PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM  MWF Olin 107
Plan for Lecture 24:
Introduction to hydrodynamics
(Chap.9inF & W)
1. Incompressible fluids

2. Isentropic fluids

10/27/2016

10/28/2016 >HY 711 Fall 2016  Lecture 24
20 Mon, 10{17/72016 Chap, § Mechanics of rigid bodies Exam dus
21 Wed, 101192016 Chap. § Mechanics of rigid bodies 216 12412016
Frl, 107212016 Fail break - no class
22 Man, 10:2472016 [Chap. 8 Mechanics of Elastic Membranes 17 1282016
23 Wed, 10726/2016 Chap. 9 Introduction 1o hydrodynamecs
» 24 Fri, 10282076 |Chap, 9 Introduction fo hydrodynamics =18 1312016

28 Mon, 10¢31/2018
28 \Wed, 110272016
27 Fri, 1110472016
28 Mon, 11/07/2016
29 Wed, 11092016
30 Fri, 111172016

33 Fri, 1111872016
34 Mon. 1172112018

Wed, 11232016 Thanksgrang Hobday — no class
Fri, 11262018 Thanksgiving Holday — na class.
Wed, 12/07/2016 Presentations |
Fri. 120802016 Fresentations |
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Newton’s equations for fluids

Use Euler formulation; properties described in terms of

stationary spatial grid
Variables:  Density p(x,y,z,t)
Pressure p(x,y,zt)
Velocity v(x,y,z,t)

i
) |
Particleat¢: r,¢
(t .
Particle at¢t': r+vot,t'
t'=t+ot




Euler analysis -- continued

Particleat¢: r,t

Particleatt': r+vot,t' where Ot=t'-t
For f(r,1):

af .. (ft)—f@x,0)  fx+vétt) - f(rt)
——=lim +

dt 5t—0 5t 5t

a o

- =4 -V

el AL

Example: (V'V)V=V[%V2J—VX(VXV)
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Some details on the velocity potential

Continuity equation :
op
——+V- =0
o V)
Z—p+p(V-V)+(Vp)~ v=0
t
For incompressible fluid: o = (constant)
=V-v=0
Irrotational flow: Vxv=0 =>v=-VOb

=>V0=0
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Example — uniform flow

b

0
’'d 'O
+ +
ox* ot o7
Possible solution :

O=-v,z
v=—-VO=v1
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Example — flow around a long cylinder (oriented in

the Y direction)

A
a X
Vo Z =a
e

_—
P

——
s

VP =0
oD
or

r=a
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Laplace equation in cylindrical coordinates

vo-0-12,20, 100 70

ror or r°060° Oy

In our case, there is no motion in the y dimension
= @(r,0,y)=(r,0)

From boundary condition : v (r — oo) =v,

oD

0z

Note that :

Guess form: ®(r,0)= f{r)cos
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(r,0,defined in x-z plane; y representing cylinder axis)

(r—>o)=—-v, = O(r — 00,0)=—v,rcos O

Necessary equation for radial function

f(ry=Ar+ B where A, B are constants
r

Boundary condition on cylinder surface :
oD

=0
or |,
df B
—(r=a)=0=4-—
dr( ) a’
= B=Add*

Boundary condition atco: = A4 =-v,
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r
2
v, :—(aq):vo[l—azjcose
or r
160 ’
vg——;ﬁz VO(H-stmH

For 3-dimensional system, consider a spherical obstruction
Laplacian in spherical polar coordinates:

Vio-0=1 a(rzaE} L2 (sinHaBJJr _L_o9
r 6rk or ) r'sinf 060 060 ) rsin” @ op
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Spherical system continued:
Laplacian in spherical polar coordinates:
1 ® 1 D 1 Ky
VZ(D:O:zﬁ(rza—Jrz, 0 sinHa—Jrz.Z 672
r Brk or ) r'sinf 060 06 ) rsin” @ O
In terms of spherical harmonic functions:
1 2 2 1 &
—|sin0— |+ ———= |, (6,¢)=—1(+1)Y,, (6,
(sin& aa( aaj smzaa@z] w(0:9) =10+ DT, (0.6)

In our case:

3
Y, (0.¢) = ECOS&

@(r,0,4) = f(r)Y,,(0.9)
ii(rz i] ((ER)) =0 (Continue analysis for

r dr dr 72 homework)
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Solution of Euler’s equation for fluids

ﬁvLV(%\/Z)—vx(VxV):f vp

6t applied -
Consider the following restrictions :

1. (Vxv)=0 ‘irrotational flow"

=>v=-VO
2. {1 =—VU conservative applied force
3. p=(constant) incompressible fluid
M+v(%v2): vu_YP
ot Yo
= V[p+U+;v2 _a@) =0
P ot
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Bernoulli’s integral of Euler’s equation for constant p

V[£+U+§v2 —@J =0
P ot
Integrating over space:

Pyt
P ot

where v =-Vd(r,t) = -V(D(r,r)+ C(t))

=24y +1v7 - 662 =C, Bernoulli's theorem
P t

For incompressible fluid
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Solution of Euler’s equation for fluids -- isentropic

%vhvevz)—vx(va):f vp

applied -

Consider the following restrictions :

1. (Vxv)=0 ‘irrotational flow"
=>v=-Vod

2. {1 =—VU conservative applied force

3. p#(constant) isentropic fluid

A little thermodynamics

First law of thermodynamics: dE,, =dQ—-dW
For isentropic conditions : dQ =0

dE, =—dW =—pdV

10/28/2016 PHY 711 Fall 2016  Lecture 24 14

Solution of Euler’s equation for fluids — isentropic (continued)
dE,, =—-dW = pdV

In terms of mass density : p = %

For fixed M and variable V' : dp = —%dV

dV = —szp
P

In terms in intensive variables : Let E, =Me¢

dE

int

de = %dp (85) = %
10/28/21 wp aH{) dg')\':/z?w«:;ﬂ n,e”)t

11

= Mds =—dW =—pdV =M L_ap
P




Solution of Euler’s equation for fluids — isentropic (continued)

(68) P
P )0 P

Consider: Ve= (&QJ Vo= %Vp
P Jag-o p
Rearranging : V[s + p] = vp
P) P
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Solution of Euler’s equation for fluids — isentropic (continued)

ov Vp
5-'— V(%Vz)_ VX (V x V): fappli@d T
E = V(g+p]
P P
Vxv=0 v=-VO fupplied =-VU

a(_w))+v('2v2)=—VU—v(g+pJ
ot P
:>V[g+p+U+;v2—a®J—0

P ot
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Summary of Bernoulli’s results

For incompressible fluid

V(‘D+U+;v2 —&DJ:O
P ot

For isentropic fluid with internal energy density ¢

V[s+p+U+;v2—a®):0
Yol ot
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Application of fluid equations to the case of air in
equilibrium plus small perturbation
Newton - Euler equation of motion :
ov Vp
5 + (V : V)V = fapplied -
- . op

Continuity equation : —+V (pv) =0

Near equilibrium :

P =Py +6p

P=py+p

v=0+0v

f 0

applied =
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Equations to lowest order in perturbation :

a7V+(V.V)v:fa Iied_V7]7 = @:_vsp
ot w ot 2o
op o%p
—+V- =0 = ——+p,V-6v=0
o Vo) =P

In terms of the velocity potential :

v=-VOd

o _ v _ [ o &),

ot Po o p,
oop o%p

“Ftp V=0 = -p VD=0
o Po o Po
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Expressing pressure in terms of the density :
p=p(s,p)=p,+p where s denotes the (constant) entropy
Do =P8, P5)
o= (a—p] Sp=cop

op

s

V{—&I)+épj:0 = —%)+c25—p=(00nstant)

ot py Po
2 2
ot~ p, Ot
2
%—pOVZ(I):O N ?—CZVZ(I)—O




Wave equation for air :

2
a—? -VD =0 5
ot P _V2p =0
op or’
Here, ¢’ = (] >
op ), e —czvzé‘p:O
V=-VO !
Boundary values:

Impenetrable surface with normal i moving at velocity V :

n-vV= n-dv=-n-vo
Free surface:

o
6p=0 3pu§=0
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Note that, we also have :
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Analysis of wave velocity in an ideal gas:

o[
op ),

Equation of state for ideal gas :

pV = NkT n=M
0
pM Kk Ky
vV M, M,

k=138x102J/k

M, = average mass of each molecule
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Internal energy for ideal gas :

E:iNkT:Mg g:ii]":ig
2 2 M, 2 p
. . C,
In terms of specific heat ratio: y = CI
v

dE =dQ —dW

6 -(42) (%) -Lam
"\ar ), \or), 2 M,

,~(12) () +2L) - L, 20
»\ar), \or), “\or), 2M, M,

C, 1+1 ) 1
VEmE T =5
T 2 y-1
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Internal energy for ideal gas :

E:%NkT:Mg gL kg 1 p

7= y-1M, y-lp
Internal energy for ideal gas under isentropic conditions :

p p
ds=-Lar -2 g4
M o’ P

:,(ﬂ _pr
op), P
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(%j _P_a(lpj _(@vj 1L p
op), p ap\r-1p) \op) (r-1)p (y-1)p°

Alternative derivation:
Isentropicor adiabaticequation of state:

d_ dp :p:(pI
Po

p P Po

(5’7} _py
a») P

Linearized speed of sound

o _[@Dj _Pt
2o _
ap $:P0->Po p(]

o2 L5 1.013x10° Pa
0 1.3kg /m’
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Density dependence of speed of sound for ideal gas :

Cz_[@vj _pr
o), P

¥

Py Po
-1

Cz_Pg}’p/po_Cz[P]

= £
Po PPy Po
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