9/28/2016

PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM MWF Olin 107

Plan for Lecture 12:

Finish reading Chapter 6

1. Virial theorem

2. Canonical transformations

3. Hamilton-Jacobi formalism
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Course schedule

iPrediminary schedule — subject to frequent adustment )

Date F&W Reading Topic Assignment Due
1 Wed, B312018 Chap. 1 Review of basic principles #1 ATIZNE
2 Fn, 9022016 Chap. 1 ‘Scattering theory 2 712016

Bon. QOS2016 Labes day — no class
3 Wad, 072016 Chap. 1 Scatiering theory L) WG
4 Fn, 9092016 Chap. 1&2  Scaftering theory and rotations #a 222016
5 Mon 81122016 Chap. 3 Calculus of variations 45 911412016
6 \Wed, 6142016 Chap. 3 Calcuius of varations AMB2016
7 FGMEE016  Chap 3 Lagrangian mechanics #7 /182016
8 Mon 9192016 Chap, 3 and & Lagranglan mechanics and constraints #0 21216
9 Wed, 902172016 Chap. 3 and & Constants of the mation i A2A201E
10 9232016 Chap. 3 and 6 Hamilonian and canonical equations of mation B12E20E
11 Mon_ 9262016 Chap. 3 and & Phase space #11 S2R2NE
12 Wed, 9282016 Chap. & Cananical transformations 12 302016

13 Fri, 9/30/2016
14 Mon, 10022016
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Department of Physics

University of Bordeaux
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WFU Physics Colloguium
TITLE: Particle Acceleration in Astrophysics: Origin of the Highest
Energy Particles in the Universe
SPEAKER: & o]

Department of Physics
North Carofina State University

TIME: Wednesday September 28, 2016 at 4:00 PM
PLACE: Room 101 Olin Physical Labaratory

efreshmants will be served at 3:30 PM in the Olin Lounge. All
nierested persons are cordially invited to attend.

ABSTRACT

Single coamic ray protors have bean measwned with energies above 2 x 1077 eV, This is
equivalert ta a bassball moving at 50 mph and energies this high haverit existed
slsewhene since the temperature of the Universe dropoed below ~1074 K, about 1078
seconds after the big bang | wil mention the connecfions cosmic rays provide between
astronamy, plasma physics, and particis physics, and describo bnafly why cosmic ray ongin
is still & mystery mare than 100 years afler their discovery. Collisioniess shocks exist
Hroughout space on all scales and these shocks are knawn fo be sfficient particle
accelarators. Supsrmova remnant blest waves show fhe clearest svidence for producing
casmic rys to extreme energies and the broedhand radiabon chserved from individual
SHRs gves the most complate picture of particle acceleration avadatie. However. the high
efficiency inferred for Fermi shock acceleration means noninear effects are important and
tese complex problems are actively being studied
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Virial theorem (Clausius ~ 1860)

2AT)= —<ZFH ~rﬂ>
Proof:
Define: A=Y p,-r,

%:Z(pa ‘r,+p, k)= F r+2T
’ ’ Because p, =F,
<ﬁ> =<ZF§ ~r>+ 2(T)
a“ ’ Note that this
<diA> :ljwdt = w =0 « Implles that
t Ty dt T the motion is
bounded
-
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Examples of the Virial Theorem  2(T)= —<ZF0 'To>

Harmonic oscillator:

F =—kk T:%mfﬁ (me*)=(kx)
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Examples of the Virial Theorem  2(T)= —<ZF - >
Circular orbit due to gravitational field ’
of massive object:

F :—Gj\fmi‘ T:lmrza)Z <mrzwz>:<GMm>
r 2

Check: for re’ = GM - <mr2(u2>:<GMm>

2
%
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Hamiltonian formalism and the canonical equations of
motion:

H=H(lg,O{p,O}t)

Canonical equations of motion

dq, oH
At op,
dp, OH
o,
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Notion of “Canonical” transformations

q,,:q,,({Ql"‘Q,,},{E"‘E,}’[) for each o
PL,=PG({Q1"'Q/,}s{E"'Rx}”) for each o

For some H and F,  using Legendre transformations

Spsdo~H{la,}Ap, 1) = 00 ~A({O 1R} + TP (fa. o)1)
Apply Hamilton's principle:
t . . d
s{[ R0, -l )2} )+ (e o)) =0
[ d I

sllj[aF({q,,}'{Q,,},t)}dz - J‘{%JF({%},{QH},[)}%

i

Top 0
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Some relations between old and new variables:

Zpaq, Do )=
ZPQ — ({0, WP, bi)+ 2 .10 31)

artade-x(( oo g oo

:,z[pc,_[g]jq;—ﬂ<{qa},{pa},t>=

o
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> [Pa [ oF BQ o (e L+ o

ot
- oF P oF
oq, 00,

= (0P, )= tilla, Mp, b+
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Note that it is conceivable that if we were extraordinarily
clever, we could find all of the constants of the motion!

0, - OH P O0H
OF, o0,
Suppose: Q, = o =0 and P =— oH =0
OF, oQ,

= Q,,P,  areconstants of the motion

Possible solution — Hamilton-Jacobi theory:

Suppose: Fllg, 10, }1)= -2 £,0, +S(lg. 1 £, }1)
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2 pd, ~Hllg, ) tp. )=
IRV RUANIEAS FRRCRITAY)
il )5 r0 F[ S B b2

g, o
Solution :
as as
a YT
_ as
Ao, ip, )= Hllg, ) p. o)+

When the dust clears :
Assume {Qcr }, {Pf, }, H  are constants; choose H =0
Need to find S({g, },{P, }.¢)
_ oS oS

&, YT

oS oS
H| 3 ) —=0
- [{%}{%} ] s

Note: Sisthe"action":

> p.q,-Hlg, b ip, )=
S Sl N 0
IR RANIE O WL RRURTAY)
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2.4, -Hlg, L ip, )=
! -0 70 d 0
S R0~ i04 A+ 4 - 20, 50 b2

(S pte =t o, 1) = b4
RNt




Differential equation for S:

o)
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i 2mE —(mo) ¢°

W(q)=[\2mE -(mo) ¢*dq
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2
Example: H({q},{p},t):p—+lma)2q2
2m 2
Hamilton - Jacobi Eq: H| {q}, s ,t +8—S:
0q ot
€ 6S +lmw2q2+§:0
2m\ Oq 2 ot
Assume: S(q,t) W(q) Et (E constant)
Continued:
1 (asY 1 oS
+—ma’q’ +—=0
2m 6q 2 ot
Assume:  S(q,t)=W(q)—Et (E constant)
2
(Y L e g
dg 2
a_

Continued:
w(q) =J' 2mE —(mo) ¢* dq
1 \/72 E . | quj
=—qg+2mE +-—sin +C
2! (mofg® +2 (szE
S(q.E, t)— q 2mE — ( q +—sm [qu

2mE )
8—S:Q:lsin’l( med jf
(0]

oE 2mE
= q(0)= Vi’gf sin(a(t+0))
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Another example of Hamilton Jacobi equations
2
p
Example: H({q},{p},t)z—
2m
Assume y(0) = ; p0)=0

+mgy

Hamilton-Jacobi Eq:  H ({q},{as},t] + x»_ 0

oq
1 (asY as
—| = | +mgy+—=0
2m\ Oy ot

Assume: S(y,t)=W(y)-Et (E constant)
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2
Example: H({q},{p},t)zp—+mgy

2m
Assume y(0) = k; p0)=0
2
1 (dW
—| —— | +mgy=E=mgh
Zm(dyj & &

W (y)=m|2g(h-y)dv'= %rn@(h -y

S(y,t)=W(y)—Et = %m@(k — )"~ mght
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Check action:

For this case: y(¢)=h— %gt2
o1 1

S= j[—myz - mgyjdt' =—mg’t’ —mght
I\2 3

S(y,t)=W(y)— Et = %m@(h — )"~ mght
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Recap --

Lagrangian picture
For independent generalized coordinates ¢, (7):
L=1(g,O}{4,0O}1)
d OL 0L
didq, o,
= Second order differential equations for g (¢)

Hamiltonian picture

H=H(lg,O}{p,0)}.1)
dq, _0H  dp, _ OH

dt  op, dt aq.,,
= Coupled first order differential equations for
4,(#) and  p (1)
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