PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 27: Chap. 9 of F&W

Wave equation for sound in the linear
approximation

1. Sound generation

2. Sound scattering
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13)Wed, 02372015 [Chap, 346 Hamillanian Jacosi ransformations 213
14|Fri, W252015  Chap. 4 Small oscillations 14
15/Mon, 92812015 (Chap. 4 Marmal modas of moton 215
16 Wed, 93002014 iGhap. 7 ‘Wave mation 216
17|Fri, 10/02/2015  [Chap. T & App. A Cantour Intagration w17
18 {Man, 10052015 Chap. 7 Faurier transtoms L]
18(Wed, 10/07/2015 Chap. 7 Laphace fransfoms &1
20(Fri, 101082015 Chap, 7 Green's functions Start exam
Man, 101272015 Na class Take home exam
Wed, 10142015 Mo class Exam cue befare 10/152015
Fri, 104162015 Fall break — no class
21{Man, 10192014 Chap. & Naban of Rigid Bodes. 20
{22|Wed, 10212015 Chap. & Matian of Rigid Bodies 21
{z3/Fn, 10/23/2015 [Chap. & Mation of Elastic membranes r7F)
24{Mon, 1072672015 Chap. & Hydrodynamics 223
25Wed, 10282015 Chap, & Hydradynamics 24
26(Fri, 10/302015 ©Thap, © Sound waves =26
27 Mon, 11/02:2018 Chap. & Sound waves 226
Wed, 12022015 Student presantatons |
Fri, 1240472015 Student prasentations 1|
Man, 1207/201% Begn Take-home final
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Solutions to wave equation:

2
qun—Lzaa—?:o
c t

Plane wave solution :

D(r,t) = Ae™ "  where k’=|—
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Wave equation with source:

1 °®
VO - ——=—f(r,t
P Sf(x,1)
Solution in terms of Green's function :

O(r,1) = Jd3r'fdt'G(r—r',t—z')f(r',t')

where

2
(vz —%%]G(r—r',z—f) = —S(r—-r)5(t—1')
C
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Wave equation with source -- continued:

We can show that :

4=

47r|r — r'|

Gr-r',t-t")=
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Derivation of Green’s function for wave equation

(VZ —12822JG(r—r',t—t') =6 -r)d(t-t")
c” ot

Recall that

1 %
St—t)=— [e™daw
(t-t)=——]

—o0
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Derivation of Green’s function for wave equation -- continued
Define: G(r,w)= IG(r,t)ei“”dt

G(r,t)= i Ié(r, w)e " dw

é(r, a)) must satisfy :
2

(V2+k2)5(r—r’,a)):—5(r—r') where &’ =a)—2
c
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Derivation of Green’s function for wave equation -- continued

(V2 +k2)5(r 1, 0)=-5(r-r)
Solution assuming isotropy in r —r":
eiik‘r—r"

é(r—r’,a))=m

Check -- Define R=|r—r| and for R >0:

(V2 5 (R.0) =~ (RG(R, 0))+ K°G(R.0)= 0

R dR*
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Derivation of Green’s function for wave equation -- continued

For R>0:

(V2 + k2 )G(R, )= % CZ; (RG(R, @))+ K*G(R,0)=0
CZ; (RG(R. )+ k*(RG(R. ))=0

(R(?‘(R,a;)): A ™ 4 Be ™

= G(R,0)= Ae: +Be:R
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Derivation of Green’s function for wave equation — continued
need to find A and B.

Note that: V2 — 1= -5(r-r')
Arr—r!
= A=B= a
4
eiikR
G(R,w)=
( a)) 47R

11/1/2015

Derivation of Green’s function for wave equation — continued

2
1 © +ik|r—r'| 4 ,
— e e—m}(l‘—t )da)
2r 7 47r|r - r'|

G(r-r',t—1)= L Ié(r —r, o) do
T -0

1 © eiif\r—r'

- —e—im(t—t')da)
2r 7 47r|r - r'|
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Derivation of Green’s function for wave equation — continued

1 © eii%\rfr‘

j e—ia)(t—t')dw
47r|r - r'|

G(r—r',t—t')zz—
7

—00

Noting that LI e do = 5(u)
2 7

'_|r—r'|
ol t—|t'F——
c

= Gr-r,r-1)= 47r|r—r'|
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For time harmonic forcing term we can use the
corresponding Green’s function:

iik‘r—r"

e

GQr—r’,w)z

47r‘r—r"

In fact, this Green'’s function is appropriate for boundary
conditions at infinity. For surface boundary conditions
where we know the boundary values or their gradients,

the Green’s function must be modified.
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Green's theorem

Consider two functions 4(r) and g(r)
Note that : .[(hVZg - szh)rfr = j;(th —gVh)-nd’r
14 N

VD +kD =—f(r,0)

(V2 +£2)G(r —r', @) = —5(r—r")
ho @, g(—)@
J'(Cf)(r,a))é‘(r -r')- GQr —r'

Vv

) (v, 0)r =

%(&)(r, a))V@Qr - r", a))— 6Qr —rl, w)V&)(r, a)))- nd’r

S
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,w)f(r',w)d3r'+

CT)(r, W)= jGQr —r

§(&)(r', a))V&Qr —r, a))— 5@1‘ —r, a))VCTD(r', a)))~ nd’r'

S
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Wave equation with source:

1 0°®
? atz :—f(l',t)

Vi -

Example:
f(r,t)= time harmonic piston of radius @, amplitude £Z
can be represented as boundary value of ®(r,?)

’z
-
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Treatment of boundary values for time-harmonic force:

5(r,a)) :JGQr—r',a))f(r',a))d3r'+

j;(CTD(r', w)V'@Qr —r, a))— 5@1‘ —rl, a))V'CTD(r', w))~ nd’r'

S
Boundary values for our example :

(8&)} 0 for x’+y*>a’
z=0

. 2 2 2
oz iwea for x"+y° <a
Note: Need Green's function with vanishing gradient atz=0:
N eik‘r—r" eik‘r—?"
G(‘r—r",w):iJrii wherez'=-z'; z>0
47z‘r —r“ 47z‘r - r"
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~ od(r', w
O(r,w)=— § GQr r' w)Mx‘d !
5:2'=0 oz
N eik‘rfr" eik‘r—?"
GQrfr',a)): ————+——— wherez'=-z"; z>0
47r‘r - r" 47r‘r - r"
N eil\‘rfr"
GQrfr',a)) =TT % >0
= 27r‘r 7r" "
e
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O(r,w)=— j; (N;Qr - r", w)wdx'dy'
5720 Oz
]z. Td¢ exk\r—r"
=—iwea|r'dr' —
o o 27r‘r —r" o

Integration domain : x'=r'cos¢'
y'=r'sing'
Forr>>a; |r-r|=r—Ff-r
Assume F isin the yz plane; ¢=%
r=sindy +cosbz

Ir—r|~r—f-r'=r—r'sin@sing'
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iwea ™ ]’~

27
a)(r,w) =— > Mdr J’d¢ye—mvsmgsan¢v
0

0
1 7 ) —iusing'

Note that:  — [ dde =J,@u)
2z 5,

ikr a

j ¥ dr' J,(k'sin 0)

0

= 5(r,a)) =—imea
P

Tudu‘]()(u) =wJ, (w)

0
ﬂ J,(kasin 8)

= ®O(r,w) = —iwea’ .
r  kasin@
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Energy flux: j, =ovp
Taking time average : < j€> = %SR(ﬁvp*)

=1 pOiR((— VO Y- iaxb)‘)
Time averaged power per solid angle :

AP\ _ i )it =L psiciptqealkasind)
o/ 27 kasin 0
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Time averaged power per solid angle :

11/1/2015

. 2
AP )i L gt kasing)
dQ ¢ 9 770 o
L2 T T T T S T R
0
-
X
|
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Scattering of sound waves —
for example, from a rigid cylinder

Figure 51.8 Scattering from a rigid cylinder.

Figure from Fetter and Walecka pg. 337
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Scattering of sound waves —
for example, from a rigid cylinder

Velocity potential --
dr)=>, (r)+P (r) @, (r)=e*"
Helmholz equation in cylindrical coordinates:
(V' +#)D(r) = 0= 10,0,10 .2 plow
ror or r°0¢° 0Oz
Assume: ®(r)= > e"R, (r)

2 2
where d—erli—m—erk2 R, (=0
dr® rdr r
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O, (r)=e*" =eed = Z i"e"™J (kr)

inc
m=—n

Figure L8 Scatcing from a rgi cylider

D (r)= Z C,e"H, (kr) where Hankel function

represents an outgoing wave: H, (kr)=J, (kr)+iN, (kr)
Boundary condition at r =a: ZE =0
L P
="' (ka)+ CH' (ka)=0 €, =" L ukD)
H', (ka)
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O (r)=— ;%l *e;; ((';”)) " (kr)

Asymptotic form:

i’"Hm(kr) ~ iei(kr—zzm)
fr—eo \ ThT

() ~ /(4 2 }]1 ((’]‘C")) ", (k)
2 & J' (ke 214)
1(9)- Zﬁe "

N7k & H' (ka)
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do 2
g
For ka << 1
v do 2 1 2
d—¢=‘f(¢)‘ zgﬁk304(1—2005¢)




