PHY 752 Solid State Physics
11-11:50 AM  MWF Olin 103

Plan for Lecture 36
Superconductivity (Chap. 18 in GGGPP)

Other references: Schrieffer, Theory of
Superconductivity, W. A. Benjamin, Inc. (1964)

Bardeen, Cooper, Scrieffer, Phys. Rev. 108, 1175 (1957)

1. Cooper pairs
2. Gap equation
3. Estimate of T,

Some slides contain materials from GGGPP text.
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Theory of Superconductivity*

. BarbEN, L.

‘oorER,t AND J. R. Scrmsrrer}

Department of Physics, Uniersity of Ilinois, Urbana, linois
(Received July 8, 1957)

A theory of superconductivity is presented, based on the fact
that the interaction between electrons resulting from virtual
cxchange of phonons s attractive when the encrgy difference
between the electrons states involved is less than the phonon
caergy, o I i avorable to form  superconductin phse when
his interaction dominates the repulsive screencd
Coors tsvaction. The normal phase is described by the Bloch
individual-particle model. The ground state of a superconductor,
formed from a linear combination of normal state configurations
in which electrons are virtually excited in pairs of opposite spin
and momentum, is lower in energy than the normal state by
amount proportional to an average (Aw)%, consistent with the

isotope effect. A mutually orthogonal set’ of excited states in
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one-to-one correspondence with those of the normal phase is
obtained by specifying occupation of certain Bloch states and by
using the rest to form a linear combination of virtual pair con-
figurations. The theory yields a second-order phase trasition and
a Meissner effect in the form suggested by Pippard. Calculated
values of speifchestsand penettion depths and ther emper-

ature variation are in good agreement with experiment. There is
an cnegy gap fo individunl paruclc exctatons which desrenss
from about 3,547, at T=0°K t at T.. Tables of matrix

clements of singleprtice operators between the excited state
superconducting wave functions, useful for perturbation expan-
sions and calculations of transition probabilities, are given.




Notion of a Cooper pair

Starting with a material with all the states filled up to the
Fermi level, we focus attention on a pair of states which
have a net attractive interaction U(r,r,):

Piom
=+ == + U(r1,r2) | ¥(roy,r202) = EY(riop.rno)
2m 2m

drirpey.ruog) = ¢(rra) xlo.o2)
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(a)

Kt

-k

dded 1o the ground state of a
he pair state (KT, —k ) scaiter freely to the pair sties
gion Ep < Ey. Ey < Ep + hap, where the phonon-mediated
operative, and form a bound € CHOPET Prair. (b} Schematic representation of
the scattering of two electrons with wavevectors (k, —k) into the state (k', —k) via the emission
and subseguent absorption of a phonos of momentum fg

attractive interaction

1112312015 PHY 752 Fall 2015 — Lecture 36

Properties of pair wavefunction
Note: o=a="
o=/ =l

Yrirpoy, ryas) = ¢(r.ralpio).oz)

Spin part:

_ | Note that:
y =0 —=le(1)A2) — pla(2)] S=0 $=0
Va2 1 (o,0)==x""(0,,0,)
or 5=0 5=0
, =¢ 7 (r,5)=¢""(r,,5)
o Dhee(2).
1 Note that:
N = I [w(B(2) + Blw(2)] s P
/3 =1 _ 8=l
):Ill;jsll. X (0,0,)=x""(0,,0,)

=4 ¢S:1(r1’r2) = _¢S:1 (rZ’rl)
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Properties of pair wavefunction — continued
Assume that the electron pair can be represented by a
linear combination of plane wave states of wavevectors k
and -k:

o L.
Pr.r,) = 2 ek
k
Note that:

g k)=g""(-k)
g7 k) =-¢g"(-k)

Note that the states composing Cooper pairs are supposed to
exist in the energy range E.<E <E.+ho,
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Define Fourier transform of interaction potential:

o . 1.,
Vi = ”‘-1-,.- et iy, r;IFa'I‘ -t dry

|
o [r =T () dr

V' volume of sample composed of N unit cells
Q  volume of unit cell

Equation satisfied by pair amplitude functions:

(2Ex — E)g(k) + 3 UygK) =0  Ep < Ex. B < Ep + hap
k'
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Cooper pair equations -- continued
(2Ex — E)g(k) + Z Vwegk) =0 Er < Ex. Ex < Ef + fiwp
k
Simplified model for interaction:
U = Uy /N

1
3 eik s (K') = e < Ex. Ey < E heop: Uy =
(2Ex — E)gik) f_.\_gt,k 0 Er<FEx.Ey<Es pi Uo>0
In this approximation, for triplet states Y g*~' (k) =0
k

= Cooper pair states can only be singlet states
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Cooper pair equations -- continued

Non-trivial solution for singlet state:

I — '
(2Ex — E)e(k) — Up L elk)=0
R
‘Epair

Equation to determine eigenstate energy:

Er < Ey = Ef + hap

1 K 4 By 1
L=toy [ o (E)s——— dE.
Er 5 2E — Epay
Density of states (one electron
basis)
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Cooper pair equations -- continued

[ Erthap I I 2E¢ + 2hwn — E,

L=y ——dE = zUyng In ——— i
I 2E — Egair 2 2Ey — Epuie
where n, = M = Ei denoting Fermi level DOS for a single spin
N 4E,

for simple metal of valence Z
1ty me

Ap =2E§ — Epair = hanp '.t'.

LG, X oy 2 Uang)
- - hawp expl—2/Upnp
sinh[ 1/ Lfng] P

Shows that a singlet Cooper pair is more stable than the
independent particle system even for small U,,
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Variational determination of the ground-state wavefunction in
the BCS model

Second quantization )
I'Im ko I = {’L-:-"l;.-. } =1, "l—--';‘_. ] = Suw'doo

Note that the Cooper pair singlet state can be written

Ty N
'.-’nr|r:|_r:n;]—.z pik)— Pl
k

) ikdry 13
V2V L

all)(2) - e ';stlrc:C?J

= L gik) oy e’ w10},

k
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Variational determination of the ground-state wavefunction in
the BCS model -- continued

H =3 B (elyenr +elygena ) + 30 Uae el eowpay
k kk
L J o\ J

Y Y

independent particle states ~Cooper-pair interaction

Consider a ground state wavefunction of the form

dg) = ]—] (Jq : ql';‘rl'?“)ﬂ}} .
k

up+vi =1
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Variational determination of the ground-state wavefunction in

the BCS model -- continued
Need to minimize the expectation value:

| Ws = (Ws|Hpes|Ws) |

Hpcs = Z?k(";i;l'"ld telgyp€ a!) f Z f"u."'f.rt'l L L
k ™

e = Ex — p = (FPK*/2m) — pt

After some algebra:

Wy = (Ws|Hpes|¥s) = IZJH';‘: f Z{-’u L Ukl Uy
k kk
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the BCS model -- continued

Convenient transformation:

Mk = COSs .
||-: 25 “"“:‘ =% sin20 = dugty: cos2y =

) 1
Wy=23" asin’ i 7 3 Uiy sin 26y sin 264
k 7 ki

Wy s —
r ey sin 2% l{-‘n cos 2 sin 26 = 0

— =0 =
FTY -
= Zeplkiy X:.kk (u"; ]'I"I)”-I. =0
k
Define: Ay = }_-I-‘“‘M;' Ik
K
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Variational determination of the ground-state wavefunction in




Variational determination of the ground-state wavefunction in
the BCS model -- continued

In terms of the “gap parameter” the variational equations
become:

Qe -Xk(“i li} =10 ‘

, 1 £ y
wp =1+ -—_" = ! and =
5 Ve L

1] =

e |

< |

el
=

L

=i

+ Al
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Variational determination of the ground-state wavefunction in
the BCS model -- continued

Simplified model

. Ua/N  if el lew| < heopy (U > D),
Uy = ;

i} otherwise,

Ap if leg| = heop,
Ay =

o otherwise.

I

1
l= ‘Ef'nl-g 2_ T— with Ry < £y < huwp
v /5t A
. L f hwp de
Using DOS: 1 ==l ’ , »
= J—harp A2
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Variational determination of the ground-state wavefunction in
the BCS model -- continued

Y -

1 i de 5 fiw
L = <Lipmy ’ ——=lyng sinh~ ! —2
- v~ harp Ve A Ap

Solving for the gap parameter:

hap

=-=— R} . I
sinh (1/Upma) = 2hewp expl—1/Uonol

Estimating the ground state energy of the superconducting
state:

T
Ws — Wy =:Z:"Li'-|_: t ZI’“M“;U“ we —2 Z Fi
k Kk k
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Estimating the ground state energy of the superconducting
state — continued

Using the variational solution and integrating the DOS:

W — Wy = Do r;;.[ i (; . n..r,a[ 25 de

Ws— Wy = Dy(E; ‘[ haopy) hwd, + A+ .'<;-||';.,-‘_

~ | a
~ —=Dy(EF)A;
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