PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM MWF Olin 107

Plan for Lecture 26: Chap. 9 of F&W

Wave equation for sound in the linear

approximation
1. Sound generation

2. Sound scattering
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Solutions to wave equation:

2
vzqn—%aa—?:o
c t

Plane wave solution :

2
O(r,t) = Ae™ ™  where k* = (gj
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Wave equation with source:

1 0°®
Vi) - — =—f(r,t
P S(r,0)
Solution in terms of Green's function :

cp(r,z):jd3r'jdz'G(r—r',t—z')f(r',t')

where

2
(vz —%%]G(r—r',z—f) = S(r—1r)S(t—1")
C
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Wave equation with source -- continued:

We can show that :

e

47r|r — r'|

Gr-r',t—t)=
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Derivation of Green’s function for wave equation

, 1¢°
Vi—-—=—|Gr-r't—t")=-0@—-r")o(—-1")

c* or?

Recall that

" _ 17 —io(t—t')
5(;—;)_57[:3 do
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Derivation of Green’s function for wave equation -- continued
Define: G(r,w)= IG(r,t)e’”’dt

G(r,t)= i Ié(r, w)e " dw

é(r, a)) must satisfy :
2

(V2+k2)5(r—r’,a)):—§(r—r') where &’ =w—2
c
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Derivation of Green’s function for wave equation -- continued

(V2 +k2)5(r 1, 0)=-5(r-r)
Solution assuming isotropy in r —r":

iik‘r—r"

G(r—r’,a)):
Check - - Define Rz\r—r'\ and for R>0:

(v2 + 2)G(R, )=~ d2 (RG(R o))+ KG(R,0)=0
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Derivation of Green’s function for wave equation -- continued

ForR>0:
2
(V2 +£2)G (R, ) = % ;;2 (RG(R, @))+ K*G(R, )= 0

_(RG(R,0))+ k*(RG(R, @)= 0

dr’
(RG(R,a))): A ™ 4 Be ™
- eikR e—ikR
= G(R,w)= A—+B
R R
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Derivation of Green’s function for wave equation — continued
need to find A and B.

Note that: V> — - —5(r—r")
Arjr —r]|
=>A=B= 1
4
eiikR
GR,w)=
( a)) 47R
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Derivation of Green’s function for wave equation — continued

G(r -r',t— t’) = 2L Ié(r -r, a))e‘i“’(t‘t')da)
T -0

© +ik|r—r'|
e

1 . .
- e—m}(l‘—t )da)
2r 7 47r|r - r'|
© +i2lr—r'| A ,
_ l e—m}(l‘—t )da)

- E_w 47r|r - r'|
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Derivation of Green’s function for wave equation — continued

1 © eii‘j’?\rfr'\

Glr—r',t-1)= e

E -[ 47r|r —r'|

—00

Noting that LI e dw = o(u)
2 7,

'_|r—r'|
ol t—|t'F——
c

= Gr-r,r-1)=

47r|r - r'|
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=>In order to solve an inhomogenous wave equation
with a time harmonic forcing term, we can use the
corresponding Green’s func_tif)n:

+ik| r—r"

GQr—r’

)=

47r‘r —r"

In fact, this Green'’s function is appropriate for solving
equations with boundary conditions at infinity. For
solving problems with surface boundary conditions where
we know the boundary values or their gradients, the
Green’s function must be modified.

Green's theorem
Consider two functions 4(r) and g(r)

Note that : .[(hVZg - szh)fr = j;(th —gVh)-nd’r
v N

VD +kD=—f(r,0)
(V2 +£2)G(r —r', @) = —5(r—r")

ho @, g<—>5
J‘(Cf)(r,a))é‘(r -r')- GQr —r|

v

) (e, 0)r =

§((T)(r, a))VéQr —r, a))— 5Qr —rl, w)V&)(r, w))- nd’r

S
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J‘(d)(r,a))ﬁ(r—r')—fr‘(\r—r'

v

,w)f(r,w))dlr =

@(@(r,w)va‘(\r —r]

S

,w)VdD(r,a)))-ﬁdzr

,w)—G(\r—r'

Exchanging r & r':
j(&)(r',w)&(r -r')- G(‘r—r",a))f(r',a)))d}r':
(j)(d)(r',cu)vf?(\rfr'

S

,cu)—@(\rfr'

L0)VO(r',m))-fd’r"

If the integration volume V" includes the pointr =r':

d(r,w) =J.(~;(‘r—r‘ ,w)f(r‘,a))d3r‘+

,a))—é(‘r —r'

@(&n(r',w)vé(\r—r' L) VO(r',m))-fd’r’

S
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Wave equation with source:

LI N

VO
c? ot

Example:
f(r,t)= time harmonic piston of radius @, amplitude £2
can be represented as boundary value of ®(r,?)

z
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Treatment of boundary values for time-harmonic force:

s a))f(r' s w)d3r'+

5(r,a)) :JGQr—r'

j;(&)(r', w)V'@Qr -, a))— GQr —r", a))V'CTD(r', w))~ nd’r'

S
Boundary values for our example :

o) | 0 for X’+y*>d’
0z ), l|iwea for x*+y*<a’

Note: Need Green's function with vanishing gradient atz=0:

N eik‘r—r" eik‘r—?“
G(‘r—r",w):7+77 wherez'=-z'; z>0
47z‘r—r“ 47z‘r—r"
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~ oP(r',w
O(r,w)=— § GQr r!, a))Mx‘ ay'

5:7=0 oz
N eik‘rfr" eik‘r—?"
GQrfr',a)): B wherez'=—z"; z>0

47r‘r7r" 47r‘r7r"

. eil\‘rfr"
GQr—r',a))‘_O: — ; z>0

0 27jr —r|

z'=0
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&)(r,a}) =— j; 5@1‘—1"

S:2'=0

R a))iad)(gz’ w)dx' ay'

ik|r—r'|

a 2z

= —imgafr'dr' J.d¢'7
° o 27[‘1‘ —r"

2'=0

Integration domain : x'=r'cos ¢'
y'=r'sing'

Forr>>a; |r—r|=r—Ff-r

Assume r isin the yzplane; ¢=%
r=sindy +cosbz

Ir—r|~r—f-r'=r—r'sin@sing'
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; ikr a 27
O(r,w)=— wea LJ.r'dr' J'd¢ye—m'singsin¢'
5
2 r g 0

2z
Note that : L J.d¢'e”"‘5‘“¢' =J,(u)
2z 5,

ikr a
= O(r,0) = v’ [ridr'J,(k'sin 0)
r 0
Judus () = ws,(w)
0

ﬂ J,(kasin 8)

= O(r, w) = —ivea’ .
r  kasin@
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Energy flux: j, =ovp
Taking time average: (j,)= %iR(&vp*)

= 1o (- vo)-ioo))
Time averaged power per solid angle :

AP\ _ i )it =L peiciptqealkasind)
o/ 27 kasin @
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Time averaged power per solid angle :

aP\ . ., 1 J,(kasin 0)[°
<E> =(jc)-#r* :Epoasz"af’li_g

o
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Scattering of sound waves —
for example, from a rigid cylinder N

Figure 51.8 Scattering from a rigid cylinder.
Figure from Fetter and Walecka pg. 337
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Scattering of sound waves —
for example, from a rigid cylinder

Velocity potential --

Or)=D, (r)+P (r) ® (r)=e™"

inc inc

Helmholz equation in cylindrical coordinates:

(Vz+k2)¢(r):0_[li E‘fiziﬁiﬁkz}b(r)

ror or r°0¢° 0Oz

Assume: @ (r Z ™R, (1)

m=—n

2 2
where d—erli—m—erkz R, (=0
dr- rdr r
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inc
m=—n

Figure L8 Scatcing from a rgi cylider

D (r)= Z C,e"H, (kr) where Hankel function

m=-»

represents an outgoing wave: H, (kr)=J, (kr)+iN, (kr)
Boundary condition at r =a: 22 =0
r r=a

=" (ka) + CH (ha) =0 €, = L kD)
H', (ka)
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@ (r) = ¢ kor erkz-cos¢ — Z l-mezm;ﬁjm(kr)

(ka)
n— H',(ka)

Asymptotic form:

Figure L8 Scatcing from a rgi cylider

() ~ f(¢)f )

kr—o

J' (ka) i
\/7,,12 H' (ka)

2 i
"H (k) ~ /7@1(10 14)
e \ Tk

J', (ka) img 2 i(kr—/4)
———e", |—e
H' (ka) wkr

i(mp—/4)
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D (r)=— Z i *e""“’Hm(kr)




- i N J'm(ka) i(mp—r14)
NOESES ) Lt

For ka << 1
do ‘ f(¢)‘2 ~ 17T/€3L14(1 —2cosg)’
¢ = 8
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