PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103

Plan for Lecture 18:
Chapter 7 in Fetter & Walecka

Review/presentation of some useful
mathematical tools

1. Fourier series and transforms

2. Orthogonal function expansions
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3 [Mon, 8/31/2015 [Chap. 1 [Scattering theory continued [#3

4 \Wed, 9/02/2015 [Chap. 2 [Accelerated coordinate systems  [#4

5 [Fri, 9/04/2015 [Chap.3 (Calculus of variations [#5

6 [Mon, 9/07/2015 [Chap. 3 (Calculus of variations [#e

7 \Wed, 9/09/2015 [Chap. 3 Hamilton's principle [#7

8 [Fri, 9/11/2015 [Chap.3&6 |Hamilton's principle [#8

9 [Mon, 9/14/2015 [Chap.3&6 |Lagrangians with constraints o

10 \Wed, 9/16/2015 [Chap.3&6 |Lagrangians and constants of motion[#10

11 Fri, 9/18/2015 IChap. 3 & 6 Hamiltonian formalism #1

12|Mon, 9/21/2015 [Chap.3&6 |k ian formalism 12

13Wed, 9/23/2015 [Chap. 3&6 |[Hamiltonian Jacobi transformations |13

14[Fri, 9/25/2015  [Chap. 4 [Small oscillations [#14

15|Mon, 9/28/2015 [Chap. 4 Normal modes of motion 15

16 \Wed, 9/30/2015 [Chap. 7 [Wave motion [#16

17 Fri, 10/02/2015 [Chap. 7 & App. A [Contour Integration 17

w: Mon, 10/05/2015 [Chap. 7 [Fourier [#18

19 Wed, 10/07/2015|Chap. 7 Laplace transforms 19

20 Fri, 10/09/2015 |Chap. 7 Green's functions Start exam
Mon, 10/12/2015 No class [Take home exam
Wed, 10/14/2015 INo class Exam due before 10/19/2015
Fri, 10/16/2015 Fall break — no class
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Fourier transforms
A useful identity

_[ dr & =275 (0 - @,)

Note that
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Definition of Fourier Transform for a function f'(¢):
f0)= [doF(@)e™
Backward transform :
1%
Flw)=— |dtft) e
(@)= j 10
Check :

f()= j;dm (2]—” j;dt' ') e‘“"} e
)= idf 1) [i jdw "] - id" ) 5w

Note: The location of the 2r factor varies among texts.
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Properties of Fourier transforms -- Parseval's theorem:
K . 17 .
det(f(t)) 1 :Eid“’ (F(@) F(o)
Check: [t (f1) fiv) = | dtH;” | da)F(w)e"“‘j i [doF(w)e”
_ 1 R ooy 1 T N (o)
27[J;dwF (@) 2”J;a'w Flo )J;dt e
17 . 17
=— | doF — | do'F (') 2 ' —
2;;J; ® (w)zﬂJ; @'F(0") 275 (0 - )

=ij;dwF'(w)F(a))
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|

Use of Fourier transforms to solve wave equation

‘u o’u
Wave equation:  —— ? —=
ot ox

Suppose u(x,t)=e " F(x,w) where F(x,w) satisfies the equation :

More generally:

O*F(x,0)

@ ~ Iy
P _CTF(X"”) =—k"F(x,0)

1t ion
u(x,t) = Z:[dwF(x,w)e

Further assume that fixed boundary conditions apply: 0<x< L
with F(0,0)=0 and F(L,w)=0

Forn=123---
F,(x,0) =sin(ﬂj kok, ==
L L c
ikyx _—ik,x ik, (x—ct) _ =ik, (x+ct)
u(x,ty=e"" sin(k”x) = (e ¢ ) = (e ¢ )
2i 2i
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Use of Fourier transforms to solve wave equation -- continued
o’u 0%
P
ot ox
Using superposition: Suppose u(x,?) = ZC,,e""”"'E (x,@,)

0

PF,(x,0,) _

2
0 ~ ~
A2 ~FF(xw)=-k F(x,0,)
0ox c

For F‘”(x,a)):sin(%) k—k, :%E—”

=u(x,t)= Z C,e" sin(k,x) = Z% e (e'k"‘ - e"‘”‘)
n n 1

C
=227,1(em”(17</)7eﬂk"(x+</))z.f(xict)+g(x+ct)
n 1
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Fourier transform for a time periodic function:
Suppose f(t+nT)= f(¢t) forand integer n

1 K it 1 E ’ io(t+nT
F(w)=§£dtf(t)e =§Z[.!dtf(t)e ( >j

n=-o

Note that :
ie’”‘“r =Q iﬁ(w—vﬂ), where Q= 27”
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Some details :
g _ sl +Jor)
oy sin(! T)

5&(%} = 27:2 5(wT7vQT)=27”Z‘5(w—vQ)

= ie‘"“’r :Qiﬁ(w—vﬁ), where 9:27;1
1 I es S f Y it
= F(w)= o jm dt fl)e'™ = ; Qé‘(a}—vﬂ{ ! dt flt)e ]

Thus, for a time periodic function

_ i S —ivQ
fo=o V:Z_xF(vﬂ)e
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Example: (—nT
—— for (n-1)T<t<(n+1)T; n=0,2,4,6...
Suppose:  f(H)=3 T
0 otherwise

Note, in this case the repeat period is 27 and the convenient sample
time intervalis —7 <¢<T.

1t (vomt A5 . (v2mt
F(@):Ez:[?sm{ o jdt f(t):;Z‘F(m)‘sm( = j

: A A
LA A

[ e
\or” i &/
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v
Exagple: . _ 1 = —(HnT}Z/dz _ N —hex
uppose: f(t)=—— z e = Z F(vQ)e
aN'7 v=—0

where Q= 2z and F(1Q)= Le—azvzﬂzﬂt
T 2z

7\ /1N /AR

flty J \ VIR i

NVERNVE RS R\

F(re)
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Continued: f(¢)= L i gl i F(1Q)e™
a\/; n=-0 v=—00

R u ,

} - ] Note: f(t)~= Y. F(1Q)e ™
} = ] V=M

|

= =
{:=-M ) v=M

mT < _i2vm/(2M +1)
= F(Q




Thus, for a periodic function

f= Y FlQp™™

Now suppose that the transformed function is bounded;
|F(Q)<e for V=N

Define a periodic transform function function

F(Q)= F(+v'(2N+1)Q))
Effect on time domain :

1= Y (e - 2%

2N+1)Q 3. Pk wza[tf v J

=t 2N +1
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Doubly periodic functions

ur
2N +1
7 1 —127ZV /(2N+1)
N

Z t27zvy/ (2N+1)
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More convenient notation
2N+1->M

1 M-1
- M v=0
Fv — Zf#ezZm/y/M

=0

Note that for W = ¢?*'™
Fo= W0+ fW°+ W+ [0 +
F =W fW + W+ f7° +
F fOWO + W f2W4 + f3W6
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Note that for W = ¢’
Fy=f WO+ WO+ f WO+ f 7 4.

E=f W+ W' + W+ f W+
Ey= W+ W+ [ W+ [+

However, W" =(e[2”/M)M =1

and WM = (ei27z/MyV/2 -1

Cooley-Tukey algorithm: J. W. Cooley and J. W. Tukey, “An
algorithm for machine calculation of complex Fourier
series” Math. Computation 19, 297-301 (1965)
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