PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103

Plan for Lecture 32

Viscous fluids — Chap. 12in F & W
1. Viscous stress tensor
2. Navier-Stokes equation

3. Example for incompressible fluid
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General formulation of viscosity from Chapter 12 of
Fetter and Walecka

-viscous fluid, wi :
For a non-viscous fluid, we can define a stress tensor
ideal __
T, = pvv, + pdy
u W uati uid:
From Euler and Newton equations for fluid:

o(pv,) 3
J'Vd3r76t B 712:1“[/4 AT, +[ d’rpf,

3
—Z J ) dAT,, = kth component of force acting on surface d4
1=1""

For an ideal (non-viscous) fluid: 7,, =7,

Differential form of momentum conservation law:

6(pv,)+iﬂ,pf

ot i Ox;
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Note that in absence of viscous effect, the stress tensor
relations are identical to the Newton-Euler and continuity
equations:
Differential form of momentum conservation law
in terms of stress tensor:
o(pv)) 0T,

—— 2+ L =pf
ot ,Z:,:@x/ Pl

Newton-Euler equation
ov 1
—+(v-V)v=f-—Vp
ot P

Continuity condition

op
~4v. =0
ot * (pv)
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Effects of viscosity
Argue that viscosity is due to shear forces in a fluid of the form:
0
Y 44
o
Formulate viscosity stress tensor with traceless and diagonal terms:

T :77[%+ﬂ73 k/(v'v)]fgkl(v'v)

F,

drag =11

ox, oOx, 3
viscosity bulk viscosity
Total stress tensor: T, =T, + T}/
Tkltdﬂd = pvv + pdy,
ov, ov, 2
Ty=-n —*+—-L-=5,(V-v)|-&5,(V v
fea] 2 22w ()
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Effects of viscosity -- continued

Incorporating generalized stress tensor into Newton-Euler equations
pv, 0PV o ] azvl ( 1 ) N 82V/
+Y —L=pf-—+ +| &=

o tZ o, P m,";aﬁ ¢ ¥7§agm
Continuity condition
p . 3 0pv,
o I ox ;
Vector form (Navier-Stokes equation)

%+(V‘V)v:f—le+EVzv+%(§+%17]V(V~v)

Continuity condition

=0

op
F.iy. =0
5 V(oY)
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Newton-Euler equations for viscous fluids
Navier-Stokes equation

%+(V-V)v:f—%Vp+%V2v+%({+%nJV(V-v)

Continuity condition

op
Fiv. =0
PR )

Typical viscosities at 20° C and 1 atm:

[ Fluid | __wo(m¥s) | _n(Pas) |

Water 1.00 x 106 1x10°%
Air 14.9 x 10 0.018x 10
Ethyl alcohol 1.52x 10® 1.2x 103
Glycerine 1183 x 10© 1490 x 10
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Example — steady flow of an incompressible fluid in a long

pipe with a circular cross section of radius R
Navier-Stokes equation

ov 1 7, 1( 1 )
—+(v-V)v=f——Vp+—=Vv+—| {+-1 |V(V-
at(v)v pppr§3U(V)
Continuity condition
op
—+V. =0
ot (v)
Incompressible fluid = V-v=0
Steady flow = @=0
ot
Irrotational flow = Vxv=0

No applied force = =0
Neglect non-linear terms = V(vz) =0
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Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

Navier-Stokes equation becomes:

1
0=——Vp+Llviy

P P
Assume that v(r,t) =v,(r)z L
Zl =nV?v,(r) (independent of z)
z

Suppose that P = L
oz

L (uniform pressure gradient)
=Vi.(r)= _4p
f L
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Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

Vi () =2

nL
1d dvo) ot
rdr dr nL

L
Apr?
v.(r)=————=+C/In(r)+C
-(r) a6 (r)+C,
ApR’®
=G=0 v(R)=0=-"P"1C,
4nL
v, (r)= Ap (R2 - rz)
4nL
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Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

v,(r)= Ap (R2 - r2)
4nL
Mass flow rate through the pipe:

ApprR*

dM R
@ _, d =
7ZpJ‘0 rdrv,(r) Sl

dt

Poiseuille formula;
=>Method for measuring n
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Example — steady flow of an incompressible fluid in a long
tube with a circular cross section of outer radius R and inner

radius xR

Vi (r) = A

nL
ld dv.(n__4p
rdr dr nL
Apr?
4nL

v,(r)=- +C In(r)+C,
2
v (R)=0=—2PR _ cmry+C,
4nL

2p2
v (kR =0= PR Ry + €,
4nL

12
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Example — steady flow of an incompressible fluid in a long
tube with a circular cross section of outer radius R and inner
radius kR -- continued

Solving for C, and C, :

2 2 2
C R - (] e 1)
: 4nL R Inx r

Mass flow rate through the pipe:

dM R
vy = 27rpLR rdrv,(r) =
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