PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM  MWF Olin 107

Plan for Lecture 21:
Rotational motion (Chapter 5)
1. Rigid body motion in body fixed frame

2. Conversion between body and inertial
reference frames
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3. Symmetric top motion
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Summary of previous results
describing rigid bodies rotating
about a fixed origin @

( i j
— =MXr
dt inertial

10/19/2016

Moment of inertia tensor
Matrix notation:

Ixx Ixy Ixz
I= Iyx [y:v Iyz 14/ = Zmp (51'/”112 - rpirpf)
sz Izy Izz !

For general coordinate system: T = > Zl OO,
ij

For (body fixed) coordinate system that diagonalizes

moment of inertia tensor: 1-¢&,=18, i=123

1 -
O =8 +@D,8,+08, :T:EZI,.wf
i

10/19/2016 PHY 711 Fall 2016 — Lecture 21

Continued -- summary of previous
results describing rigid bodies
rotating about a fixed origin ®

[ W J
— =OXr
dt inertial

P P
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Descriptions of rotation about a given origin -- continued

For (body fixed) coordinate system that diagonalizes
moment of inertia tensor:
I-¢,=1¢ O =D, +D,8,+0y8,

L=1ae +1,0,6,+1,0,€,

Time derivative: dL = (@] +oxL
dt at )y

S
S

(13 712)é1+5)30~)1(11 713)é2+a~)]a~)2(12 711)é3
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Descriptions of rotation about a given origin -- continued
Note that the torque equation

aL _ (@
dt dt
is very difficult to solve directly in the body fixed frame.

j +oxL=1
body

For T =0 we can solve the Euler equations:
% =0=1,0,8,+1,0,8 ,+1,00,8 .+

' @,0,(1,— 1,)& +@,0, (1, - 1,)&,+@,d, (1, - 1)) ¢,
Léd, + @,0,(1,—1,)=0

L, +@,6,(1,-1,)=0

Iv%‘éﬂ)w}-‘— a‘}l&)z (Iz - Il, = 0
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Euler equations for rotation in body fixed frame :
Ila)’;l +a~)za~)3(13 _12): 0
12;)2 +a~)36’~)1(11 _13): 0

1353 +510N)z([2 _11):0

Solution for symmetric top--1, =1, :
11§1 +C‘~)2“~)3(13 _11): 0
IIE.)Z +671351([1 _13): 0

L, =0 = @, = (constant)

_ o, =-0,Q
Define: Q=o L=l l ’

3

1, @, = &Q
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Solution of Euler equations for a symmetric top -- continued
B, =—@,0 @, = a0

where Q = @, Loy

1
Solution:  @,(¢) = Acos(Qt + @)
@,(t) = Asin(Qt + @)
1 ~ 1 |
T= EZ]iwiz = E11A2 + E13@32
L =1, +1,0,8,+1,0,e,

= I, A(cos(Qt + @), +sin(Qt + 0, )+ L,ae,
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Euler equations for rotation in body fixed frame :
1151 + 5253(13 _12): 0
12;)2 +a~)30~)1(11 _13): 0

1353 +510N)z([2 _11):0

Solution for asymmetric top -- 1, # 1, # [, :
L-1

Suppose : @, = 0 Define : Q, = @,
1

-1,

Define: Q, = @,
2
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Euler equations for asymmetric top -- continued
1,6, +@,0,(1, - 1,)=0
L, +@,6,(1,-1,)=0
Lé,+@d,(1,-1,)=0

o, =-Q,0, @, =Q,w,

If Q, and Q, are both positive or both negative :

o,(t)~ A4 cos(,/QIQZt + (o)
By(1) ~ A\/% sin\/,0, 7+ )

= If Q, and Q, have opposite signs, solution is unstable.
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Transformation between body-fixed and inertial
coordinate systems — Euler angles

z

T inertial

body V'S
z

http://en.wikipedia.org/wiki/Euler _angles
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~ ©AQ H A C A
o=ae;+pe,+ye,

3 |\ Need to express all components in
AN y : body-fixed frame:

D =8, + D8, + d,e,
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O=aél+pe, +ye,

¢, =siny & +cosyé,
Matrix representation :
cosy siny 00 siny
&,=|-siny cosy 0| 1]|=|cosy
0 0 1)0 0
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~ ©AQ H A C A
o=ae;+pe,+ye,
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~0
€;
Z
/T/,~~ &) =—sin B &' +cosf &,
7‘\ / N\ =—cosysinfB & +sinysin B &, +cos B &,
a N Matrix representation:
e3 />\\ \‘\B \ * e : ] :
/’ 1 cosy siny O)(cosff 0 —sinf)(0
8 =|-siny cosy 0 0 1 0 0
0 0 1)\sing 0 cosp |1
—sin fcosy
=| sinfsiny
cosf}
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O=ce&l+pe +yé,
—sin fcosy sin y 0
®=d| sinfBsiny |+f|cosy |+7 0
cos S 0 1
O =D, + 0,8, + 18,
—sin fcos y sin 0
@=d| sinBsiny |+p|cosy|+70
cos f3 0 1
@, = (~sin Bcos y)+ Bsiny
= a(sin fsin 7)+ ﬂcos 14
o, =acos B+
10/19/2016 PHY 711 Fall 2016 -- Lecture 21 17

O=ael+pfe,+ye,
T ® =[c)’z(—sin,ﬁ’cos;f)+,[3’sin7/]é1

+ [d (sinfsiny)+ ﬂ'cosy}é2

+[dcos B +7]é,
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Rotational kinetic energy
AP BSOS O
T(a,ﬂ,}/,a,ﬂ,y):il,wf+Elzw§+513w_f
:%Iid(—sinﬂcosyﬁﬁsiny]z
+%Iz[0k(sinﬂsin;/)+,8.cosy]2
1
+513[dcosﬂ+7]z
If I,=1,:

T(a,ﬁ,y,d,ﬁ',;?):%ll(dz sin® ﬂ+ﬂ2)+%l3[dcosﬁ+ T
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Transformation between body-fixed and inertial
coordinate systems — Euler angles

z

T inertial

body V'S
z

http://en.wikipedia.org/wiki/Euler _angles
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General transformation between rotated coordinates —
Euler angles

Z . .
inertial
V'= RV = R,R,RV

- R=

0

0 0 1 \sing 0 cosp

http://en.wikipedia.org/wiki/Euler _angles
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siny 0

0

1

body i ) .
VA cosa sina 0)cosf 0 —sinf) cosy
AN < \ —sina cosa 0 0 1 0 —siny cosy 0
p N

|




Motion of a symmetric top under the influence of the
torque of gravity:

y

&

o

L(a,ﬂ,y,d,ﬂ',y):%l,(dz sin’ B+ B2 )+

%]S[okcosﬂ+}?]2 — Mgl cos
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L(a,ﬂ,y,d,ﬁ,;’/):%ll(dz sin’ f+ )+

%Iz[dcosﬂ+;7]2 — Mgl cos

Constants of the motion :

Da :S—é:]lo‘csinzﬂ+13[0‘ccos,6+;>]cosﬂ
oL . .
p, =~ =Llacos p+7]
o7
1 Pl
E=—1p+=L+V,
> |ﬂ 21, e/r(ﬂ)

A 1 (pa—p,cospf pl
L\B,p)==1p +— L "7 L 77 _ Mglcos
(6.4) I g Tap, Melesh

_(p,—p,cos pf

V. =—= —r _ — 7 4 Mglcos
off (ﬂ) 21, sin’ B 8l B
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2 2
. - cos
E:lllﬁZJrﬂJr(ip“ pf 5 ﬁ) + Mgl cos B
2 21, 21 sin” B
2 R —p cos B)
A VO 5T ) SR
21, 2 21sin” B
Stable/unstable Ho]
solutions near
B=0
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Suppose  p,=p, and B=0

(. -p, cos Bf
21,sin* g

.
21,

E'=E :%1,/3% + Mgl cos 8

2

2 1 P
E'z%11ﬁ2+§—;](ll;i)+Mgl(l—%ﬂz)

2
1, .. |p, Mgl
=1, +| ————— |+ Mgl
5 B [ 81, D Jﬁ &
= Stable solution if

D, Z~4Mgll,
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More general case:

2 2
. —p, cos
pog_ :lllﬂer(pa p, c0s B

+ Mgl cos
21, 2 21;sin* B gleos
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&

Constants of the motion :

L 1facos p+7]
oy

p,=

Pa :%:Ildsinzﬁ’+13[dcosﬂ+7']cos,6’
a

=1lasin® B+ p,cos 8

2 2
. - p, cos
E':E—&:lllﬂz+M+Mglcosﬂ
21, 2 21 sin” g
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