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Mathematical Methods
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Plan for Lecture 36

Review of Mathematical Methods

1. More details on Green’s function
methods

2. Special functions
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PHY 711 Fall 2013 - Lecture 36

23 Fri, 1v23/2015 Chap. 8 Mation of Elastic membranes
24 fMan, 107262015 Chap. 8 Hydrogynamics
25 Wed, 10282015 Chap. @ Hydrodynamics
28 Fri, 10V30/2015 Chap 9 Sound waves
27 an, 110212015 Chap. 8 Sound waves
28 Wed, 111042015 Chap 9 Sound waves
28 Fri, 11082015 Chap 10 Surface waves on fluds
30 Man, 11092015 Chap. 10 Surface waves on fluds
112015 Chap. 11 Heat Canduction
M32015  Chap. 12 Niscosity
1182015 Chap. 12 \iscosity Prepan: presentation
34 Wed, 111182015 Chap. 12 Wiscosity Prapare presentation
36 Fn. 112002015 Chap. 12 Elastic Cantinia Propars presentation
» 36 Mon, 11232015 Chap. 13 Raview of Mathematical Methods Fropare praseniation
Wed, 117252015 Thanksgnang Haliday
Fn, 11272015 Thanksgiving Hodday
37 Maon, 11/3072015 Chap. 13 Raview of Mathematical Methods Frepare presentation.

Linear second-order ordinary differential equations
Sturm-Liouville equations

Inhomogenous problem: [—— r(x)— +v(x)— /Ia(x) o(x)=F(x)

\/

given functions applied

force

solution to be
determined
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Solution to inhomogeneous problem by using Green’s
functions

Inhomogenous problem:
(f%r(x)% ()~ la(x))(p(x) = F(x)
Green's function :
[— 4 r(x)i +v(x) - ﬂa(x)le (6, x")=8(x—x")
dx dx
Formal solution:

0,(%) = ,0(¥) + [ G, (x, x)F (x)ax'

Solution to homogeneous problem
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General method of constructing Green’s functions using
homogeneous solutions to Sturm-Liouville equations

Green's function :
d d
——1(x)—+v(x)-Ao(x) |G, (x,x") = é‘(x - x')
dx dx

Two homogeneous solutions

(*ir(x)i +v(x)— ﬂa(x)jgi (x)=0 for i=a,b
dx dx

Let
N
Gl(x’x ) = Wga(x<)gh(x>)
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Digression: [7£T(x)i+ v(x)—io(x))ga(x) _0
dx dx

(—i r()c)i +v(x)— lo‘(x))gb (x)=0
dx dx
Consider the Wronskian:
d d
W= fr(x)(gu (X)Egh ®-g, (X);gl, (x)J
Note that:

aw d d d
e = _E[T(x)(ga(x)agh(-x) _gh(x)agﬂ(x)n

:—gAx)ﬂr(x)%gh(x)j+g,)(x>%[r<x)%gﬂ(x>]
= () - 40 () £, (1), (1) + () - 20()) g, (Vg (¥) = 0
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For ¢—0:

x'+e

XJ‘( dx(—%r(x)% +v(x) - ).o‘(x)jG,' (x,x" = :f: dxS(x—x")

d d\1
j (dX(—Zf(X)EJWga(&)&,(&)=1

_rw(d ) N RN A
W (dxgl,(&)gb(x)ﬂ ( W (ga(X)dx,gb(X) g,(x") g[,(X)J

-
= W:—r<x'>(ga(x')%g,,(x')—g,)(x»%ga(x')j

Note -- W (Wronskian) is constant, since — =0

X' +e
=

= Useful Green's function construction in one dimension:

G, (x.x') = %gé, (x)g,(x.)
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(—%r(x)%+v(x)—ﬂa(x))¢(x) - F(x)

Green's function solution for x, <x<x, :

0,00 = 0,0(0) + [ G, (xoxWF(x')d'

X

000+ 00 [ (1P S0 [ e
Note that: K ‘

0, (0)=30 () + %I 2, (¥)F ()’

2,570, (5, + £20%) j 2, (¥)F ()’

Example:
Px)
0.5 €
i H1 1 2
L X
q)(x) 3
e 0 x<-a
X X
—#=@ px)=9px/a —a<x<a
dx €
0 x>a




Homogeneous solutions

d*g (x
L g g, (v=1
d*g, (x
£ g,()=x
dg,(x) dg,(x)
W=-g ()24 g (x) 22 =—1
8.(x) e gy(x) PR
Green's function for this case:
1
G/{ (X,.X') = Wga (x<)g/>(x>) =X,
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Green's function solution for this example

()= £ jg (O (s ) j £ (P ()
= @) = [ p)de =L [ p( )
€ % €%

17 1%
I BV I S
eoip(x)(x x) eo,[f p(x)

a 2o
For x<-a: ®(x)= _&vazdx/z_ Pl
0 -a 360
For x>a: ®(x)=0
0 xX<-a

px)=ypx/a —a<x<a

0 x>a
2 2
2
Pl x<-a
3¢,
D(x) = Lo l(xj—a})—l(x}—xaz) —a<x<a
ae,\ 3 2
0 x>a




Eigenfunction solution methods of Sturm-Liouville
equations (assume all functions and constants are real):

Homogenous problem : (7 4 r(x)i +v(x)— lo(x))yﬁu (x)=0
dx dx

Inhomogenous problem : [71 7(x) 4 +v(x)— ﬂ.o(x)quﬁ(x) =F(x)
dx dx
Eigenfunctions :
(— Lo Ly v(x))f; (=400 /()
dx dx

It is possible to prove several properties of the
eigenfunctions f,(x) — including orthogonality and
completeness. b

Orthogonality statement: L o(x)f,(x)f,(x)dx=5,N,,

where N, = [ o(x)(/,(x)’dx.
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Completeness of eigenfunctions:

o) S EOLED 5

Suppose that we can find a Green's function defined as follows

d d N o
[—ar(x)a+v(x)—ﬂo-(x))GZ(x,x)—5(x x)

In terms of eigenfunctions:

(_%T(x)% ()~ za(x)j@(x,x') = o(x) R LOLED

n

x)f (x")/ N,
DGZ(x’xv):Zf;y( )/{;1(_; n

Solution to inhomogeneous problem by using Green’s
functions

Inhomogenous problem:
(*%T(x)% +v(x)— ﬂa(x)j o(x)=F(x)
Green's function :
d d
(— —7(x)—+v(x)— AG(}C)]G/1 (x,x") = 5(x - x')
dx dx
Formal solution:

2, () = 0,0{) + [ G, (o, x)F (')l

Solution to homogeneous problem
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Example:

p(x)
0.5 €

-2 i /1 2
X

0 x<-—a

2
—wzw px)=9px/a —a<x<a

11/23/2015

ax’ €
0 x>a

Eigenvalue equation:

d2
— | f(x)=4.f,(x
[ dxzjfn() 2 J2 (%)
Eigenfunctions Eigenvalues:

1 . (nnx nz Y’

X)=,[—sin| — A, = —

1) a ( 2a j ! (Zaj

Completeness of eigenfunctions:

U(X)ZWﬁ(x—x') for —a<x<a

n

1 nwx nrx'
In this example: —» sin| — |[sin =(x—x'
P 3 (mj (2 j (=)
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Digression — convergence of Fourier series representation of
p(x) itself:

For —a<x<a:

) =Lox
a

~ 8py( . (mx) 1 . (37zx 1 . (57zx
p(x)= ”—;’[sm[T)fgsm[T}r Esm(ij.“j
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Green's function :

(— 4 7(x) 4 +v(x)— ia(x))Gl (x,x") = §(x - x')
dx dx

Green's function for the example:

sin i sin nrx’
Lo, (x) /N, 1 2a 2a
G . "n— n n [ —— —_— 7
() ; ﬂ” -2 a y (odd) nw :
2a
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Using Green's function to solve inhomogenous equation:

2
7d—2 Q)(x):&x for —a<x<a
dx ae,

O(x) =22 [ Glx ' ay’
ag, %,

. (n/rxj
sin| —— | , .
_La 2a jsin(”’”‘ },dx,
a ag, i) nz 2 ? 2a
2a
a Y 2
sin(@}r'dx': 8a 2sin(ﬂ) for n odd
2 2a (nr) 2
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sin(”ﬂx]
2
DO(x)=D, + 32’[47”‘1 > 2a sin(n;j

€ 1 (odd) n

i =
1 0.5 = 05 1
0.2 ’//
03—
0.4 |
/ 0.5
Ii— 0.6 |
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