11/8/2016

PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM MWF Olin 107

Plan for Lecture 29:
Chapter 10 in F & W: Surface waves

-- Non-linear contributions and soliton
solutions
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20 Mon, 10V1772016 Thap. & Mechanics of rigd bodles Exam dua
21 \Wed, 101972016 Chap. & Mechanics af ripd bodies #16 142016
Fri, 106212016 Fail break — no cass
22 Mon, 102412016 Thap. B Machanics of Elasts Mambranes "ITd 10ZB2016
23 Wed, 10V2E2016 Chap, 9 Infreduction to hydrodynamics
24Frl, 1N2AZ016  Chap. 9 Infroduction to hydrodynamics wia 10312016
26/Mon, TOVA1Z01E Chap, § Saund wavas #13 1H02EHE
26 \Wed, 110212016 Chap. @ Sound waves ] 111042016
27 Fri, 1142016 Chap. 9 Non-inear sound wzi 110712016
28'Mon, 11072016 Chap, 10 Surface waves in fuics
» 20/\Wed, 11/08:2016 Chap, 10 Surfacs waves in fuids ] 1112016
30/Fn, 1112016 |
31 Mo, 1114/2016
32 Wed, 117162016
33Fn, 1182016
34 Mon, 11/21/2016
Wed, 11232016 Thanksgiving Holiday — no class
Fri, 1252016 Thanksgiving Holiday — no class
\Wed, 12/07/2016 Fresentations |
Fri, 120082016 Fresentations 1|
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Professor Shannon
Wikioughhy. Montana State
Uritversity

4:00pt - Ofin 101
Refreshments served
3:30pm - Ofin Lounge
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Surface waves in an incompressible fluid
General problem

incIugiing 3 ol
non-linearitie i §

d

Within fluid: 0<z<h+¢

oo |,
—54—5\/ +g(z—h) = constant D = D(x,y,2,t)
VD=0 v=v(x,p,z,t) =-VO(x,y,z,t)
Atsurface: z=h+¢ with ¢ =& (x,p,1)
£=%+VX%+V,£=—M where v, =v_ (x,y,h+¢,t)
dt ot ox oy 0z ohic 7 :
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J

Further simplifications; assume trivial y - dependence

X

® =D(x,z,1) ¢ =¢(x0)
Within fluid : 0<z<h+¢

o0 dl
At surface : =h =22 =25
surface vz(x,z +< ,) o dt

Non-linear effects in surface waves:

X

Dominant non-linear effects = soliton solutions

31, x—ct
S(x,t) =1, sechz[ 7"7} 77, = constant
gh o
where c = | —>—— = ,/gh| |+
Vi—n /- V8 ( 2h]
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Detailed analysis of non-linear surface waves
[Note that these derivations follow Alexander L. Fetter and
John Dirk Walecka, Theoretical Mechanics of Particles and
Continua (McGraw Hill, 1980), Chapt. 10.]
We assume that we have an incompressible fluid: p = constant
Velocity potential: ®(x,z,t); v(x,z,t)=-VD(x,z,1)

The surface of the fluid is described by z=h+{(x,t). It is
assumed that the fluid is contained in a structure
(lake, river, swimming pool, etc.) with a structureless
bottom defined by the z = 0 plane and filled to an
equilibrium height of z = h.
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Defining equations for ®(x,zt) and ¢(x,t)
where 0 <z < h+(x,1)
Continuity equation:

O’D(x,z,t)  O’D(x,z,1)

2 + 2 =

ox Oz

Bernoulli equation (assuming irrotational flow) and gravitation
potential energy

oD,z | 1 (BGJ(X,z,t)JZ+(0€D(x,z,t)jz v gz—l)=0
ot 2 ox oz g e
) )
Vx VZ

Viv=0 =

0
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Boundary conditions on functions —

Zero velocity at bottom of tank:

0D (x,0,t) 0
0z '
Consistent vertical velocity at water surface
d 0
v.(%,z2,0) .., = _§ =v-VJ{+ _§
dt ot
o ©
L, 9,0
Ox Ot
oD (x,z,t)  O0D(x,z,t) 05 (x,t)  OE(x,t)
+ - Jz:h+¢ =0
0z Ox Ox ot




Analysis assuming water height z is small relative to
variations in the direction of wave motion (x)
Taylor’s expansion about z = 0:

> 5 .
‘?\LOJ)* z9 ‘?\X,OJ)Jr Z9
oz° kil 4! 6z

Note that the zero vertical velocity at the bottom ensures

that all odd derivatives @(x 0.1) vanish from the
7 0

- 2
D20~ D(x,0,1) + 222 (1,0, + -2
oz 2

Taylor expansion . In addition, the Laplace equation allows
us to convert all even derivatives with respect to z
to derivatives with respect to x.

2 52 45D
Modified Taylor’s expansion: ®(x,z,t) = ®(x,0,7) ) —(x,0,7) +Z—él T
2 ox’ 4! ox
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+(x,0,0)-

(x,0,0)--

Check linearized equations and their solutions:
Bernoulli equations --

Bernoulli equation evaluated at z = A + {'(x,¢)
_0D(x, 1)
ot
Consistent vertical velocity at z = 7 + {'(x,t)
0D (x,2,0) _ 9¢(x,1)
ST =0
0z ot
Using Taylor's expansion results to lowest order
oD(x, ,t) i 0@ (x,0,t) B 0D(x,ht) — OD(x,0,t)
oz ox’ ot ot

+gg(x0)=0

Decoupled equations: CALC gh (’)‘(D(x: o t)A

or ox*
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Analysis of non-linear equations -- keeping the lowest
order nonlinear terms and include up to 4th order
derivatives in the linear terms. Let @(x,¢) = D(x,0,7)

Approximate form of Bernoulli equation evaluated at surface: z =h + ¢

0 (h+g) &9 1|(ogY 7Y ~
a2 6t6x2+2|:(6xj +[(h+§)5x2”+g§_0

2 A3 2
RN L
ot 2 otox” 2\ ox

Approximate form of surface velocity expression :
0 op\ W o‘p oc

—| (h+(x,t)— |-————==0.

8x(( s e 6xj 3toxt ot

The expressions keep the lowest order nonlinear terms
and include up to 4th order derivatives in the linear terms.

2016
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o9 I 3¢ (aw
Coupled equations: ——+— k) =0.
Hplec equat o 2o 2lar) T8

e} 7&@755
(<h+§(x 2 xj o o

Traveling wave solutions with new notation:
usx-ct  Jxn=yw) and S(x.0)=n)
Note that the wave “speed” ¢ will be consistently

determined
dy() b’ d’y@) 1 (d Z(u)jz
-— +— + =0.
a2 a2 de ) TS

[(h+n( ))dziu)j Ry dn@w o

6 du du
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Integrating and re-arranging coupled equations

dz) o’ &'z  1(dz@)Y _
¢ du 2 di’ 2( du )+g77(u)70.

n

& W 1 g Mg ., g
=Sy =—=n+—y"-— r-=p-—=n"-2+
x cﬂ 2;{ 20(1) 077 2¢ 20377

((,H n) dz(u)) W', dnw)
du

6 du' du

3(h+77);('7%;("’+077:0
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Integrating and re-arranging coupled equations — continued --
Expressing modified surface velocity equation in terms of 7n(u):

g Mg , g .| kg
h+n)| -Sn-——=n"-2-1* |[+—=n"+cn =0
( 77)[ 1o 26377j o T Hen
gh) gh' . g, gh
:{1_?}7_?” _7(1+7 =0
hg "
=|1-% n(u)—— ()~ —[n(u)] - 0.

Note: > =gh+...

PHY 711 Fall 2016 — Lecture 29




Solution of the famous Korteweg-de Vries equation

Modified surface amplitude equation in terms of 7

hg ” 3 .
= (1 -;—?)q(zt) —%7]"(1{) -ﬁ[q(w] -0.

Soliton solution

3n, x—ct

1) =n(x—ct)=n, sech?| ,|[—& =———

Sl =n(x—ct)=m, [,}h 2h]
c= l—jg]jl/h :Jgh[l+;7—;lj where 77, is a constant
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£(x%,0) = p(x—ct) =, sech? [\/3}170 xZ_th]
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Relationship to “standard” form of Korteweg-de Vries equation

New variables:
p=2n, X= iﬁ, and 7= 3« .
2h h 2h 2n,h

Standard Korteweg-de Vries equation

3
‘3—7 +6 on + a—’Z =0.
ot o&x Ox

Soliton solution:

n(x,1)= g sech’ [g(i - ﬂ?)},
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More details
Modified surface amplitude equation in terms of 7 :

kg - B T =
( cz]n(u) 37 W 2h[ﬂ(u)] 0.

Some identities: 12 = 7g—?; a—nzfcd—n; Gl:@
h c ot du Ox du

Derivative of surface amplitude equation:
B W 3,

i n 3 n h’l’l -

Expression in terms of x and #:

-t = 0.
chor 3 ox hﬂ('}x

Expression in terms of X and 7:

3
a—”+6qa—”+a—7770.

or & o
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Steps to solution

hg n 3 >
1- — L) - = =0.
{ 52]77(“) 371" 2h[ﬂ(u)]
hg _ 1, m L 3 >
Let 1-28=-T0 S Thpay 2 gy - = =0.
e =, 160 ==71"(0) 2h[f?(u)]

. . d(n ” 1
Multiply equation by 7'(u =— 2’ w) - —n" ) -—1’ W) |=0
ply eq y 17'(u) du[zh”() g7 W 2hr7(t)J

Integrate wrt u and assume solution vanishes for u — oo
Mo 2 L s

L7, - - =0

1@ =gt @ = )

) 3,
1w =5 () (1, —1(w))
_dn o = qu = nu) = S N
(1, =n) h [ 37, ]
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Summary

Soliton solution

o [3m, x—ct
) = —ct) =1, sech’| ,[—2
St =n(x=ct) =1, [, p ZhJ
gh T :
c= |—=——=~.gh| 1+ % | where 5, is a constant
- g( 2hj o
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Photo of canal soliton http://www.ma.hw.ac.uk/solitons/
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