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PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 28: Chap. 9 of F&W

Wave equation for sound considering
both linear and non-linear effects

1. Sound scattering

2. Non-linear effects in traveling
sound waves

3. Shocking effects
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WFU Physics Colloguium
TITLE: The responze fo traumatic injuries: A journey down the road
less traveled

SPEAKER: P ar, (WFU alum)

Biomedical Engineering Center for Public Health Genomics,
Wake Forest School of Medicine

TIME: Wednesday November 4, 2015 at 4:00 PM
PLACE: Room 101 Olin Physical Laboratory

Refreshments will be served at 3:30 PM in the Olin Lounge. All
interested persons are cordially invited to attend.

ABSTRACT

Trauma is the leading cause of death in people under e age of 45 years in bolh civilian
and miltary . with shack far nearly 50% of thess
fataliies. Death from shock is potentially with
appropnate resuscitation. Howsver thers remains no optimal o standandized resusciation
profocal for trauma patlents. In his seminar, | will presan findings from variaus dinical
prospective chsarvational studies, pilot clinical frials and the mast recent findings from the
multi-site randomized clinical trial PROPPR; all whish investigated the physiclogic respanse
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Solutions to linear wave equation in terms of velocity

potential: az
5 1 8’0
Ve =0

Plane wave solution :

D(r,t) = Ae™ " where k’=|—
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Scattering of sound waves —
for example, from a rigid cylinder N

Figure 518 Scattering from a rigid cylinder.

Figure from Fetter and Walecka pg. 337
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Scattering of sound waves —
for example, from a rigid cylinder

Velocity potential --
Or)=D, (r)+P (r) ® (r)=é*

Helmholz equation in cylindrical coordinates:

1o 0 10 &
(V*+£)@(r)=0= [;5 5+76¢ +§+k2jq)(r)

Assume: ®(r z ™R (1) (no z dependence)
d> 1d m
where —+— +k*|R (=0
[a/r2 rdr ] ()
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@ (r) = ¢ kor erkz-cos¢ — Z l-mezm;ﬁjm(kr)

inc
m=—n

Figure L8 Scatcing from a rgi cylider

D (r)= Z C,e"H, (kr) where Hankel function

represents an outgoing wave: H, (kr)=J, (kr)+iN, (kr)
Boundary condition at r =a: 22 =0
r r=a
=i"J' (ka)+C,H', (ka)=0 C,=-i" Lyka)
. - H',, (ka)

®, (r)=- i i %e‘m‘ffm (k)

Asymptotic form:

2 i
"H (k) ~ /7@1(10 14)
e \ Tk

@0 ~ f(¢)\F v Y e,

Figure L8 Scatcing from a rgi cylider

kr H', (ka)
z J', (ka) i(mg-7/4)
Nk ks H', (ka)




do 2
7¢=‘f(¢)‘
For ka << 1
i; “lf) z%ﬁk3a4(l—2<:os¢)2
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Now consider non-linear effects in sound

111412015 PHY 711 Fall 2015 — Lecture 28 gl

Effects of nonlinearities in fluid equations
-- one dimensional case

Newton - Euler equation of motion :
Gl + (v . V)v =f Vp
ot

applied —

Continuity equation : % +V (pv) =0

Assume spatial variation confined to x direction ;
assume thatv=vX and f,_ . =0.

app.
o, 1o

o ox p Ox

a—'D+v6—p+p@=0
ot Ox ox
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@+V@+ial:0
o Ox pox

6p+v6l+p@:0

o ox ox
\Expressing pinterms of p: p= p(p)

P _POP_ 20 \P
c (p)ax

= = w here a—pzcz(p)
Ox Op Ox op

For adiabatic ideal gas: =y

y-1
cz(p):Q:cg(ﬁ] where céz—yp"
P Po Po
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2

@'FV@'FM@:O

ot ox p Ox
a—p+v6—p+p@:0

ot ox ox
Expressing variation of v in terms of v(p):

2

ov 8p+vav 8p+c (p)ap:O
Op ot op Ox p Ox
a_’o_{_va_’o_{_pﬁa_pzo

ot ox op Ox
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Some more algebra :

2
From Euler equation : g—v(a—p + va—pj + ¢ (p)op =0

p \ Ot Ox p Ox
From continuity equation : % + va—p =— v op
ot Ox Op Ox
2
Combined equation : v ,vop +£ (p) op =0
op op Ox p Ox
2 2
3(@) _dp) v _, e
op P op p
= a—p + (v + c)a—p =0
ot Ox

111412015 PHY 711 Fall 2015 — Lecture 28




-1
: 3 : 2 2 2
Assuming adiabatic process: ¢ =c, [pj c

A v(yil)/zv
PPN A

6p_dp

K
>
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Summary :

av_ c
o~ p
a—p+(vic)a—p=0
ot Ox

)
Po

(r-1)/2 e (y-1)12
c=c0[p] y=1—"0 [’D] -1
Po 7=\ P

7-1
Assuming adiabatic process: ¢ =cp (J ¢ =

2Py

Traveling wave solution:

Assume: p=p,+ f(x—u(p)t)
Need to find self - consistent equations for
propagation velocity u(p) using equations
op op

From previous derivations : Lr(vte) =
ot 0x

Apparently : u(p) = vie

For adiabatic ideal gas and + signs :

1 (7-1)/2 )
u=v+c=c, 7+ [pj I
7=1\ py r-1
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Traveling wave solution -- continued:
% +(ve c)a—p =0
ot ox
Assume:  p=p,+ f(x=u(p)t)=p,+ f(x=(v£c))

For adiabatic ideal gas and + signs :

(y-1)/2
u=v+c=g, }/HEPJ —L
y=1{p 7—1

Solution in linear approxiation :
y+1 2

U=V+CRV +C)=C)| ————|=¢,
y=1 y-1

:‘>LR = Po + f(x - Cot)w 711 Fall 2015 - Lec

ture 28 19
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Traveling wave solution -- full non-linear case:

Visualization for particular waveform: p= p, + f(x—u(p)t)

Assume: f(w)= fis(w) —
£=1+As(x—ut) N
P Po

For adiabatic ideal gas :

U y+l(p](y_l)/2_ 2
L 7-1Lp, y-1

| (7-1)/2 )
u=c, }H—[1+f0s(x—ut)) -—
y=10  p r-1
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Visualization continued:

| (7-1)/2 )
u=c, Q(1+As(x—ut)] -
r=10 7-1

Plot s(x—ut) for fixed ¢, as a function of x :
Let w=x—-ut

x=w+ut=w+u(w)t =x(w,t)

(r-1)/2
u(w)=c, LH[IJrﬁs(w)] 2
y=10 Py y-1

Parametric equations: plot s(w) vs x(w,t) forrange of w
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Linear wave: [,

Non-linear wave:

11/4/2015

11412015 HY 711 Fall 2 22
Linear wave
Non-linear wave
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AT;?'};S'S fog shock wave Solution becomes
Ots of op unphysical
i - — -
: T
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Analysis of shock wave -- continued

After shock Before shock
t t
5P OV, 3Py op, V4, OP4
X
u
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Analysis of shock wave — continued
While analysis in the shock region is complicated, we
can use conservation laws to analyze regions 1 and 2

Assume  p(x,t) = p(x —ut)
plx,t)= p(xfut)
v(x,t) = v(x—ut)

Continuity equation:
op O(pv o(pv—pu
a—f+%=0=% = (v, —u)p,=(v—u)p,

Conservation of energy and momentum:

=P +pz(Vz 7”)2 =h +pl(vl 7”)2

1 2 1 2
=6 +—(v,—u) +P2o ¢ +=(v —u) + 2
2 P 2 A
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Analysis of shock wave — continued
For adiabatic ideal gas, also considering energy and
momentum conservation:

LH&Jrl
p_r=lp _r+l

p rtl o p -1
y-1 p
Velocity relationships:
(=)’ 1[ ) () 1 »
= -1+ ()22 | = -1 ()
g ( )pl 6 ( )2
where cfzm and

|

For a strong shock:
2 2
- 1 - -1
Lz e () (7
G 2r p [ 2y
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Analysis of shock wave — continued
For adiabatic ideal gas, entropy considerations::

Internal energy density: &=

P
_P___cr
(r-1)p

First law of thermo: de =Tds — pd [lj
P

stz

s=C,In [Lj +(constant)
o

4
s,—85=C, ln[pz[p‘] ] 0<s,-s5 <C,,[ln[&]—yln[}/—+l
P\ P> b y-1
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