PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM MWF Olin 107
Plan for Lecture 13:
Start reading Chapter 4

1. Small oscillations about
equilibrium

2. Normal modes
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Course schedule

{Prefiminary schedise — subject ta frequent adjusiment )

Date F&W Reading Topic Assignment Dus
1 fWed, B31/2016 [Chap, 1 Review of basec pancipies 1 9TIZ016
2 Fri, $022016  [Chap. 1 {Scattenng theary #2 AT2016
Labor day — no class
2 Chap, 1 Scattenng theory #3 T
. Chap 1 &2 [Scaftenng theory and rotabons d A122016
5 ‘Chap, 3 Calculus of variations #6 a14/2018
& Chap 3 Calculus of varations 6 182016
7 Fri ®i62016  (Chap 3 Lagrangian mechanica " S1S2016
B Mon, 9182016 [Chap. 3 and & [Lagrangian mechanica and constraints 1) 821/2016
9 |Wed 9212016 (Chap. 3 and & |Constants of the mation ] 9232016
10 Fil, #232016  [Chap. 3 and & Hamitonian and cananical equatons of matan 2262016
11 Mon, 9262016 /Chap. 3 and & [Pnase space 9282016
12 Wed, 282016 [Chap. 6 Cananical fransfarmations AEN2016
» 13 Fn, 5302016 [Chap 4 small ascillations 1042016

14 Mon, 100032016
18 Wed, 10/062016

PHY 711 Fall

Motivation for studying small oscillations — many interacting
systems have stable and meta-stable configurations which
are well approximated by:

dv
dx?
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Equations of motion for a single oscillator:

Let k=mo’
. 1, 1 5,
L(x,x,t)=—mx" ——mw"x
2 2

doL_oL
dt ox Ox
x(t) = Asin(wt + @)

. 2
=>mx=—mw x
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Example — linear molecule

k K .
© .09

> X

X,

X3

R ST
L=—m3x] +—m,%; +—mx;
2 2

2
1 1
75k(x2 X *412)2 *Ek(xs —X; *423)2
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I, 1, 1
L :Em,xl2 +5m2x22 +Em3x32

1 1
_7k(x2 X _[12)2 _7k(x3 —X _[23)2
2 2
Let: x, =>x—x X —2X-x ~{, X—=X—x"—0,—{y
1, 1 ., 1 5,1 1
L :Em,xl2 +5m2x22 +5m3x32 —Ek(x2 -x ) —Ek(x3 -x,)
Coupled equations of motion :
mX, :k(x2 _xl)
m,x, = 7k(x2 7x1)+k(x3 7"2): k(xl -2x, +x3)

myx; = 7k(x3 - xz)
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Coupled equations of motion :
mx, =k(x, - x,)
m,x, = 7k(x2 -X, )+ k(x3 7x2): k(x1 -2x,+ x3)
mi, = —k(x, - x,)
Let x(t)=Xe™
—lm X7 =k(x7 - x7)
—tm XY = k(X7 -2X7 + X7)
—2m XY = k(X - X7)
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Coupled linear equations:
—almX{ =k(X5 - X7)
—lm X = k(X7 —2X¢ + X7)
—lm XS =—k{xy - x)

Matrix form:
k—clm, -k 0 X7
—k 2k—-w’m, -k X5 =0
0 -k k—alm, | X?
Matrix form:
k—w.m, -k 0 X!
—k 2k —w’m, -k X5 =0
0 -k k—alm, | X¢

More convenient form:

Let Y, = \/;, X,  Equations for Y, take the form:

K _wi —Kp 0 I
—Kp 2Ky _w; —ky |5 |=0
0 —K Kss —wﬁ Yy
k




Digression:

Eigenvalue properties of matrices My, =4y,
Hermitian matrix :  H, =H Y
Theorem for Hermitian matrices :

A, have real values and y” -y 5 =0up
Unitary matrix : uu” =1

Ma‘ =1 and y; Yy =0
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Digression on matrices -- continued

Eigenvalues of a matrix are “invariant” under a similarity
transformation

Eigenvalue properties of matrix: My, =4y,

Transformed matrix: M'y', ="y,

If M'=SMS™' then A', =4, andS7'y', =y,
Proof SMS™y', =" y",

M(sTy,)=4'(STYy")
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Example of transformation:

Original problem written in eigenvalue form:

kilm — —k/m, 0 Xy X7
~kim, 2k/m, —k/m, || X5 |=a]| XS
0 —k/m;  k/m; | Xy Xy
\/;1 0 0 K, -k, O
Let S=| 0 ym, 0 [ SMS'=|-x, 2x, -k,
0 0 m 0 —Ky Ky
Let Y=SX
Ky K 0 Yla Yla
Ky 2Ky Ky |4 |= a’; v
0 Ky Ky Yza Yza
where &, =k, = K
mm,
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In our case :

a a

Ky —Kp 0 Yl Yl
a | _ 2 a

—Kp 2K, —ky |1 =0, D
a a

0 —Ky Kk \ Y Y

for m =my; =m, andm, =m, (CO,)

a a
Koo  —Koc 0 4 Y,
a | _ 2 a
—Kpe 2Kee —kKoo | B =@, Y,
a a
0 —Koe Koo )\ Y3 Y]
9/30/2016 PHY 711 Fall 2016 13

9/30/2016

Eigenvalues and eigenvectors :

YII % Xll 1
o} =0 Y, =N 1 |, |X;|=N]1
v ae) X 1
. V& 1 X; 1
a;f:m— Y |=N,| 0| |X;|=N",| 0O
° Y} -1) | X2 -1
k 2k w : o :
el AR SR R
0 c Y33 1 X33 1

B k
k k k
(0]
’ my Mg
—_— — —_
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General solution :

xi(t) — m(z CaXiae—imarj
For example, normal mode amplitudes

C“ can be determined from initial conditions
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Additional digression on matrix properties
Singular value decomposition

It is possible to factor any real matrix A
into unitary matrices V and U together
with positive diagonal matrix X :

A=UzvVY
O-l 0 0
0 I
0 0 Oy

Singular value decomposition -- continued

Consider using SVD to solve a singular
linear algebra problem AX=B
A=UzV"

X= Z Viw

o.

iforo; >& i
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Consider an extended system of masses and springs:

wcw ﬂw 0 o

Note: each mass coordinate is measured relative

to its equilibrium position x;

1 & 1, &
L=T-V=—m¥ ==k (v, —x |

2 5 2
Note: In fact, we have N masses; x, and x,,,

will be treated using boundary conditions.
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N N
= lmzxyz _lkZ(xm —X )2
2 3 23
X, =0andx,, =0
From Euler - Lagrange equations :
mx, = k(x2 _2x1)

mit, = k(x, —2x, +x,)
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From Euler - Lagrange equations :
m)'é/:k(xj+172x/+xj71) with x, =0=x,,

Try: x;(t)=Ae” ™"

_ P Aein &(eiqa D4 )Ae—ia;r+:qaj
m

-0’ = 5(2 cos(ga)-2)
m
So’ = ﬁsinz[ﬂ)
m 2
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From Euler-Lagrange equations -- continued:

mit; =k(x,, =23+, ) withx, =0=x,,,
Try:  x;(t)=de ™™ = o = ¥ gin? {ﬂj
m 2
4k .
Note that:  x,(¢) = Be™™"*’ = @° = _—sin® (%)
m

General solution:
x, ()= ‘R(Ae”‘”’“"”’ + Be”‘””"’”’)
Impose boundary conditions:
%) =R(4e™™ +Be ™) =0

Xy () = SR(Aefimtﬂqa(NH) " Befiwzfiqa(NH)) -0
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Impose boundary conditions -- continued:
x,(t) =R(de™ + Be ™) =0
Xy (1) = m(Ae*"‘“’*""”W”) + Be*"‘“’*"""““”) =0
=B=-4
Xy ()= ‘R(Ae”'”” (eiqa(NH) — e ) )) =0
= sin(qa(N +1))=0
= qa(N+1)=vz where v=0,12---

\Z

a =
1 N +1
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Summary of results:

= o =ﬁsin2 _ x, =R 2iAsin( i
m 2(N+1) N+1

v=0,L..N n=12,..N
® 4
! &
w &
wl @
1%




