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1.1 The Bloch Theorem for One-Dimensional Periodicity

Consider an electron in a one-dimensional potential energy V (x) and the corresponding
Schrédinger equation
R d2y(x)

2m  dx

+ VP () = EY(x). (L.1)

A potential V(x), of period a, satisfies the relation

V(x) = V(x + ma), for integer m.

[10) = )] with [wx @) = w@]. .7

This expresses the Bloch theorem: any physically acceptable solution of the Schridinger
equation in a periodic potential takes the form of a traveling plane wave modulated on
the microscopic scale by an appropriate function with the lattice periodicity

The Bloch theorem, summarized by Eq. (1.7), can also be written in the equivalent
form

W (x g (x) | (1.8)
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Consider an electron moving in a one-dimensional model

potential (Kronig and Penney, Proc. Roy. Soc. (London)
130, 499 (1931)

2
a

—p 1.5

1 V0
-3 -2 -1 0

Schroedinger equation for electron:

7ﬂ +V(x) [¥(x)=EY¥Y(x)
2m
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Effects of periodicity: V' (x) =V (x + na)

[7 WV + V(x)]‘{‘(x) =EY¥Y(x)
2m

[— V" +V(x+ na)J Y(x+na)=EY(x+na)
2m

(— A + V(x)j‘i’(x +na)=EY(x+na)
2m
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Since W(x + na) and ¥ (x) are solutions of the same
eigenvalue problem: W(x +na)=KY¥(x)

Assume K = ¢ = "™

Bloch theorem: Y, (x+na) =¥, (x)
Y, (x)= ™ u(x)

where u, (x + na) = u, (x)
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Eigenstates:
H2v2
[— py +V(X)j'i"k(X)=E(k)'i"k(X)
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What causes band gaps in the electronic structure?
Consider a single potential well Spectrum
2
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For 0<x<(a-b) ¥, (x)=4e™ +Be”™
For (a-b)<x<a ¥,(x)=Ce™ +De™

Continuity conditions: ¥, (0)="¥,(0) CadU] = 4%,

dx dx
Wamb)-Woapy  LED)_d¥y@b)
dx dx
Alsonote: ¥(x+a)=e"¥(x)
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Matching conditions reduce to:
cos(ka) = F(E)cos(ab—A(E))

2
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F(E):(l+74E(E7VO)Smh (B(a b)]

V,-2E

£, E)

tanA(E) = tanh(ﬂ(a —b))
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Details for V, = —

Let

cos(ka) = [1 +

tanA(f) =
’ 2
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cos(ka) = [1 +

sinh2(0.687,/17 f) "
4f(1-f)} 005(11.7\/7—A(f))

tanA(f)f —2/ tanh(06871/ )
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Electrons in the presence of a weak periodic potential
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