PHY 711 Classical Mechanics and

Mathematical Methods

11-11:50 AM MWF Olin 107

Plan for Lecture 27: Chap. 9 of F&W

Wave equation for sound —

non-linear effects

1. Non-linear effects in traveling
sound waves

2. Shocking effects
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Effects of nonlinearities in fluid equations

-- one dimensional case

Newton - Euler equation of motion :

%+(V~V)V=f

Vp

applied —

Continuity equation : % +V (pv) =0

Assume spatial variation confined to x direction ;

assume thatv=vX and f,_ . =0.
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\Expressing pinterms of p: p= p(p)
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For adiabatic ideal gas: —=y— P=D, [ﬁ

y-1
cz(p):Q:cg(ﬁ] where céz—yp"
P Po Po

11/4/2016 >HY 711 Fall 2016  Lecture 27

11/3/2016

2

@'FV@'FM@:O

ot ox p Ox
a—p+v6—p+p@:0

ot ox ox
Expressing variation of v in terms of v(p):
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Some more algebra :

2
From Euler equation : g—v(a—p + va—pj + ¢ (p)op =0

p \ Ot Ox p Ox
From continuity equation : % + va—p =— v op
ot Ox Op Ox
2
Combined equation : v ,vop +£ (p) op =0
op op Ox p Ox
2 2
3(@) _dp) v _, e
op P op p
= a—p + (v + c)a—p =0
ot Ox
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Assuming adiabatic process: ¢ =c, [pj c

A v(yil)/zv
PPN A

6p_dp

K
>

11/4/2016 >HY 711 Fall 2016  Lecture 27

11/3/2016

Summary :

av_ c
o~ p
a—p+(vic)a—p=0
ot Ox

)
Po

(r-1)/2 e (y-1)12
c=c0[p] y=1—"0 [’D] -1
Po 7=\ P

7-1
Assuming adiabatic process: ¢ =cp (J ¢ =

2Py

Traveling wave solution:

Assume: p=p,+ f(x—u(p)t)
Need to find self - consistent equations for
propagation velocity u(p) using equations
op op

From previous derivations : Lr(vte) =
ot 0x

Apparently : u(p) = vie

For adiabatic ideal gas and + signs :

1 (7-1)/2 )
u=v+c=c, 7+ [pj I
7=1\ py r-1
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Traveling wave solution -- continued:

% (v + c) % =0
ot ox
Assume:  p=p,+ f(x—u(p))=p, + f(x=(vEc)k)

For adiabatic ideal gas and + signs :

(y-1)/2
7“[/}] 2
y=1 py y-1

Solution in linear approxiation :

y+1 2
u=v+cervyte,=c)| —————1|=¢
y=1 y-1

= p=py+flx-cy)
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Traveling wave solution -- full non-linear case:

Visualization for particular waveform: p = p, + f(x —u(p)t)
Assume: f(w) = p,s(w)
£=l+s(x—ut)
Po
For adiabatic ideal gas:

. ﬂ(ﬁ](’wz_i
-1 p, y-1

co(y i(l-irs(x ut)) 2—%}

w
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Visualization continued:

u= co[i+i(l+?(x ut)) 7ﬁj

Plot s(x —ut) for fixed ¢, as a function of x :
Let w=x—ut
x=w+ut =w+u(w)t =x(w,t)
y+1 (r-1)2 2
u(w)=c,| ——=(1+s(w -——
0= a0l -2
Parametric equations: plot s(w) vs x(w,f) forrange of w
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Summary

N
a 0% =0
Solution:  p=p, + f(x—u(p)t) = p, (1+s(x—u(p)r))

For linear case: u(p)=c,
1 1y 2
For non-linear case: u(p)=c, [L‘—l(l +s(x —ut))(y 2 —71]
Y- Y-

Plot s(x—ut) for fixed ¢, as a function of x :
Let w=x—-ut = x=w+ut=w+u(w)t=x(w,t)
y+1 (-2 2
u(w) =c,| —(1+s(w -
) o[y_l( ) y_l]
Parametric equations: plot s(w) vs x(w,t) forrange of w
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Linear wave:

Non-linear wave:
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Linear wave

10 o 0

Non-linear wave
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A':I};Sis fog shock wave Solution becomes
ots of op unphysical
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Analysis of shock wave -- continued

After shock Before shock
t2 t1
P Ny, OP2 opp, Oy, 9Py
X
u
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Analysis of shock wave — continued
While analysis in the shock region is complicated, we
can use conservation laws to analyze regions 1 and 2

Assume  p(x,t) = p(x —ut)

After shock Before shock
t 4

t
NS 81 V1, 81

plx,t)= p(x 7ut)
v(x,t)= v(x —ut)

Continuity equation:
op O(pv o(pv—pu
a%h (6x)=0= : ox ) = (v -u)p,=(v-u)p

Conservation of energy and momentum:

2

= pu+p(v—u) =p 4 (v-u)

1 2 1
=Se6+=(v-u) v +=(v —u) + 2
2 P, 2 P
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Analysis of shock wave — continued
For adiabatic ideal gas, also considering energy and
momentum conservation:

After shock Before shock

LH Py +1 v 02 Son. 001, 1
p_r=lp _r+l .
p rtl o p -1

7=1 p

Velocity relationships:

M:i[y_pf(yn)&] (Vﬁ;“)z —2—17(7—14-(;/4—1)%]

< l 2 >

where ¢ =P and Iy =12
P P,
For a strong shock:
2 2

- +1 h— -1
() N )2 () BN Ol

G 2r p 2y
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Analysis of shock wave — continued
For adiabatic ideal gas, entropy considerations::

Internal energy density: &=

p
—L___cr
(r-1p

First law of thermo: de =Tds — pd [lj
P

il G lonl2)

s=C,In [Lj +(constant)
o

7
S, =8, —C,,ln[pz[p'] J 0<s,-s5 <C,,[ln[&]—;/ln[7—+lﬂ
P\ Py P 7_1
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