PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM MWF Olin 103

Plan for Lecture 33:
Effects of viscosity in fluid motion -
Chap.12 in Fetter & Walecka

1. Navier-Stokes equation

2. Terminal velocity of a sphere
moving with constant applied force
in a viscous medium

3. Stokes’ viscosity relation
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22 [Wead, 1072112018 [Cnap. & ‘Mation of Figid Badias #21

23 |Fri, 162320168  (Chap & Mation af Elastic membranes 223

24 Mo, 10262015 Chap & Hydredynarmics w2

25 Wed, 10/Z8/2015 Chap. 8 Hydrodynamics #24

26 Fri, 10/30/2015 Chap. 8 Sound waves #25

27 |Mon, 11022015 Chap. § Sound waves 216

28 Wed, 11/04/2015 Chap. & Sound waves

29 Fri, 11/06/2015  (Chap. 10 ‘Surtace waves on fluids #27

30 Mon, 11092013 [Chap. 10 Surtace waves on fluids 28

31 [Wed, 1111172015 Chap 11 Haat Conduction 229

32(Fr, 11132016 (Chap 12 Viscosty #10

‘ 33/Mon, 111ME2015 Chap. 12 Viscoay Prepare presentation

34 Wed, 11/18/2015 Chap. 12 Wiscosay Prepare presentation

38 Fri, 112062015  Chap. 12 Mare viscosty Propare presentation

38 Mon, 11232015 Chap 13 Elastic Contnua Prepare presentation
Wed, 11252015 Thanksgiving Haofiday
Fri, 12772015 Thanksgiving Hotiday

37 Mon, 1173002015 Chap 13 Elastic Contrua Frapare presentation
Wed, 120212015 Stugent presentations |
Fri, 120472015 Stugent presantations il
Mon, 12/07/2015 Eegin Take-homa final
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Brief introduction to viscous effects in incompressible fluids

Stokes' analysis of viscous drag on a sphere of radius R
moving at speed u in medium with viscosity 77 :
Fpy = _77(67ZRM)

Plan:
1. Consider the general ettects ot viscosity on fluid
equations

2. Consider the solution to the linearized equations
for the case of steady-state flow of a sphere of
radius R

3. Infer the drag force needed to maintain the
steady-state flow
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Newton-Euler equation for incompressible fluid,

modified by viscous contribution (Navier-Stokes equation):

ov Y%
—+(V-V)V=F, X2 ey
ot e}

v Kinematic viscosity

Typical kinematic viscosities at 20° C and 1 atm:

| Fluid | v(mis) |
Water 1.00x 10
Air 14.9 x 10
Ethyl alcohol 1.52x 10°®
Glycerine 1183 x 10©
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Stokes' analysis of viscous drag on a sphere of radius R
moving at speed u in medium with viscosity 77 :
Fp= _77(67ZR“)

Effects of drag force on motion of

particle of mass m with constant force F':

F—6zRnu =m% withu(0)=0
_67Rn
Suy=—t]1-e
6Rn

Effects of drag force on motion of

particle of mass m with constant force F':

F—67rR77u=m% withu(0)=0

767[R7]l
:>u(t)=67z1;(1—e " J
n
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Effects of drag force on motion of particle of mass m
with an initial velocity with #(0) =U, and no external force

—67Rnu = m@
dt

76/!Ryl
=ut)=Ue "

o
u o
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Recall: PHY 711 -- Assignment #24  Oct. 28, 2015

Determine the form of the velocity potential for an
incompressible fluid representing uniform velocity in the z
direction at large distances from a spherical obstruction
of radius a. Find the form of the velocity potential and the
velocity field for all r > a. Assume that the velocity in the
radial direction is O for r = a and assume that the velocity
is uniform in the azimuthal direction.

2

3
(D(r,@):(—vor+ VZOR jcosé’ =
r B ————
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Newton-Euler equation for incompressible fluid,
modified by viscous contribution (Navier-Stokes equation):

ﬂ"'(V'V)V :fapplied _v_P+"'LV2Y , V

ot PP
Continuity equation: V-v=0
Assume steady state: = r =0
t

Assume non-linear effects small
Initially setf, .., =0;
=Vp=nViv
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Vp =nViv

Take curl of both sides of equation:
Vx(Vp) =0 =¥ (Vx)

Assume (with a little insight from Landau):
V=Vx(V><f(r)u)+u

where  f(r)——5—0

Note that:

Vx(VxA)=V(V-A)-V’A
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Digression

Some comment on assumption: v =V x (V x f(r)u) +u
Vx(VxA)=V(V-A)-V’A

Here A=V x f(r)u
Vxv=0=Vx(Vx(VxA))=-Vx(V’A)

Alsonote: Vp=nV’v
= VxVp=VxpViv or VZ(VXV)ZO
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V:Vx(fo(r)u)+u

u=uz
Vx(Vx f(r)z)=V(V- £(r)z)-V*f(r)z
Vxv=0 :>V2(V><v)=0

VHVxf(r)z)=0 =V (V/(x2)=0 =V'f(r)=0

f(r):Clrz+Czr+C3+g
”

v, :”COSQ(I—EQLJ :ucose(l—4C1 _2G —2763'4)
r

rdr r
) .
v, =-usinf l—d—{—lﬂ :—usin9(1—4Cl—g+%‘]
dr rdr roor
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v, :ucosﬁ( 7%@) :uc050[174C, -
P

rar

2
vy :—usinﬂ(l—df—lij = —usin@(

To satisfy v(r > ) =u:

=C=0

To satisfy v(R) =0

solve for C,,C,

20,

3
v, =ucosf 173—R+R—3
2r 21

3
v, =—usinf 173—R7R—;
4r 4
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3
7

1—ac, - & C
r
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3
v, =ucos9(1—3R+RJ

2r 210

3
2 =—usin0(1—3R—R]

4r 45

Determining pressure :

Vp=nViv= —nV[u cos «9(

)
= p=p,—nucosb| —
2r
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)

3R
p=p,—nucosl 57

7

Corresponds to:
F,cos60 =(p(R)— p,)47R’
=F, =—nu(67R)
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