’iz"“ +1) {AJ 0
ke +1) Mo? -2k \B)
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mo* ~2k k(e +1) [AJ 0
ke™ +1) Mo* -2k \B)

Solutions :

w+z=k+£ik\/%+%+2005(2qa)
m- M mM

m M

0 [3) 04 X3 0
2

galn
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Eigenvectors:
For ga=0:
2k 2k
w_ =0 w0, =,[—+—
m M
A 1 A 1
=N = N|
B 1 B), -1
T
For ga=—:
7473
2k /2/{
o =.— w, =,—
M m
A 1 A 0
=N, =N
B 0 B), 1
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Potential in 2 and more dimensions

2 0%V
V)2V (g y) +4(x-x, ) 5

o’ o
o oV
+‘E(y_yeq)2 6y2 +(x_xeq)(y_yeq)@

YegVeq

6
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Example — normal modes of a system with the
symmetry of an equilateral triangle

Degrees of freedom for
u
3 2-dimensional motion:
2N =6
k k
u;
m YW K m
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued

U3 Potential contribution for spring 13:
1
Y » Vm:Ek(‘lw*us*“l‘*‘lu‘)z
2
zlk Ly .(u37u1)
u, 2 [23s]
2
(1 3
u, zik(g(“xs_"u)‘*j("ﬂ_”n)]
V3.
Uy *Vlz‘[ x*?)’
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued
Potential contributions: V =V, +V;+V,;

o)
u,)

2
+lk [23'(“3_
2

[£2s]

2
1 (1 3
9/28/2015 +Ek[5(u‘2 _u‘g)_T(uyz _uyg )j
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued

o e |fw) [u
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued
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(@)

u; 3
3
2
k
k k o= |3 =
0
u
2 0
K 0
m YW m
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3-dimensional periodic lattices
Example — face-centered-cubic unit cell (Al or Ni)
Diagram of Diagram of g-
atom positions space  1(q)
5
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From: PRB 59 3395 (1999); Mishin et. al. v(q)
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FIG. 2. Comparison of phonon-dispersion curves for Al () and
Ni (b) predicted by the present EAM potentials, with the experi-
mental values measured by neutron diffraction at 80 K (Al) and 298
K (Ni) (Ref. 33 for Al and Ref. 34 for Ni). The phonon frequencies
at point X were included in the fitting database with low weight.
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Lattice vibrations for 3-dimensional lattice

Example: diamond lattice

Ref: http://phycomp.technion.ac.il/~nika/diamond_structure.html
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Atoms located at the positions:
R‘=R," +u’
Potential energy function near equilibriu :

U({ : })z U({Ron })*’%Z(R" -R, )

ab

Define:
wo_ OU
" éR,‘R,"
SR

so that

U(RY)~u, +% S utDYul

bk

i) =3 Zm i} 0, Tyl

a,j
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LG“;””(/’ }): %Zmﬂ(u‘,’)z U, —% hz:l';D;’,fuf
ab.

a,j

Equations of motion :
s _ ab b
m; = ZDM Uy
bk

Solution form:

u (t): Ateriona RY

2
Details: Rj=1“+T wheret” denotes
unique sites and

T denotes replicas
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Define:
Dot (ee—e?)
Wt (q)= Jk S
k (@) ;W
Eigenvalue equations:
47 =3 W (@) 4
bk

In this equation the summation is only over

iq T

unique atomic sites.
= Find "dispersion curves" o(q)
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Figure 2. Phonon dispersion curves of diamond. Experimental points
et al (1965, 1967). & and O represent the longitudinal and transverse m«
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