PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM MWF Olin 107
Plan for Lecture 22:
Motions of elastic membranes (Chap. 8)
1. Review of standing waves on a string

2. Standing waves on a two dimensional
membrane.

3. Boundary value problems

10/24/2016 PHY 711 Fall 2

10/23/2016

20 Mon, 101772016 Chap. § Mechanics of ngid bodies Exam due
21 Wed, 101182016 Ghap. 5 Mechanics of ngid hodies & 1242016
Fri, 102472016 Fal braa - no ciass
- 22 Mon, 102472096 Chap. B Mechanics of Elastic Mambranes. a7 \NZE016

23 Wed, 10/26/2016
24 Fri, 107282016
25 Mon, 10V31/Z2016
26 fed, 11/022016
27 Fri, 110472016
28 Mon, 110772016
29 Wed, 11095016
30 Fri, 11112016
31 Mon, 11142016
32 Wed, 111672016
33 Fri, 1111872016
34 Mon, 117212016

\Wed, 117232018 Thanksgiving Holiday -~ no class
Fri, 11283016 Thanisgiving Holiday — no class
Wad, 1207/2016 Prasantations |
Fri, 120082016 Presentations ||

PHY 711 Fall 2016 - Lecture 22 2

Elastic media in two or more dimensions --

Review of wave equation in one-dimension — here y(x,t) can
describe either a longitudinal or transverse wave.

Traveling wave solutions --

Ou L 0u
grE _ 292 )
ot ox*
Note that for any function f{g)or g(g):
nxy)=f(x—ct)+g(x+ct)

satisfies the wave equation.




Initial value problem : u(x,0)=@(x) and %’;(x,o) =y(x)
then: u(0)=@(x)= f(x)+g(x)
%(xm —p()= ,{M, det) )

dx dx
= f(0)-g() =~ [pe)de
c
For each x, find f{x) and g(x):

1= %[qs(x) | V/(X')dX']
e =~ g0+ Ly
2 c

= u(x,t) = %(¢(x—ct)+¢(x+ct))+2l—c j.//(x')dx'
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Standing wave solutions of wave equation:

2 2

ou 2 o'u -0
or’ ox?

with u(0,8) = pu(L,t)=0.

Assume:  pu(x,t)= *R(e””‘p(x))

2
where dex)Jrklp(x):o k=2
dx c
. \ /2
(x)=Asin| —
p,(x) ( 3 j
k, :VL—” o, =ck,
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Wave motion on a two-dimensional surface — elastic
membrane (transverse wave; linear regime).
Two - dimensional wave equation :

o’u T
—-cVu=0 where ¢? = —
ot o

Standing wave solutions :
u(x, 1) = Re " p(x, )

(Vz‘*'kz)P(X,y):O wherek =2
uxyf) -
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Lagrangian density: £ u,a—u,a—u,a—u;x,y,t
ox 0y ot

Hamilton's principle:

o[ Ldt=0

4

L 0 oL 8 oL B8 oL
ou ot doulor) oxooulox) dy oouldy)
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Lagrangian density for elastic membrane with constant o and 7 :

2
L u,a—u,a—u,a—u;x,y,t =lo{6—u] —lr(Vu)2
Ox 0Oy ot 2 \ot 2
oL o oL o oL o oL

ou ot o(ouler) ox o(oulex) ay oouldy)
ou

T
—-cVu=0 where ¢? =—
ot o
Two - dimensional wave equation :
o’u T
?—CZVZMZO where ¢® = —
t (e

Standing wave solutions :

u(x, y,0)=Rle ™ p(x, 7))

(V245 )o(x, ) =0 where k =<
c
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Consider a rectangular boundary:

a
Clamped boundary conditions :

£(0,y)= p(a,y) = p(x,0) = p(x,b) =0

®
. mimx . n _o
= py (. ) = Asin| 2 |sin| 22 where k =
a b c
mzY (nz
2
K = (7) + (7) w,, =ck,,
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(V2 +£) p(x,3)=0

1012412016 a




More general boundary conditions:
rVu‘b = K“‘

u

A represents boundard side constrained with spring

,=0 represents " free" side
Mixed boundary conditions :

0p(0, op(a,
P0) = pla) = L2 P g

= P (X,y)=4 cos[ﬂj sin(%)
a

2 2
2 mm nrx
K :(7 ) *(TJ w,, =ck,,
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Consider a circular boundary:

Clamped boundary conditions for p(r,®):
P(R,p)=0

(Vz +kz)p(r,(p) =0 where k =<
c

In cylindrical coordinate system
V= i + l g + L o
o’ ror r*og’
Assume:  p(r,p) = f(r)D(p)

Let: O(p)=e"?
Note: D(p) =D(p+27)

= m =integer
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Consider circular boundary -- continued

Differential equation for radial function:

d 1d m
—t+————+k | f(r)=0
[drZ rdr r? ]f( )

= Bessel equation of integer order with transcendential solutions

Cylindrical Bessel function J, (z)

m

Cylindrical Neumann function /N, (z) also called Y, (z)
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Some properties of Bessel functions

Asending series : Jm(z)ztg)mi -1y ( J

/OJ(J+’”)'

Recursion relations: J,(z2)+J,,,(z2) =—J,,(2)

Ty (D)= (2) = 2”” 29

Asymptotic form:  J, (z)————> l cos(z - % —%)
b4

Zeros of Bessel functions J, (z,, )=0
m=0: z,, =2.406, 5.520, 8.654,...
m=1: z,=3832,7.016, 10.173,...
m=2: z,, =5.136, 8417, 11.620,...
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10/23/2016

http://dimf.nist.gov/

NIST Digital Library of Mathematical Functions

19 Bliptic mtegrals
T

came Integraly

12 Bai
31 Coulomb Functions

12 Parabali € ,lmrlnr P
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Series expansions of Bessel and Neumann functions

)k
]v(Z)— Z( 1" k'I‘(v+k+1)

r -G .z: U (1) 2 (L))
‘%_:: (ufr[k +1)+p(n+k+ 1]) kl[mg]‘,

—
R
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Some properties of Bessel functions -- continued

Note: Itis possible to prove the following

identity for the functions J,, [% r) :

R 2
JouZer Zo i =B e
s R R 2

Returning to differential equation for radial function :

d*> 1d m
= +k? |f(r) =0
[a’r2 rdr r° jf( )
. z, z
- )= AJ | Zmpe | k= Zm
A e B
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Polr0)= fof) = AJ{;] Pulr-9)= o) = AJ{%r}

2.406 5.520
km = T knz = T
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Pulrs9) = 1) cos(p) Pulr @)= finfr) cos(p)
=AJ, [% rJ cos(p) = AJI[% r)cos(ga)

3.832 7.016
ky=—— ky=——
R R
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More complicated geometry — annular membrane

In cylindrical coordinate system
NN
or® ror rop
Assume:  p(r, ) = f(r)®(p)
Let: D(p) ="
Note: O(p)=D(p+27)
= m = integer
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Consider circular boundary -- continued

Differential equation for radial function :

d 1d
[drﬁ:;‘?*kz}‘(’):o

= Bessel equation of integer order with transcendential solutions
Cylindrical Bessel function J, (z)
»(2)

Cylindrical Neumann functjor

10/24/2016 PHY 711 Fall 2016 - Lecture 22 23

Normal modes of an annular membrane -- continued

Differential equation for radial function:
& 1d w
b=+ k| f(r) =0

[dr2 rdr »? ]f( )

General form of radial function: f(r)= 4J, (kr)+ BN, (kr)
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Normal modes of an annular membrane -- continued

Boundary conditions:

Sfla)=0 S(b)=0

AJ, (ka)+ BN, (ka)=0
AJ, (kb)+ BN, (kb) =0

= 2 equations and 2 unknowns -- k and %

B —J, (ka) _ —J, (kb)

A~ N,(ka) N, (kb)
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(transcendental equation for k)
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Normal modes of an annular membrane -- continued

Boundary conditions:

S(@)=0 JS(b)=0

A N, (ka) N, (kb)

B_Lulka) _—J, ) in terms of solution &, :

J, (k,.a)
JS(r) [ (k) N ko) n( nmr)]

10/24/2016

Analysis for m=0 and a=0.1, b=0.2:

> ”IG’[{ BesselY (0, 0.1%) ° BesselY (0, 0.2:k)

-Bessell (0, 0.1:k) -Bessell(0, 0.2:k) k=25 .33, color=red, blue]):
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) ~Bessel] (0,0.1k) _ -Bessell (0, 0.2+k) )
>f“’lve( BesselY (0, 0.1K)  BesselY(0, 02.4) * © 2033 J;

31.23030920

| f’_//___
5 | — =
! W |
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J (k, a)
ry=A|J, (k,r)--2—"—=N, (k,r ko, =31.230309
Q) [ o (Kt N koa) o (Kt o
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