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PHY 711 Classical Mechanics and 
Mathematical Methods

10-10:50 AM  MWF  Olin 103

Plan for Lecture 36

Review of Mathematical Methods

1. More details on Green’s function 
methods

2. Special functions
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Linear second-order ordinary differential equations
Sturm-Liouville equations

Inhomogenous problem:   ( ) ( ) ( ) ( ) ( )
d d

x v x x x F x
dx dx

  
 
    

 

applied 
force

given functions

solution to be 
determined
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Solution to inhomogeneous problem by using Green’s 
functions

Inhomogenous problem:   

( ) ( ) ( ) ( ) ( )
d d

x v x x x F x
dx dx
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   :function sGreen'

xxxxGxxv
dx

d
x

dx
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0

Formal solution:  

( ) ( ) ( , ') ( ') 'x x G x x F x dx     
Solution to homogeneous problem
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General method of constructing Green’s functions using 
homogeneous solutions to Sturm-Liouville equations

 ')',()()()(

   :function sGreen'

xxxxGxxv
dx

d
x

dx

d
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Consider the Wron

( ) ( ) ( ) ( )

s

( )

kian:

a bb a

d d
g gW x x g x x

x
x

d dx
g
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For   0:
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Note --  (Wronskian) is constant, since 0.
'

dW
W

dx


Useful Green's function construction in one dimension:
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Green's function solution for   :
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Note that:
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Example:

2
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2

2

2

2

( )
( ) 1

( )

Homogeneous solutions
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Green's function for this case
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Green's function solution for this example
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Eigenfunction solution methods  of Sturm-Liouville
equations  (assume all functions and constants are real):

)()()()()(

:ionsEigenfunct
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Orthogonality statement:  ( ) ( ) ( ) ,
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It is possible to prove several properties of the 
eigenfunctions fn(x) – including orthogonality and 
completeness.
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Completeness of eigenfunctions:
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Suppose that we can find a Green's function defined as follows:
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In terms of eigenfunctions:
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Solution to inhomogeneous problem by using Green’s 
functions

Inhomogenous problem:   

( ) ( ) ( ) ( ) ( )
d d

x v x x x F x
dx dx

  
 
    

 

 ')',()()()(

   :function sGreen'
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Formal solution:

( ) ( ) ( , ') ( ') '
L

x x G x x F x dx     
Solution to homogeneous problem
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Example:
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Eigenvalue  equation:
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Eigenfunctions                                Eigenvalues:
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Completeness of eigenfunctions:
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Digression – convergence of Fourier series representation of 
r(x) itself:
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2
 (odd)

Green's function for the example:
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Using Green's function to solve inhomogenous equation:
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