PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM  MWF Olin 107

Plan for Lecture 20:
Rotational motion (Chapter 5)
1. Rigid body motion
2. Moment of inertia tensor

3. Torque free motion
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Comparison of analysis in “inertial frame” versus “non-

inertial frame”

Denote by & a fixed coordinate system

Denote by ¢, a moving coordinate system

3
For an arbitrary vector V: 'V = z Ve =

dV 3
( dt j - Z

i=1

3
Define: [ﬂj = Zﬂé
body

()
= — =
dt inertial

3 A
[ﬂ) + Z V, d i
dt )y d
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The physics of rigid body motion; body fixed frame vs
inertial frame; results from Chapter 2:

Figure 6.1 Transiormation to & rotating co-
ordinate system

Let V be a general vector, e.g., the position of a particle. This vector can be
characterized by its components with respect to either orthonormal triad. Thus we

can write

3

V=Y ¥ (6.1a)
&
3

V=Y ¥é (6.16)
o
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Properties of the frame motion (rotation):

do e,
de, dé, =d®e,
dé, =-d@e,
=de=dOxe
dé do .
—=—xe
dt  dt
e g
; —=0Xxe
dt
dé,) _(cos(d®) sin(a®))e,| (e,
de, —sin(d®) cos(d®) ) é. e,

3 N
) A5t
At ) eriia dt )y = dt

(). (&)
—_— = +oxV
dt inertial dr body

Effects on acceleration:

d dV ( d dv
—_— =||— +ox [§| — +oxV
dr di inertial dr body dt body

2 2
[d YJ :[d YJ +2m><(ﬂ) +d—me+c)><c)><V
dt inertial dt body dt body dt
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Kinetic energy of rigid body :

dr r
— = +OXxr
dt inertial body

=0 for rigid body

> [ﬂj =@Xr
dl inertial

2
=% myi =Y m, (o))
14

14

:;%mp(mxrp)-(u)xrp)

=Smfo-ole, ), of]
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Moment of inertia tensor :
I=>m, (lrp2 - rprp) (dyad notation)
P

Matrix notation :

- 2_
Ie/ =Zmp 5urp rplrp/)
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z Example:

Moment of inertia tensor :

x %(b2+cz) —Lab
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Properties of moment of inertia tensor:
» Symmetric matrix <»real eigenvalues /,,/,,/;
> =>orthogonal eigenvectors

1é=1¢, i=123

i ivi

Moment of inertia tensor :
%(b2+cz) —Ltab —tac
I=M| —+iab gl(a2+cz) —+be
2 2
—tac —L+be %(a +b )

For a=b=c:
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1 11 11
I, =—Ma’> I,=—Ma’ I,=—Ma’
6 12 12
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Changing origin of rotation
— 2
z AZ Ii/ = Zmp(é"jrp _rpirpj)
3
(- 2 1 '
[li = Zmp(é‘urp_r pi rp/)
- P
c T 7,'-’D , r',=r,+R
y Define the center of mass :

} y
a N 2L, 2 m,
b _r »

\

X

Tou Zmp - M

P

1y=1,+M(R*5, ~ RR, )+ M(2rsy, RS, ~ 1oy R, Ry )

v
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I'y=1,+M(R*5, ~ RR, )+ M (2r,, RS, — 1R, — Ry )

z

p? Suppose that R=—4X—-2§-<2
and r,,, = —-R
" 2
o T r,=1,-M(R*5,~RR,)

x %(b’+cz) —Lab —tac
- M| —tab %(a’+c2) —1be
—dac —Lbe %(a2+b2)
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AZ Note: This is a special case;
changing the center of rotation
does not necessarily result in a
diagonal I’

«  (sE+e) o0
=M 0 ﬁ(az-i—cz) 0
0 0 a®+5?)
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Descriptions of rotation about a given origin

For general coordinate system

T=lZI,ja),a)/
245 ’

For (body fixed) coordinate system that diagonalizes
moment of inertia tensor :

-€,=1¢ i=123
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Descriptions of rotation about a given origin -- continued
Time rate of change of angular momentum

%)

“Z-1=| +oxL

dt at ) s

For (body fixed) coordinate system that diagonalizes

moment of inertia tensor :

Ie=1g¢, O = we,+0,6,+w,e,

L =106 +1,0,6,+1,@,¢,

d]_d ~ A ~ A ~ A ~ o~ A
d =l,0e+1,0,e,+1,0,€;+0,0, (13 -1, )el

+53a~)1(]1 _13)é2+5152(12 _Il)és
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Descriptions of rotation about a given origin -- continued

Note that the torque equation
dL (dL

dat [Z
is very difficult to solve directly in the body fixed frame.

j +oxL=1
body

For T = 0 we can solve the Euler equations :
dL a oa L~ .
o 1,8, +1,,8,+1,00,8,+@,a,(I; — I, )8,

+0~)351(11 _13)é2+510~)2(12 _11)é3: 0
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Euler equations for rotation in body fixed frame :
1151 + 5253(13 _12): 0
12;)2 +a~)30~)1(11 _13): 0

1353 +510N)z([2 _11):0

= Solution for symmetric top -- 1, =1, :
1151 +520N)3(13 _11):0
11;)2 +530N)1(11 _13):0

L&, =0 = @, = (constant) )
L1 0 = =0,
Define: Q=a,2—! . ’
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Solution of Euler equations for a symmetric top -- continued
@, =~ @y = OQ
I, -1

3 1

where Q = @,
1

Solution: @,(t) = Acos(Qt + ¢)
,(t) = Asin(Qt + @)
@4(t) = @, (constant)
T= %Z[@f = %IIAZ +%135§
L =10 +1,0,8,+1,0,¢,
=1, A(cos(Q1 + @), +sin(Qr + @ &, )+ 1,0,8,
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Euler equations for rotation in body fixed frame :
Lo, +@,0,(1,-1,)=0
L, +@,6,(1,-1,)=0
L, +@a,(1,-1,)=0
=> Solution for asymmetric top -- 7, # I, # I, :
Lo, +@,d,(1,-1,)=0
L, +@,a,(1,-1,)=0
L, +@,(1,-1,)=0
Suppose : @, = 0 Define : Q, = @, Lol

~ I,=1
Define : Q, = @, *—!
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Euler equations for rotation in body fixed frame :
1151 + 5253(13 _12): 0
12;)2 +a~)30~)1(11 _13): 0

1353 +510N)z([2 _11):0

Solution for asymmetric top -- I, # 1, # I
Approximate solution --

Suppose: @, ~ 0 Define: Q, = @, Lo

[1
[3_11

Define: Q, = @,
IZ
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Euler equations for asymmetric top -- continued
1,6, +@,0,(1, - 1,)=0
L&, +6,6, (1,-1,)=0

L+, %, (1,~1,)=0

@, =-Q,@, @, =Q,&,
If Q, and Q, are both positive or both negative :

o,(t)~ A4 cos(,/QIQZt + (o)
By(1) ~ A\/% sin\/,0, 7+ )

= If Q, and Q, have opposite signs, solution is unstable.
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