PHY 711 Classical Mechanics and
Mathematical Methods

11-11:50 AM MWF Olin 107

Plan for Lecture 10:
Continue reading Chapter 3 & 6
1. Constructing the Hamiltonian
2. Hamilton’s canonical equation

3. Examples
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Course schedule

{Praliminary schadule — subject to fraquent adjustmant

Date F&W Reading Toplc Assignment Due
1 Wed, 8312016 Chap 1 Review of bass principles #1 WT2018
2 Fn 9022016  (Chap 1 Scattering theary 73 9772016
Mon, DOSIZ01E {Labor day - no class
3 Wed, 207/2016 (Chap 1 Scattering theory 3 SE2016
4 Fn 9092016 [Chap 1&2 Scatlering theory and rotations w4 S2R2016
5 Mon, 8122016 Thap 3 Calculus of vanatons w5 4z0is
8 Wed S14/2016 Chap 3 {Caleius of vasiations 6 SAE2016
T Fn, 91162018  Chap 3 Lagrangian mechancs =7 2016
8 Mon, 912016 [Chap. 3 and 6 Lagrangian mechanics and canstrants 5 212016
9 \Wed, 3212016 [Chap. 3 and 6 (Constants of the motion ] 8232016
- 10 Fri, 972372016 Chap 3 and 6 Hamionian and canonscal equations of motion #10 302016

11 Man, 5262016
12 \Wad, W28/2016
13 Fn, 973072016

14 Mon, 102018 |
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Lagrangian picture
For independent generalized coordinates g (¢):

L=L({g,Oh{g,Oh1)
doL_oL_g
dtog, oq,

= Second order differential equations for ¢, (¢)

Switching variables — Legendre transformation
Define:  H =H({g, (0} {p,(0}1)

H:anpﬁ -L wherepa:;L
dt1 =Y 4,dp, + p,di, ~-dq, ~di, |- L ar
- aq,, oq, ot
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Hamiltonian picture — continued

H=H({g,O}{p, Oh)

H:Zq(,po—L where p(,:a—,L
- o4,
dH = Z[q‘,dpc, +podd, 2 dg, —idqg]—@dz
p aq.,, aq,, ot
(g Py, )
> \ 04, 0p, ot
. OH oL d oL _ . O0H oL oH
=4, = =0 =P, =773 =T
p., dq, dt oq, dq, Ot ot
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Direct application of Hamiltonian’s principle using the
Hamiltonian function --

ds Generalized coordinates :
L )

Define -- Lagrangian: L=T-U

L=L({g,}.4.}-1)

= Minimization integral: § = _[ L({q,}.{g,}.t)dr
4

'

Expressed in terms of Hamiltonian:
H=H({q,O}.{p, 1}t
H =2 b, =L=24,p,~ H({a,0}.{p,(0}.1)
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Hamilton’s principle continued:
Minimization integral:

S =lj[§‘wa - H({g,0}-{p. 0)}-1) jdr

¥ 4 4 oH oH
s :I(Z(%@mrﬁqam—grﬁqa—ap évgjjdt =0
"
e op, Canonical equations
L, _ oH
Ps oq,
Detail : /‘0
| [Z(A‘q;pq )jdt = J(z(%—ﬁm, Ddt = ;&;po -f (Z(A‘qop, )]dr




Constants of the motion in Hamiltonian formalism

H=H({g, (O} {p,®}t)

a4, = oH = constant g, if ﬁ: 0
dt  op, P,

2 = _on = constant p, if " =0
dt oq, 04

dH OH .  OH . oH

—=) =4, + o |t

d T\ oq, 0] ot

= constant H if %—H=0
t
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Recipe for constructing the Hamiltonian and analyzing
the equations of motion

1. Construct Lagrangian function : L = L({g, ()}, {g. () }¢)
oL

2,

3. Construct Hamiltonian expression : H = Z q,p,—L

2. Compute generalized momenta: p_ =

4. Form Hamiltonian function : # = H({g, (1)}, {p, () }1)
5. Analyze canonical equations of motion :
dq, _OH  dp, oM

dt  op, dt oq,
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Example1: one -dimensional potential :
L=im(e+3*+2)-V(2)

po=mx p,=my p .=mz

H=me* +mp* +mz* = (Lm( + 37 + 22)-V(2))

2 2 2
H=Pe P P +V(2)
2m 2m 2m

Constants:  p_,p,,H

Equations of motion : @ = a—H _P: dp. = a
dt op, m dt dz

912312016 PHY 711 Fall 2016 — Lecture 10




Example 2: Motion in a central potential
L=1mlF +17¢*)-v(r)

p, =mr Py = mr2¢3
H = mi* + mrg® — (%m(fz +r24? )— V(r))
=Lm(i* +1°?)+V ()

2

2 p2
H=Pry 4V (r)
2m  2mr

Constants :  p,, i

Equations of motion :

dr_p. dp_ O _p OV
dt  m dt or  mr* or
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Other examples

Lagrangian for symmetric top with Euler angles «, 5,7 :

L=L(a.B.y.c. B, 7) =1 1,(@"sin® B+ )+ L I,(@cos B+ )
—Mghcos

p, =1asin® B+1,(ccos f+7)cos B

py=1p

p,= IJ(dcos,B-#}?)

H=11, (o‘zz sin’ ﬂ+ﬂ.z)+%13(dcosﬂ+}})z +Mghcos 8

- p,cos S Pl
p el by B
21 sin” 21, 21

Constants:  p,,p,,H
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Other examples

L=1tm(e+y +z'2)+2i30(—xy+yx)
C

. q
D= X_EBoy

p.=mz
H :%m(x2 +5° +zz)
2 q 2
[Px+780yj (p} _%Boxj 2
H z
2m 2m 2m

Constants:  p_,H
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Canonical equations of motion for constant magnetic field:

2 2
(Px +%Boyj (Py _%Boxj 2
H= + + 2=

2m 2m 2m
Constants:  p_,H

4q _49
d PP Py B
dt m dt m

ﬂz_aﬂzﬁ( _4py
dt ox  2mc 2¢

dp,  oH B
:—Af:—ﬁi{priBwj
dt oy 2mc 2c
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Canonical equations of motion for constant magnetic field

-- continued:
q q
@:px"'?cBo)’ szy_2c30x
dt m dt m
dp. _4B,( 4 "j _4Bydy
dt 2mec\"” 2¢ " 2c¢ dt
d
v, =_qBo( L4 Boyjz_qio@
dt 2me 2¢ 2¢ dt

.
dx_po, 4 p. B dy

di* m 2mec ° mc dt
&y b 4 po__ 9B dx
> m 2me ° mc dt
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General treatment of particle of mass m and charge ¢ moving
in 3 dimensions in an potential U (r) as well as electromagnetic

scalar and vector potentials ®(r,r) and A(r,z):

Lagrangian: L(l‘,i‘,l‘)=%mi‘2 ~U(r)—q®(r,t)+ 4. A(r,z)
¢
Hamiltonian: p= a—L =mr+ EA(r,t)
or c
H(r,p,t)=p-t—L(r,i1)
2
=ﬁ[p —gA(r,t)J +U(r)+ g0 (r.0)
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Poisson brackets:
Recall:
H=H(g,0}{p,0}1)
dq, OH
dt op, op,
dp, _ OH OH

=—= = constant p_ if
dt oq.,, aq,

. OH . OH
ar_gfon, om0
Slmllarly for an arbitrary function : F = F({g, ()}.{p, (O}.¢)

.. OH
= constant ¢, if o =0

=0

o

ot

di,z oF . L OF . +7 z aiai_aiai Lo
@~ “\ag, " op,
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Poisson brackets -- continued:

For an arbitrary function : F = F({g, ()}, {p,(6)},1)

dF OF . OF .\ oF OF 0H OF 0H ) oF
S R )
dt T\ oq, op

- ot oq, op, p, 04,
Define:

Irol, =3[ 22050 g6,

dF oF
Sothat: —=|FH |, +—
dt [ ]Pb' a[
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Poisson brackets -- continued:

oF 0G OF 0G
[EG]PB =2(@a_i@j _[G’F]PB

Examples :
[x,x]PB =0 [x,pr]PE =1 [x,pv‘,]m =0
L.z,], =L

z

Liouville theorem

Let D =density of particles in phase space :

dD oD
o =[D,H],, +570

23/201€ PHY 711 Fall 2016 — Lecture 10 18




Phase space

Phase space is defined at the set of all

coordinates and momenta of a system :

(f2, O} {p, )

For a d dimensional system with N particles,

the phase space corresponds to 2dN degrees of freedom.

9/23/2016
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Phase space diagram for one-dimensional motion due to
constant force

P
i X 1 x ! 1
P . P
H(xp)=—=Fx  p=F i=-
m m
() =p, +Ft x () =x, + 20 t+%FOzZ
m
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Phase space diagram for one-dimensional motion due to
spring force

5]
P
'
0s
0= T T T, T T T T T T
T P R /T o B IRV
P o1 p
H(x,p)=—+fma)2x2 p=-mo’x i=&
2m 2 m

SN

Po; sin (ot +
mao

01)

P;(t)zpmcos(wt"'eo:) x(H)=
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Liouville’s Theorem (1838)

The density of representative points in phase
space corresponding to the motion of a system of
particles remains constant during the motion.

Denote the density of particles in phase space: D = D({qg(t)}, {pd(t)},t)

dD oD . oD . oD
== G, +—p, |+—
dt [aqa p, ] ot

. - dD
According to Liouville's theorem : -
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Liouville’s theorem

(x,p+4p) I (x+4x,p+4p)

P % oD

) ot )

(x.p) ,1 (x+4x,p)

X

9/23/2016 PHY 711 Fall 2016 - Lecture 10

Liouville’s theorem -- continued I

(x,p+4p) (x+Ax,p+Ap)

P X oD

) ot )

(x,p) 1.,' (x+4x,p)

oD _ . X . .
— = time rate of change of particles within volume

= time rate of particle entering minus particles leaving
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Liouville’s theorem -- continued I

(x,p+4p) (x+4x,p+4p)

P X oD

) ot )

(x,p) 1.,' (x+4x,p)

X
ob__ob, oD,
ot Ox ap
oD oD . oD . dD
ot X+ p=0=—"r
o oOx op
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Review:
Liouville’s theorem:

Imagine a collection of particles obeying the
Canonical equations of motion in phase space.

Let D denote the "distribution" of particles in phase space :

D= D({ql ""13N}’{p1 Pan }’Z)
Liouville's theorm shows that :

dD . L
—=0 = Dis constant in time
dt
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Proof of Liouville’e theorem:

¢ m) v
Continuity equation :
PD__y. (vD)

Y ¢ %, @
Note :in this case, the velocity is the 6N dimensional vector :
v =(f, by, Fy,PraPos e Py )
We also have a 6N dimensional gradient :
V=(V,.V, ...V, Y, .Y, .9, )
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oD
—=-V-(vD
o (vD)
= G ( 0 (.
== q,0)+——(p,D)
Z|i6q/ ap] J
N|og, oOp,
= Z ain+a£p/ _DZ i.{.&
794, ap, =194, op;
%; %, _OH | OH )
0q; dp; 0q,0p p,9q,
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D[y, g3
oq, "’ 8pj A 09, Op,

oD “{aD, oD . }
= =g,+ .
=1

o o, op, T
oD ¥|oD . oD . dD
S LR
or S| oq,; op; dt
dD
Lo

dt

Importance of Liouville’s theorem to statistical
mechanical analysis:

In statistical mechanics, we need to evaluate the
probability of various configurations of particles.
The fact that the density of particles in phase
space is constant in time, implies that each point
in phase space is equally probable and that the
time average of the evolution of a system can be
determined by an average of the system over
phase space volume.
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