PHY 752 Solid State Physics
11-11:50 AM MWF Olin 103

Plan for Lecture 34

Intrinsic spin effects -- Hubbard model
(Chap. 16 & 17 in GGGPP)

1. Exact analysis of 2-site system

2. Periodic one-dimensional system
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Events

Wod, Mov, 18, 2015

1 route
bowards: environmuentatly
benign electronics
Oiin 1041, 4:00 PM
Refreshments at 3.30 PM
Olin Lobly




WFU Physics Colloquium

TITLE: Metanin pigments. a route towards environmentaily benign
elecironics

SPEAKER: |

Department of Engineering Physics,
Palytechnigue Montreal

TIME: Wednesday Movember 18, 2015 at 400 PM
PLACE: Room 101 Qlin Physical Laboratory

efreshments will be served at 3:30 PM in the Olin Lounge. Al
Aerested persons are cordially inviled io attend
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PHY 752 Presentation Schedule
Decamber 2, 2015
Presenter Titie of presentation
1000-10:25 Larry Rush First Principies Investigation of the geometrical
and electrochemical properties of Na4P256 and
Li4P238
10:25-10:50 Katelyn Goetz Poole-Frenkel Effect in an Ambipolar Material
Friday, December 4. 2015
Presenter Titie of presentation
10:00-10:25 Gabrigl Marcus Themmoelectnic Materiais
10:25-10:50 Mathan Bests | Mapnetic fields in the Electron Gas
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Intrinsic spin of an electron

Magnetic moment of an electron

Hy ==8oHyS

sty ==~ 0.05788 mev/T
2mc

g, =2.0023193043622

s= %(UY;{ +o ¥+ o’j)

Short hand notation for eigenstates o of o,

111712015

o=+17
oc=-14
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THE
ROYAL
SOCIETY

PUBLISHING

Iulectron correlations in narrow energy bands

By J. HusBaRD
Theoretical Physics Division, A.E.R.B., Harwell, Dideot, Berks

(Communicated by B. H. Flowers, F.R.S.—Received 23 April 1963)

1t is pointed out that one of the main effects of correlation phenomena in d- and f-bands is
to givo rise to behaviour characteristic of tho atomie or Heitler-London modol. To in.

vestigate this situation a simple, approximate model for the interaction of eloctrons in
narrow energy bands is introduced. The results of applying the Hartroo-Fock approximation
to this model are oxamined. Using a Green function technique an approximate solution of
the correlation problem for this model is obtained. This solution has the property of reducing
to the exact atomic solution in the appropriate limit and to the ordinary uncorrelated band
picturo in the opposite limit. The condition for ferromagnetism of this solution is discussed.
To clarify the physical meaning of the solution a two-electron example is examined.
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The Hubbard Hamiltonian:

single particle two particle
contribution contribution

Fe=3 " —t[el,ero+eh,en| + U ehenil e,
') l

anti-commutator
for Fermi particles

{CIG,CZ.G,} =0 ! denotes a site
i + _ o denotes spin (T or 1)
{C I>€ l'o"} =0

i —
{CIU’C I'U'} - 5[['555'

Lecture 34 8
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OOO0O

/= 1 2 3 4

Possible configurations of a single site
0)
10)
|0

clelo)
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Hubbard model -- continued

F=3" {e}ga,,c, ¥ e},ga,a} +US & enéd .
'y !

t represents electron “hopping” between sites,
preserving spin

U represents electron repulsion on a single site
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Two-site Hubbard model

— 4ot i i t
H= t(c 6 +c 1€t +c 16y +c 2icli)+U(n1Tn1¢ + nzT”N)

where

n, = c+lucla
Note that total spin £ = 0,1 and the z-component of the
total spin £,=-1,0,1 commute with H and are good
eigenvalues of the states of the system. ForX =1,
there are 3 values of £,=-1,0,1 which have the same
eigenvalues.

For [22,) = 1) = (cl.cl;)|0)
Note that: H|11)=E|11) forE=0

1/17/2015 PHY 752 Fall 2015 — Lecture 34

Two-site Hubbard model -- continued

ot ¥ T i
H= t(c o TE€ pCp HC 6 +C 2icli)+U(n1Tn1¢ + nzT”zi)

Consider all possible 2 particle states with zero spin:
|[4)=c" e’ [0)
|B)=c"y¢",10)

1
‘C> = ﬁ(awcfzi - CTWCW‘ZT)‘O>

111712015 PHY 752 Fall 2015 — Lecture 34




Two-site Hubbard model
_ ¥ + + ¥
H= _t(c e TE pCp HC 6 FC L6, ) + U("l?”li + nz’rnzi)

Matrix elements of Hamiltonian for all 2 particle states with spin 0:

u o0 —Ju
H=| 0 U =
~2t 2t 0
Eigenvalues of Hamiltonian: Eigenvectors of the Hamiltonian:
Uy U RPN (zj_g
E‘;z,[ () *z} %) 2\c>+2[ ()Y 2
— 1
E=U [2) =75 (14)-18)
AR
E =+2t 1+(7) +7] 1 1 Uy .U
[ ) #)=3510-311+(3 ) + % 14+18)
171 01: PHY 752 Fall 2015 -- Lecture 34 13
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Eigenvalues of the Hubbard model

Eigenvalues of Hamiltonian:

= .,
E =21 1+(£] v
a) " u

E=U

* E, =+21] 1+(£)7+£
B 4 4
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Two-site Hubbard model
i T t ¥
H= t(c 1o TE€ pp HC 6 +C u%)* U(”m”w + nzT”zL)

Ground state of the two-site Hubbard model

E,:—Zl[ 1+[%T_%] m):%\cw%[ 1+(%]2—%}(\A>+\B>)

Single particle limit (U >0)
1 1
E=-2 [¥)=7]C)+5(|4)+]5)

1

‘A> = H!chw ‘0> ‘B> = cszcfzi ‘O> ‘C> = 72(011ch2¢ 76*1VC'2*)‘0>
1
=>[¥,) :E(fim *CizT)(C'u +Cizl)‘0>
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In the following slides, u represents U/t:
1d Hubbard Model
Simple Hartree Fock approximation

H==3 (Cl,Cnt1o+CfoCnrg) +uY NutNap.  (12)
no n
It is convenient to represent the site basis operators Cy,, in terms of
Bloch basis operators Ag,:

1
Apy = —— 3 eikang, 13
ko IN ;C 3 (13)

where NV represents the number of lattice sites. In the simple Hartree
Fock approximation we assume that (Npt) = (Npy) = %/ so that where
the wavevector k is assumed to take the values —kp < k < kp and the
Fermi wavevector is determined from:

T
2 E =N = kp= % (14)
a
—kp<k<kp
412012015 PHY 752 Spring 015 -- Lecture 34 16
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H=— Z C:chn’n‘ — g = -2 cos(ka)

nn'c

-n/a
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In the k-basis, the Hubbard model takes the form:

H ==Y 2cos(ka) 4], 4,, + =t S A Al Ay A Sk~ K + g+ q)
ko 2N v

. . . . 2r
where the delta function must be satisfied modulo a reciprocal lattice vector ——
a

Simple Hartree-Fock approximation
¥ )= H Al 41,|0)

—kp<kshkp

EHF :<\PHF‘H‘\PHF>
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1d Hubbard Model

Simple Hartree Fock approximation (continued)

Evaluating the ground state energy in this simple Hartree Fock

approximation, we find that note that kF=ﬂ/(28)
Eyp N\’ 4w
—HE os(ka S} =242 15
N 4 Z cos(ka) +u (2) - + 1 (15)
—kp<h<kp

Hartree-Fock

11/18/2015

Exact
0
20
=1
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One-dimensional Hubbard chain
VoLuME 20, NUMBER 25 PHYSICAL REVIEW LETTERS 17 JuNE 1968

ABSENCE OF MOTT TRANSITION IN AN EXACT SOLUTION
OF THE SHORT-RANGE, ONE-BAND MODEL IN ONE DIMENSION
Elliott H. Lieb® and F. Y. Wu
Department of Physics, Northeastern University, Boston, Massachusetts
(Received 22 April 1968)
The short-range, one-band model for electron correlations in a narrow energy band
is solved exactly in the one-dimensional case, The ground-state energy, wave function,

and the chemical potentials are obtained, and it is found that the ground state exhibits
no conductor-insulator transition as the correlation strength is increased,

E=E(iN ,iN ;U)
a a

Jo(w)J, (w)dw

= _4‘\a_£ w(1+exp(zwl)]’ (20)
In our notation:

E ‘o J-J (w)J(w)

exact

N o wl+e 2 )

4/20/2015 PHY 752 Spring 2015 - 20
Approximate solutions in terms of single particle states;
“broken symmetry” Hartree-Fock type solutions

Itinerant Antiferromagnetism in an Infinite Linear Chain
[ S —
PO, Pk, St Seeion
(Received 30 October 1968)
verhauser’s spin- (lt:n)\ty ave state of a general pitch Q is considered for a linear chi
g et T . o all vt of the spgling eontone: Corparoon
ek s, and Wi & e et crreson o b St smogy The
1t syt re. Cted mumeraly, and o e eupin smsant tes v Tound o bhave o5
w(g)~[sin(ga) |
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Broken symmetry Hartree-Fock solution
Ferromagnetic Hartree Fock approximation
If we modify the above approach, but allow there to be a different
population of up and down spin:
(Nnt) = (Nny)
<NnT) + (Nn1.>
We find that the Ferromagetic Hartree Fock ground state energy
depends on the fractional magnetization m and takes the value:

=m. (16)

Beue 4 (M7 LY 2
N = ﬂ_(,oh( 2 )+4(1 m?). (17)

412012015 PHY 752 Spring 201
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Spin density wave Hartree Fock approximation

An alternative composite Bloch wave can be defined:
Skt = cos Ox At + sin Op AgtQy- (26)

Here, O will be determined; for example O =7/ a corresponds to a doubled unit cell.
(It can be shown that the orthogonal linear combination state does not contribute to the
ground state wavefunction.)

\‘I‘XD,,,):]_[S”O)
k

Egpy :<\P.\'DW ‘H‘\ymw> :ZEE
X

12

1 1 2
where E; :E(sk +‘9k»Q)_E((gk _‘%Q) +A2)
Here &, =-2 cos(ka)
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Spin density wave solution -- continued

Consistency conditions on A :
1 1 1

NG ((S}._S}.+Q)2+AZ)‘Z Tu

tan(26,) =
&g

Expression for energy:

E 1 1 . .
% = ﬁ;{(sA + ‘QHQ)Jr(‘sA - shg)cos(ZQk)} + %(l —Tgsm@@k)sm@%)]

Johannson and Berggren show that:

Elliptic integral:
nK(n)= 2—”sin(Qa /2) 1piie mzegra
u . d¢
) Km= [ —F—
where n=r——— 0 (l—msm ¢)
[1+1A—6sinz(Qa/2)j
4/20/2015 PHY 752 S 20 -- Lecture 34 24




Spin density wave solution -- continued
Expression for energy:

Eﬁﬂ:—iQMszfxm+E@+Ai
T

N n 4 2

Elliptic integral:

E(m)= T(l —msin’ ¢)U2 d¢

Optimal solution obtained for Qa/2=7/2:

nK(n)= 2z where 7= 1

u 2IZ
1+A—
16
Eg, 4E@m u A’
sow _ _ % ’7+7 1=
N T n 4 u

412012015 PHY 752 Spring 2015 — Lecture 34
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Spin density wave solution -- continued

Numerical solutions for A :

2z 1
=u where 7=———>
1K (1) A’
1+—
16
9!
A 6
4
2
o—
o 2 4 6 B 10
u
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Spin density wave solution -- continued

Effects on single particle states

Non-interacting states: &, =2 cos(ka)

. 5 172
Spin density wave states: E; = —%((4005(1{41))' + AZ)

41202015 PHY 752 Spring 2015 - Lecture 34
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Spin density wave solution -- continued
Nature of spin density wave state:
ure of sp: deAsy e state wn(26,)= A A
S, =cosG A, +sinG A, ., & —&.o  4cos(ka)
E-g/NIBI
ac
o
0
-0:
o
" y/ae
7
os o4
v
v I
10 !
o
B
0 100 £
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SDW form:

For spin 1
(x cos 6,)

For spin ¥
(x sin 6,)
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