PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103

Plan for Lecture 37
Review of Mathematical Techniques —
Green’s function methods
1. Methods for two and higher dimensions
2. Examples

3. Course evaluation forms
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11/29/2015

28 Fri 110B2ME  [Chap. 10 Surface waves on fuids 427
30 Man, 1140972015 Chap, 10 Surface waves an fuids #14
A1 Wed, 1111172018 Chap, 11 Heat Conduction Ere]
A2F0, 11MWE018  Chap. 12 Viscasity #30
23 Man, 11162015 Chap, 12 Wiscosity Prapare presantation
34 \Wad, 111182015 Chap. 12 Viscasity Prapana presentation
38 Fn, 11202015 [Chap. 12 Elastic Continua Prapars presentation.
36 Man, 11/232014% [Chap. 13 Reviaw of Mathematical Mathods Frapara presentation
\wiad, 117282015 | Thanksgiving Holiday
Fn NZTEAS Thanksgiing Holiday
» 37 pMan, 14/30/2015 (Chap. 13 Fieview of Mathematical Methods | Prepare presentation
Wed, 12022015 Student presentatians |
Fn, 12042015 Student prasantations |
Mdan, 120072018 Bagmn Take-home final

**Note: The final exam has the take-home form similar to that
of the mid-term. In order to accommodate your schedules, it
will be available on 12/04 and will be due before 9 AM on
12/14.
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PHY 711 Presentation Schedule
Wednesday, December 2, 2015

Presenter Title of presantation
10:00-10:17 Taylor Ordinas Scattering Cross Section of y*w Theory
10471034 | Peiyun Li Catenary - Physical Thinking on Hanging Repe
10:34-10:51 Gabriel Marcus A Study of Nonlinear Dynarmics and Chaos

Friday, December 4. 2015

-
Fresanter | THie of presentation
10:00-10:17 Enc E of the Cross
| Section
10:17-10:34 Andrew Zeidell | Miodeling Viscous Fluid Flow Through an
| Atomizer
341051 Tong Fen | Modelling of Symmetric Top with Fluid Inside:
| ideat and Viscous
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Some guidelines about the presentations

1. In your presentations, please make sure to
acknowledge all of your sources.

2. We have allotted 17 minutes including questions for
each presentation.

3. In order to encourage participation, points will be
awarded for questions from the audience.

4. For efficiency, you may wish to email me your talk an
use my computer for the presentation.

5. At the end each session, please email me your
presentations and any supplementary materials.

11/29/2015

Green'’s function solution methods for one-dimensional
second order (Sturm-Liouville) differential equations:

Differential equation to be solved for ¢(x):

[f%r(x)%+v(x)fﬂa(x)]¢(x) - F(x)

Green's function :
(— 4 r(x)i +(x) - la(x)]Gl (6, x")=8(x—x")
dx dx
Formal solution to differential equation:

P9 =il [ G, (e, x)F (')

Solution to problem with F(x)=0
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Green’s function construction method #1 -- using
homogeneous solutions to Sturm-Liouville equations

(—i ()L +v(x) - io-(x)j g =0 for i=ab
dx dx
Let

L1
Ga(x;x)=ng(x<)gf(x>)

Where: W = —r(x)(gf(X)%gh}'(X) - g:(x)%gj(x)]
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Find two independent solution to the homogeneous equation:




Green'’s function construction method #2 -- using
eigenfunctions ot the Sturm-Liouville equations
Note that in general there is a finite domain:  x, <x <x,

Eigenfunctions:

d d

[—*T(X)* + V(X)jfn(X) =2,0(x)f,(x)
dx dx

Properties of eigenfunctions:

Orthogonality: I o(x)f,(x)f, (x)dx=0,,N,,

where N, EJ. o(X)(f, () dx.

LWL 5
Nl‘l

Let G-y LAV,
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Completeness: o(x)Y
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Green’s function solution methods for one-dimensional
second order (Sturm-Liouville) differential equations --
comparison of method #1 and #2

Method #1: G, (x,x") = %gj (x.)g; (x,)

» Single discontinuous integral for evaluating
full solution
* Only works in one dimension

Method #2: G, (x,x") = ZW

« Infinite series of continuous integrals for
evaluating full solution
« Can be extended to multiple dimensions
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Green'’s function methods in multiple dimensions --
Example system — Poisson equation

VO(r) = —ﬂﬁ Charge density
&y

Electrostatic
potential

O(r) = iIVdSr'p(r')G(r,r') +

Boundary value terms
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Solution to Poisson equation using Green's function G(r,r")

%j dr'[G(r,r\V'O(r) - d(rYV'G(r,r] - F'.
T N




Green's function equation in this case:
V’G(r,r')=-475(r 1)

z

X Example -- consider cartesian coordinates:
. 62 62 62
St 5t
ox~ oy° Oz
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Green'’s function using method #2 in all three dimensions

Let {u,(x)}, {v,(»)}, {w,(2)} denote complete orthogonal
function sets in the x, y, and z dimensions, respectively. The
Green's function construction becomes:

Gty 2,2 = 4y MG O (0, (I, ().

Imn a+p,t7,
where
dZ d2 dZ
0 =@ 0. S, (0 =B, () and o 2) =7, 2)
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Green'’s function using method #2 in all two dimensions and
method #1 in the third dimension

Let {u,(x)}, {v,(»)} denote complete orthogonal

function sets in the x, and y dimensions, respectively. The

Green's function construction becomes:
G(x,x', 3,322 = 4 Y () (W, (1), (32, (2,2
Im

where

dZ dZ

—u(xX) =—au(x), —=v,(»)=-8,v,(»),
dx dy

2
and [%fa,—ﬁmjg,m(z,zo=4n6(z—z')
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Example

c

/ b

X

Suppose the boundary conditions require the Green's function to
vanish on all 6 faces: x=0,x=a,y=0,y=b,z=0,z=c
Method #2 construction:

G(x otz z')—47zi sin(”'T‘)sin(”;“)sin(’";‘)sin(”'i")sin(”‘#)sin(%)
X, z,z") =

11/29/2015

abc i ((%)2 +(%)2 +("‘l)2)
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z
Example
continued
c
y
/ b
X

Suppose the boundary conditions require the Green's function to
vanish on all 6 faces: x=0,x=a,y=0,y=b,z=0,z=c¢
Combined construction:

G(x,x\y,yz,2") =

B 4”12 sin (£2=)sin( ’f,“)sin('"’;‘ )sin (A%")sinh(;/,ma)sinh(y,m (c-z.))
ab Vim smh(}/,mc)
where y,, = (%)ﬁ + (%)2
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Other examples of Green’s function constructions
Green's function for Poisson equation in spherical polar coordinates:

V’G(r,r')=—4x5(r —r')

, 1 r<[ “in, R
Glrr)=4r T L (P ()

Green's function for Helmholz equation in spherical polar coordinates:
(V2 + kz)G(r,r') = —47[5(r - r')

G(r.r)) =ik j (k)b (ke )Y, (B))Y,, (F)
Im
spherical Hankel function
spherical Bessel function
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