PHY 752 Solid State Physics
11-11:50 AM MWF Olin 103

Plan for Lecture 11:
Reading: Chap. 4 in GGGPP;

One-electron approximations to the many
electron problem

1. Hartree approximation

2. Hartree-Fock approximation
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9/17/2015

Course schedule

(Preliminary schedule -- subject to frequent adjustment.)

Date F&W Reading Topic [

1 |Wed, 8/26/2015 |Chap. 1.1-1.2 [Electrons in a periodic one-dimensional potential [t

[2 |Fri, 8/28/2015 |Chap. 1.3 Electrons in a periodic one-dimensional potential \g

3 [Mon, 8/31/2015 [Chap. 1.4  Tight binding models [#3

|4 |Wed, 9/02/2015 [Chap. 1.6, 2.1 (Crystal structures [#a

5 [Fri, 9/04/2015  [Chap. 2 Group theory [#5

|6 |Mon, 9/07/2015 |Chap. 2 Group theory \ﬂj

7 |Wed, 9/08/2015 [Chap. 2 Group theory [z

|8 |Fri, 9/11/2015 [Chap. 2 Group theory \ﬂ

@ |Mon, 9/14/2015 |Chap. 2.4-2.7 Densities of states ‘#&

10|Wed, 9/16/2015 |Chap. 3 Free electron model #9
» 11[Fri, 9/18/2015  |Chap. 4 One electron approximations to the many electron problem #10

12|Mon, 9/21/2015

13 |Wed, 9/23/2015

14|Fri, 9/25/2015

Ahian amamnia
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Quantum Theory of materials Electrpnlc
coordinates

g . Atomic
Exact Schrodinger equation: ordinates

F({r 1L RDY,, ()R =E, ¥, ({}1L{R)

where

(] (R = JE (R + FE (fr (R

Born-Oppenheimer approximation
Born & Huang, Dynamical Theory of Crystal Lattices, Oxford (1954)

Approximate factorization:
‘{’av({l‘l }’{Ra }) — X;\?/]C]ei ({Ra })Ygleclmm({r, }, {Ra })
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Quantum Theory of materials -- continued

Electronic Schrodinger equation:
géElcc(mnS({rl } s {Ru})YElcc(mnS({rI }’ {Ru}) — Ua ( {RLI})YEICC[IOHS({r‘ } s {Ru})

i hZ ZaZ 2
HE (] R ==Y V=Y Y

vl Lt S DR

Nuclear Hamiltonian:  (QOften treated classically)
JEU ({R) X0 (R =7, X ({R“})

P 2
geNvelel (R _ +U ({R"
((R}) ;W LR
Effective nuclear interaction
provided by electrons
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Consider electronic Hamiltonian

Electronic Schrodinger equation:
‘%Elccnm\S({ri } s {]la})Yslcctmns({r1 }’ {Ra}) - Ua ( {Ra})rzlcamns({n } R {Ra})

lectrons Y hZ Za 2 2
HE (] R ==Y VY Y

o |G =R - |

!

Electron-electron
interaction term
prevents exactly
separable electron
wavefunction
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Hartree approximation to electronic wavefunction
Yilief‘mns({rl}’ {R})= ¢nlk|(r, (n )¢n:k2(r: (rl)”"¢r1‘\‘kvfrv (ry)

¥
:H ¢n,k,a, (r)

Variational estimatglof electron energy in Hartree approximation

(v e e H (T A R )

(U R (R

Let &, = (Y55 (fr ) (R*D|H X (fr), (R°D)

H

and require <¢, Dok > =1, then the variational equations

ko,

for the Hartree orbitals are:
03,

e * :f‘- nk;o;

0k, o
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Variational equation for Hartree approximation -- continued
og,
v 6Pk,
-

[*LIV”VWUH Ve (1) ]ﬁ,k.g (1) =610, (1)
2m o e

Nuclear-electron interaction:

A S
Vie(r)= —27[, . .
—|r—R“| Note: In principle, the
Electron-electron interaction: self interaction term
n(r) should be omitted
V., (r) zezjd3r' from V,(r), but often it
[r—r'| is included.
2
where n(r')= Z B i, ()
nk;o;
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Hartree approximation -- continued
In practice, the equations must be solved self-consistently
One possible procedure would start

with a guess of the one-electron functions

{@,kim (r)} and the electron density

where n(r')= Z (- (l")2

ko R
Next, find new one electron functions from:

[— ; : V3V (0)+ V, () ]cﬁ () =641, (1)

m

and determine the new electron density n(r). At convergence
the electron density is stable.

Hartree approximation -- continued
At convergence, the Hartree electronic energy

can be computed from one-electron functions

{¢n,ki<r, (r)} and the electron density

2

where n(r)= )" |4, (X))
nkio;
E,=Ey+E.+E,
_ hz 3 * 2
Ex —*%ZJ“’ " Popo, OV, (1)

nikioj

Ey = [d'r V,,(t)n(r)

_é 3 [ 3 0N’
E, = 3 J.d rjd r ‘rfr"
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Comment about homework problem

1. This problem is concerned with variationally estimating the ground state electronic
energy of a two-electron atom with nuclear charge Ze in the Hartree-Fock
approximation. The Hamiltonian for the two-clectron system is

52

H(ryyrp) = —5 -

2
(v;’+v§)7z¥(l+i)+ =
oo/ -

Assume that the spatial part of the two-electron wavefunction can be written in the
form
U(ry,1a) = B(r1)o(ra),
where
é(r) = Ne™/*,
where A is the normalization factor, a = fi?/(me?) is the Bohr radius, and « is a
variational parameter.
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Comment about homework problem -- continued

(a) Show that

o= S0 (-5

Hint: Show that the two electron term involves the integral

® o 2=2arfa (L [T —2arfa | [ 40 2 ® pa=2arfa [ g1, 12,=200'fa
/ drree —/ dr're 4 +/ drir'e 1! :2/ drre / dr'r”e “
o rJo Jr Jo Jo

(b) Find the value of o that minimizes the Hartree Fock energy E(a) and the
corresponding estimate of the ground state energy of the two-electron system.
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Comment about electron-electron interaction in the
Hartree approximation
Note that we have shown that in the Hartree approximation,

the electron electron term can be evaluated as:

E, ~ éj.darjdsr'in(r)n(l: )
2 ‘r -r ‘
In the following, we will see that is form is a consequence
of the Hartree approximation, so that in the following we
will call this the "Hartree" energy:

_e n(m)n(r’)
EHanree =?Jd3r‘|‘d3r ‘l‘*r"
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Hartree-Fock approximation to electronic wavefunction

Fermi symmetry
YEeron () (ROY) = YOS () (RY))

YU (AR = A, 6o, (1) (1))
%[Hzﬁ <r,)j

Slater determinant
¢n,k,a, (rl) ¢n‘k|rf, (rz) "' ¢n,k,m (r,v)
¢rx:k2a72 (rl ) ¢n,3k2a: (1‘2 ) o ¢n:k2a72 (rN )

Y Electrons

1
alF ({l',-},{R”}):W
¢n,\kmw(r1) ¢n‘,\k’,\a’\(r2) ¢”\kmv(rN)

13
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Hartree-Fock approximation to electronic wavefunction
Second quantization formalism

TN AR = QG (6D, (), (1)
¥°)

é?"
nykyoy

_ At oAt
= Coky0, Sk,

Properties of Fermi operators:
alel = &g

¢, ¢, =—C,C

éél==¢Clc, +9,

See Appendix B of GGGPP
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Hartree-Fock approximation to electronic wavefunction
-- continued

Variational estimate of electron energy in Hartree-Fock approximation
e e R H Y (L RD)
(Y (b R Y™ (i) AR7D)

aHF
& _ [+ Electrons a Electrons a
Let &, = (Y5 (i b, (ROD|H Y (), (R°)))

v o > =¢,, then the variational equations

i 2

and require <¢mki6’

for the Hartree Fock orbitals are:

a“;HI- Z
s =2 ko
e, T
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Variational equation for Hartree-Fock approximation --
continued
0%,

HE
P = 72&/@,1(,{7,
¢n,kia, J

2
[*%V2+Vve(r)+ V, (X)+V,.(r) ]%km ) =2 Absc s
J

Electron-exchange interaction:

Ve (0=-6326,. 6, ()jdw

[r—r'|

Note that in the Hartree-Fock formalism, there is no
spurious electron self-interaction.
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Hartree-Fock approximation — continued

As for the Hartree formulation, the Hartree-Fock equations
must be solved iteratively. At convergence, the Hartree-
Fock electronic energy can be calculated from the one-
electron orbitals and the charge density

Ey=E +Ey+E +E,

2
E, = ,%;5% [dr, ), O] dr

[r—r'|

¢n,k,a, (r')¢n,kig, ()




