PHY 711 Classical Mechanics and
Mathematical Methods
10-10:50 AM  MWF Olin 103
Plan for Lecture 9:
Continue reading Chapter 3 & 6

1. Summary & review

2. Lagrange’s equations with
constraints
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PHY 711 Classical Mechanics and Mathematical Methods
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‘Instruclor: Natalie Holzwarth Phone:758-5510 ‘Office:300 OPL e-mail:natalie@wfu.edu

Course schedule

(Preliminary schedule -- subject to frequent )

Date F&W Reading Topic Assignment
1 |Wed, 8/26/2015 [Chap. 1 Review of basic principles #1
2 [Fri, 8/28/2015 [Chap. 1 Scattering theory #2
3 [Mon, 8/31/2015 [Chap. 1 Scattering theory continued #3
4 [Wed, 9/02/2015 |Chap. 2 Accelerated coordinate systems  #4
5 |Fri, 910412015 [Chap. 3 Calculus of variations #5
6 [Mon, 9/07/2015 [Chap. 3 Calculus of variations #6
7 [Wed, 9/09/2015 [Chap. 3 Hamilton's principle #7
8 [Fri, 9/11/2015 [Chap.3&6 Hamilton's principle #8

- 9 |Mon, 9/14/2015 [Chap. 3&6  Lagrangians with constraints #9
10|Wed, 9/16/2015 [Chap. 386 Lagrangians and constants of motion
11[Fri, 9/18/2015  [Chap.3&6  Hamiltonian formalism
12 Mon Q/21/2015 [Chan 3R A Hamiltanian farmalism
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Comment on problem Lagrangian formulation of
Brachistochrone motion: 2(6) = a0—sin6)

(@)= a(l —cos 9)

Lagrangian for mass traveling alon’é s

2
L(s(8),5() = L ms® —mgy = L ms” ~mg2a 17(41]
a

911412015 PHY 711 Fall 2015 - Lecture 9 3




Lagrangian for mass traveling along s :

L(s(8),5(0)) = L ms® — mgy = L m3” —mgza[l—[ij ]
4a

daL oL
dt 0s 0s
Smi=-T8
4a
= §= —is
4a
s(t) =s, + Asin /ét
4a
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Comments on generalized coordinates:

L=1(g,0}{4,0Ok1)

doL_a

drog, oq,
Here we have assumed that the generalized coordinates
q, areindependent. Now consider the possibility that
the coordinates are related through constraint equations
of the form:

Lagrangian : L= L({g,(t)},{3,(0)}1)
Constraints: £, = f,({g,(0)},t)=0

Lagrange
multipliers

Lo Y g

Modified Euler - Lagrange equations : 4 —_— T
drog, oq, T 7o,
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Simple example:

L(u(t),1(t)) =+ mi* + mgusin 6

L(x,y,%,7) =4 m(%> + 7 )-mgy
f(x,y)=sin@x+cosfy=0
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Casel:

L(u(t),u(t)) = L mii* + mgusin 0
iO—L,—ﬁz(): mii —mgsin@ =0
dt ou  Ou

Case 2: —ii=gsinf

L(x,,%,7) :lgm(ffz +j}2)— mgy

f(x,y)=sinf@x+cosfy=0

ia*L.—afL+/1(if:0:mjé+/1sinH

dt ox Ox ox

ig—%+ﬁg:0:mjﬁ+mg+lcosﬂ

iy oy oy

sin@ X+cosf j =0 ]
. 0 ' Force of constraint;

Az meeos normal to incline
(—cos6’)’c’+sin6’j§):—gsin9
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Rational for Lagrange multipliers

Recall Hamilton's principle :

s =}L({qo<t>}, A

t d oL oL
ﬁ_o_{[z[557@ ojdt

2

With constraints: £ :f/({q”(t)},t):O

Variations dg,, are no longer independent.
0)
§;=0= zﬂ"&]{, at each ¢
o 04,
= Add O to Euler - Lagrange equations in the form :

o,
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Euler-Lagrange equations with constraints:

Lagrangian : L= L({qn' GI3TA (t)},t)
Constraints: f; = f; (lg,0}1)=0

) 0)
Modified Euler - Lagrange equations : ii _a + 2 A 2 =0
dtog, oq, T 7aq,

Example:
Lagrangian: L= %m(r’Z +r26? )+ mgr cos 0

Constraints: f=r—(=0

mg
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Example continued:
Lagrangian: L=1m M+ r292)+ mgrcos @
Constraints: f=r—(=0
d . 0
;mr—mr@ —mgcosf@+1=0
d . .
;mr 0 +mgrsind =0
F=0=7F r="{
= §=-5sing
4

= A=ml6*+mgcosl

9/14/2015 PHY 711 Fall 2015 - Lecture 9

9/13/2015

Another example:
- qugili Lagrangian: L=4m 0 +im, 0% +mgl, +m,gl,

Constraints: f'=0,+(,-(=0

- d .
. T —ml, -mg+A=0
) dt
A d .
l 1 Emzf,z—ngJrﬂu:O
| o P
m Figure 19.1 Awwood's machine. £ + £, =0=10, +/,
- 2mym,
m, +m,
Vo=, =T
! m,+m,
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Another example:

A particle of mass m starts at rest on top of
a smooth fixed hemisphere of radius R.
Find the angle at which the particle leaves

the hemisphere.

911412015 PHY 711 Fall 2015 — Lecture 9 12




Example continued

Constraint Equation: f(r,6)=r—R

Lagrangian: L(r,0,7,0) = %m(r'2 +r292)—mgr cosé

Euler - Lagrangian equations :
OL_doL ;9 g

or dt or or

@_i@+1@:0 mgrsinﬁfmr2972mri0.:0
00 dtod 00

mré® —mgcos@—mi+ =0
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Example continued
mré® —mgcos@—mi+A=0
mgrsin @ —mr*0 —2mri6 =0
Using constraint:
mRO* —mgcos+ =0
mgRsin@ —mR*d =0
d=55in0 =6 =—2—g(cos¢9—1)
R R
= A=mg(3cosd-2)

When A <0, constraint is no longer in place

at cosé <§ or 8>48.2 deg
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Consider a particle of mass m moving frictionlessly on a
parabola z=c(x2+y?) under the influence of gravity. Find
the equations of motion, particularly showing stable
circular mation.

L(x,y,x,)= %(xz +3° +4cz(xfc+ yj/)z)—mgc(x2 + yz)
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L(x,y,%,5)= %(xz + j/z +4c* (xx + yy)z) - mgc(x2 + yz)
Transform to polar coordinates;
X =rcos¢ y=rsing

L(V’¢7f,¢) = %(’;2 + F2¢2 + 462’,2’;2) — mgcr2

Euler-Lagrange equations
————=0 = O—Emr2¢f:0
dt

0L d oL 0 = Letmr’¢=/_ (constant)
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L(r,p,7,4) = %(’;z +r P+ 4czr2i’2) - mger®
OL dadL ~0

or dior
12 2 2 d . 2.2\) _
mr¢” +4mrc r—ngcr—E(mr(l+4c r ))—0
2

mzrs —2mgcr —%(mf(l +2c°7? )) =0

Stable solution when these terms add to 0:

[2g
0, =mri\2gc =mz, g
c

9/14/2C
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Analysis of stable (circular) motion

’f;:} —2mger —%(mi(l + ZCZVZ)) =0

0, =mr}\2gc = mz, /27g
c

Let »=7,+0r keeping terms to linear order:

—8mgcor — m§f(1 + 2c2r02) =0

5?2*% r
1+2c7r
8gc
= 0r=Acos| |———t+a
1+2c’r
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