PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM  MWF Olin 107

Plan for Lecture 19:
Read Chapter 7 & Appendices A-D

Generalization of the one dimensional wave equation 2
various mathematical problems and techniques including:
1. Laplace transforms
2. Complex variables
3. Contour integrals
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4 Fr 9082016 Chap 142  Scatiering thecry and rotatans # 4122016
5 Mon, 8122016 Chap. 3 Calcuius of variations (4 9142016
6 Wed, 9142016 Chap 3 Calcylus of vanations # 162016
7 Frl, 8162016 Chap. 3 Lagrangian mechanics g 9152018
B Mon ®1S2016 Chap. 3 and 6 Lagrangan mechancs and constraints 2 ARG
B Wed, GZ12016 Chap. 3 and 8 Constants of the metan 49 9232016
0Fn, 9232016  Chap. 3 and 6 Hamignian ang cancnical aguations of mobon #10 W06
11 Mon. 8262016 Chap. 3 and § Phase space T01E
12 Wed, 9128/2016 Chap. & Canarcal transformations ABH0IE
13 Frl, 30016 Chap. 4 Small oscitaticns 100042016
14 Tue, 1042016 Chap. 4 Narmal modes 1NOT/2016
18 Wed, 10SE018 Chap, 7 Warve motion in ane dimensian 1NOT016
16 Frl, 100772018 Chap. 7 Sturrn-Liawdlle equations
17 Mon, 101102016 Chap 7 (Sturm-Liawalie equations Take-hame axam
18 Wed, 101122016 Chap. 7 Faurier series and transfoms Take-tare exam

» 19 Fn, 142016 App. A Laplacs transtorms and contour inegrals Take-home axam
20 Mon. 10172016 Exarm due
21 \Wied, 10192016

Fri, 121/2018 Fall beeak — o class
22 Mon, 10242016
23 \Wed, 11022016
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Laplace transforms
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Loipl= —— (28]
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eral the invers . but we

can use the following simple

(30}
A1)
Noring that
o (32
il
we see that the inverse Laplace transf
(33)
We can check that this a solution to the differential equation
d’¢ — d¢
7F:Fue " for ¢(0)=0 and E(O):O
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Using Laplace transforms to solve equation :
d’ [ mx . dg0)
————1|#(x) = F, sin| — with ¢(0)=0, —==0
[dxz j¢() o [L) #(0) i
V4 F,
‘B¢(p): - Z ¢ 2
(p2 +1) p? +(z]
/L 1 1
=5 2 Y
(/LY =1) p*+1 (,[)
P+
L
Note that : sin(at)e "dt = — 9
Jinlae =
Fy () owo
= ¢lx)=——5—1 sin| — |——sin(x
#) (;z/L)Z—1[ [L] L )j
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Inverse Laplace transform :

£,(p)=J e plo)i
1 Atin .
¢(t):ﬁ _[ep %(Pﬁp

1 A+in N 1 A+in . £ .
Check: %J’me' L (p)p= %Z:l‘me' dpl[e "o (u)du

17 A U T Al is(i-u);
ijgw(u)duﬁiwe”' dp —z—ml‘w(u)du:[ce e ids
:ﬁ_[(p(u)du (e}'("")2m' (5(t—u))
_Je(r) ift=0
" 10 otherwise
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Complex numbers

i=v-1 i =—1
Define z=x+iy
‘z‘z =zz*= (x + iy)(x - iy) =x*+)?
Polar representation
z= p(cos¢+[sin¢) =pe’
Functions of complex variables

F(2)=R(1(2))+i3(f(2)) = ulx.y) +iv(x,)

Derivatives: Cauchy-Riemann equations

a(z) au(z)

[ Sl A

Of(z):i)u(z)+i8v(z) Bf(z)zau(z)+i6v(z)7

ax ox ax iy ioy idy dy ay
(')f(z) _ (')f(z) N (')u(z) _ (')v(z) and 2 __ 0
ax ioy ox ay ax ay
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Argue that L/
dz

Analytic function

f(2) is analytic if it is:
o continuous
osingle valued

o its first derivative satisfies Cauchy-Rieman conditions

Which of the following functions are analytic?
f@)=¢

f@=z

f(z)=Inz

f()=z"
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Some details

e =e"™ = e cos(y) +ie'sin(y)

ou ov ov . Ou
—=e"cos(y)=— —=e"sin(y)=——
ox oy Ox oy

2 =(x+ iy)2 = (x2 —yz) + 2ixy
ou ov ov Ou

—=2x=—= —=2y=——
Ox oy Ox oy
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PHY 711 — Contour Integration

integrals
is one which t

These notes summarize some basic properties of complex functions and thei

An a funetion f{z) ina certain v

flz}=2", for n=0,1,4£2 43 2)

s, Notice t
In fact, we can show that

III dz

Al non-integral powers are
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(3)

om the fact that we can deform the contonr to a unit circle abont

=g,
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Another result of this analysis 18 the Residue Theorm which states thar if the complex
funetion g{ s poles at a finite number of points 1a region C hut i wise
malvtic, the contour integral can be avaluated accordi:
;II gi3ids = 2miy" Res(gy), (6
where the residne is given by
Res(gp} = lix I T
B! =2 | (m—
where m denotes the order of the pole,
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Example: X z
Tdx = —dz
s 1+x 1+z
Im(z)
P
re
1424 = (z 76171/4)(2 76311/4)(2 7@7‘”/4)(2 76—3“-1/4) Re(z)
e
dz =2ri Res(z = e’”’4)+ Res(z = e‘“’”")
1+2* 13 P
i/4 . 3iz/4
. e ; €
Res(zp = e’”“) =— Res(zp = ez’”“) =——
4i 4i
e (&4 el e
(}5 +dz =27i — ——— ==
1+z 4i 4i \/5
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[ cos(ax)
Another example: £ =
P o 4dxt+522+4+1

T cos(ax) 17 e 1 e
dx=— dx =— dz
~l[4x4+5x2+1 2;‘;4x4+5x2+1 2<ﬁ424+522+1

47" 4527 +1=4(z—i)(z—é)(z+i)(z+é)

iaz

Im(z)

| Re(z)

I =2m’(Res(z,, i)+ Res(z, :é))




T cos(ax) e e
LT e L
=27ri(Res(zp = i) + Res(zﬂ = i))

2

:%(—e’” + Ze’“)
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Cauchy integral theorem for analytic function f(z):
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Example
Suppose f(|z| - oo)z 0 and for z = x:
f(x)=a(x)+ib(x)

Im(z)
Re(z)




Example -- continued

f@:iﬁﬁﬂﬁ'WMquﬁdmﬂmm
2m° z'-z
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Im(z)

Re(z)
a(x)+ib(x)= L IM dx'
27 X'—x
Example -- continued
Im(z’)
— |
x Re(z)
P L) o, A g )
Jx'=x X=X e X=X 2 X=x
=P J-—f'(xl) ax'+iz f(x)
o X=x

Example -- continued

Tf(X’) av=| S f /() dx.;f S

x'—x x' x'—x x'—x
00 —00 xX+&

Kramers-Kronig relationships
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Comment on evaluating principal parts integrals

a(x)ngde': lim [ixf(x')dx'le T b(x')dx'J

Jox'-x e—>0 x'-x T X'—x

-0 X+e

;

y
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Example:
0 forx'<—-2L, —L<x'<L, x'>2L
b(x')=1{ B, for L<x'<2L
-B, for —2L<x'<-L
b(x)

2L L I
I L 2L X'
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a9 =2 [P I (L L 120

7Y x'-x e=>0(7° x'-x XX

2 2
B, (lar*-x

For our example: a(x) =Nn| |[————
L2 2

6
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