PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103

Plan for Lecture 17:
Appendix A from Fetter & Walecka

Review/presentation of some useful
mathematical tools

1. Complex variables
2. Contour integration

3. Fourier transforms

10/1/2015

10/2/2015 2015 -- Lecture17

4 \Wed, 9/02/2015 [Chap. 2 Accelerated coordinate systems |4

5 |Fri, 9/04/2015 Chap. 3 Calculus of variations \ﬁ

6 Mon, 9/07/2015 |Chap. 3 Calculus of variations \&

7 Wed, 9/09/2015 [Chap. 3 Hamilton's principle 7

8 Fri, 9/11/2015 IChap. 3 &6 Hamilton's principle \@

9 Mon, 9/14/2015 |Chap. 3 &6 Lagrangians with constraints #9

10 Wed, 9/16/2015 |Chap. 3 & 6 Lagrangians and constants of motion [#10

11 Fri, 9/18/2015  [Chap.3&6 Hamiltonian formalism #11

12 Mon, 9/21/2015 |Chap.3 &6 Hamiltonian formalism #12

13 Wed, 9/23/2015 |Chap.3 &6 Hamiltonian Jacobi transformations  #13

14 Fri, 9/25/2015  [Chap. 4 Small oscillations #14

15 Mon, 9/28/2015 |Chap. 4 Normal modes of motion #15

16 Wed, 9/30/2015 |Chap. 7 Wave motion #16

» 17 Fri, 10/02/2015 |Chap. 7 & App. A Contour Integration #17

18 Mon, 10/05/2015 [Chap. 7 Wave motion

19 Wed, 10/07/2015 [Chap. 7 Sturm-Liouville Equations

20 Fri, 10/09/2015 |Chap. 7 Sturm-Liouville Equations
Mon, 10/12/2015 No class Take home exam
Wed, 10/14/2015 No class |Take home exam due
Fri, 10/16/2015 Fall break - no class
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Complex numbers

Define z=x+iy
‘z‘z =zz*= (x + iy)(x - iy) =x"+y°
Polar representation
z= p(cos¢+isin¢) =pe’
Functions of complex variables
F(2)=R(f(2))+i3(f (2)) =ulx,p) +iv(x, )
Derivatives:

dE) _ouz) vz () _oulz) ) Cauchy-

ax ox ox oy ioy idy Riemann
=>('7‘u(z):(?v(z) m)(z):7r7u(z) eqUatiOnS
ox y ox ay
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Analytic function

f(2) is analytic if it is:
o continuous
o single valued
o its first derivative satisfies Cauchy-Rieman conditions

Which of the following functions are analytic?
f@)=¢

f@=z2"

f(z)=Inz

f()=z2"
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Some details
lnz:ln(pe“’):lnp+ Ine’ =1np+ig

can find analytic region forf(z) =Inz suchas p>0 and —7<¢<7
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PHY 711 — Contour Integration

These notes summarize some basic properties of complex functions and their integrals.
An analytic function f(z) in a certain region of the complex plane z is one which takes a
single (non-infinite) value and is differentiable within that region. Cauchy’s theorm states
that a closed contour integral of the function within that region has the value

2)=0. 1
.0 m
As an example, functions composed of integer powers of z —

F@)=g" for m=0,1;22,43: (2)
fall in this catogory. Notice that non-integral powers are generally not analytic and that
n = —1 is also special. In fact, we can show that

dz .
— =2mi. 3)
Jo'z
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e ®3)

This result follows from the fact that we can deform the contour to a unit circle about
the origin so that z = €. Then

> 27 if
_Cdgz_/ﬂ %id():Qm. )

One result of this analysis is the Cauchy integral formula which states that for any analytic
function f(z) within a region C,

1@ =5 . T8z, ®
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Example
Suppose f(|z| - oo)= 0 and for z = x:
f(x)=a(x)+ib(x)

Im(z)
/’_-\,
Re(z)
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Example -- continued
flz)= L.§Mafz' where f(x) = a(x)+ib(x)
2mY '~z

Im(z)

e

ale)siblo)= o= A 4,

—o0
10/2/2015 PHY 711 Fall 2015 - Lecture17




Example -- continued

e B

re

x Re(z)

.[cf '(—xx) dx’=:[o f;(_xx) dx'+ j i '(—xx) dx’+'J- f '(—xx) dx'

x+e x—€

= Pf%dx'ﬂ'ﬁ f(x)
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Example -- continued

T@ dx' =)T @ dx'+ ]E @ dx’-i—xjrg @ dx'
o ox'-x cox'—x o, XX 2 x'—x
= P]:@dx'ﬂﬁ f(x)
2 ox'-x

) vibl)= 2 A 2 (alx)+ib(x)

7 e X'—x 7

0

3a(x):§ J i.(fzdx' b(X)=—§ T%dy

Kramers-Kronig relationship
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Comment on evaluating principal parts integrals

P7b(x') , lim [ 17Fh(x) 1 Fb(x')
a(x):;jxg_zdx: [;r-‘-xg—)?dx+;r-‘- ( )de

e—>0 x'—-x

v
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Comment on evaluating principal parts integrals

Example:

0 forx'<-2L, —L<x'<L, x'>2L
b(x')=1 B, for L<x'<2L

-B, for —-2L<x'<-L

y
2L -L
L2 x
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a(x)ZETb(x')de " lT (x‘)dx‘JrlTde‘

x'—x e>0 77 x'—x T ox'—x

X o xte
For our example:

417 — x*

BO
a(x)=—In| |—————
) T I’ —x*
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Another result of this analysis is the Residue Theorm which states that if the complex
function g(z) has poles at a finite number of points z, within a region C' but is otherwise
analytic, the contour integral can be avaluated according to

f 9(2)dz = 27i " Res(g,). (6)
Jeo p
where the residue is given by
Res(g) = lim { — 2 " (.~ 2 yme(z)) )
59 = 28 m = 1) dem1 ) BN [
where m denotes the order of the pole.
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Example:

x2 z?
_J;l+x4 dx:§l+z4 dz
Im(z)

e RN

e

§ Z? doe 27zi(ReS(Zp _ ein/4)+ RCS(ZP :eSinM)) Re(z)

1+z*

4 in/4 3iz/4 —in/4 ~3iz/4
1+z =(z—e'” Xz—e'” Xz—e’” Xz—e " )

eiit/4 . eSin/4
Res(zp = e””"): — Res(zp = e“”“‘): -—
4i 4i
ZZ | eiit/4 eSiir/4 T
§ Tdz=27m ———— |=—
1+z 4i 4i \/E
10/2/2015 PHY 711 Fall 2015 -- Lecture

10/1/2015

Contour integral for homework:
©  cos(ar)
X.
o 4x*+5bx?+1
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Fourier transforms
A useful identity

jdt e —275(w—a,)

—n

Note that
_2 sin[(@— @, )T]

T
jdt e*i(alfdlu )
r — o,

30
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Definition of Fourier Transform for a function f'(¢):
f0)= [doF(@)e™
Backward transform :
1%
Flw)=— |dtft) e
(@)= j 10

Check :

f()= j;dm (2]—” j;dt' ') e‘“"} e
)= idf 1) [i jdw "] - id" ) 5w

Note: The location of the 2r factor varies among texts.
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Propertics of Fouricr transforms - Parseval's theorem:

cht(f(t))' 1) :ﬁid“’ (F(@) F(@)

Check: Jidt (/) 1 —idtH;”j[dwF(w)e"“‘ ]%Iadw(w-)ewv
=iidwﬁ(a))iidw'p(w')iﬁ e

17 . 17
=L [doF ()= [ do'F(o") 225( -
2;;J; o. (w)zﬂJ; @'F(0") 275 (0 - )

=ij;dwF'(w)F(a))
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Use of Fourier transforms to solve wave equation

‘u o’u
Wave equation:  —— ? —=
ot ox

Suppose u(x,t)=e " F(x,w) where F(x,w) satisfies the equation :

O*F(x,0)

@ ~ Iy
P _CTF(X"”) =—k"F(x,0)

Further assume that fixed boundary conditions apply: 0<x< L
with F(0,0)=0 and F(L,w)=0

Forn=123---
F (x,0) = sin| 2% kok, ==
L L c
ikyx _—ik,x ik, (x—ct) _ =ik, (x+ct)
u(x,t) = e sin(k,x) = e (e ¢ ) = (e ¢ )
2i 2i
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Use of Fourier transforms to solve wave equation -- continued

¢ =
or’ ox?
Using superposition: Suppose u(x,?) = ZC,,e""”"'E (x,@,)

0

27 2
CLOG) O Fx0)= k! Fixa)

o?
For F‘”(x,a)):sin(@) k—k, 7O
L L c
—i@, 5 C —iw,t [ ik,x —ik,x
= u(x,t) =ZC“e  sin(k,x) = Zz—fe 4 (e e )
n n 1

=Z%(em,,(m/)7ef.k,,(m/))zf(xfc[Hg(Hc[)
1

10/2/2015 PHY 711 Fall 2015 -- Lecture17

10/1/2015

Fourier transform for periodic function :
Suppose f(t+nT)= f(¢) forandinteger n

17 iot & [ io(t+nT)
Flo)=—— j,, di fi)e'™ = Z‘; udz fite
Note that :

T S (e e
Ze —QV;f(a) 1Q), where Q= T

n=—0
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Some details :
& or _sin(M +3)oT)
":Z,Me © sin(ler)

5&(%} = 27:2 5(wT7vQT)=27”Z‘5(w—vQ)

= ie‘"“’r :Qiﬁ(w—vﬁ), where 9:27;1

n=—n v=—o0

o o T
= F(o)= i jm dt fl)e™ = ; Qé‘(a}—vﬂ{ ! dt fit)e' ]
Thus, for a periodic function

1= F(Q)™
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Example:

Suppose:  f(¢)= t=n

T
Note, in this case the repeat period is 27" and the convenient sample
timeintervalis -7 <t <T.

for (n—1)T <t <(n+1)T; n=0,2,46...

— 27 ¢t . (vat I (vm
F(VQ): %1 .[T? sm(;—T]a’t f= ; Z‘F(vﬂj sm[;—Tj

o‘ 77 /\Q 77 /\Q
%// /// |

10/1/2015

] 7 T
% o %
Example: 1 & y ., @ )
Suppose: f(t) - z ef(HnT) la® _ Z F(Vg))eﬂvﬁr
AN = V=

where Q= 2z and F(1Q)= Le—azvzﬂzﬂt
T 2z

7\ /1N /AR

flty J \ VIR i

NVERNVE RS R\

&
S|
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Continued: f(t)= L i g renme Z F(vQ)e
=

Erreane u |

} Note: f(t)~= Y. F(1Q)e ™
| I

|

v=—M

mT & —i27vm/(2M +1)
= F(Q
= f[ZM +1) z ( )e
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Thus, for a periodic function

f= Y FlQp™™

Now suppose that the transformed function is bounded;
|F(Q)<e for V=N

Define a periodic transform function function

F(Q)= F(+v'(2N+1)Q))
Effect on time domain :

.f‘(z)=§f(vﬂ)e"“ “Gvem N+1)Q 3 Fhal MZ&[F o7 J

=t 2N +1
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Doubly periodic functions

ur
2N +1
7 1 —127ZV /(2N+1)
N

Z t27zvy/ (2N+1)
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More convenient notation
2N+1->M

1 M-1
- M v=0
~ M ~ .
Fv — Zf#ezZm/y/M

=0

Note that for W = ¢?*'™
Fo= W0+ fW°+ W+ [0 +
F =W fW + W+ f7° +
E,= W+ W+ [ W+ [+
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Note that for W = ¢’
Fy=f WO+ WO+ f WO+ f 7 4.

E=f W+ W' + W+ f W+
Ey= W+ W+ [ W+ [+

However, W" =(e[2”/M)M =1

and WM = (ei27z/MyV/2 -1

Cooley-Tukey algorithm: J. W. Cooley and J. W. Tukey, “An
algorithm for machine calculation of complex Fourier
series” Math. Computation 19, 297-301 (1965)
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