PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM  MWF Olin 107
Plan for Lecture 30:
Chapter 11 in F & W:
Heat conduction
1. Basic equations

2. Boundary value problems
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Mechanics af ngi
21 Wed, 10AW2016/Chap. 5 Mecharics of rigid todies

Fei, 10:21/2016 Fal break - na class
22 Mon, 10v24/2016 [Chap. 8 Mechancs of Elastic Membranes #17
23 Wad, 102672016 Chap. § Introcuction to hydragynamics
24 [Fil, 1026/2016 [Chep. 9 nitreduction to hydrodynamics #18
28 Man, 103112016 Chag. 8 Saund waves #18
26 Wed, 11/02/2016 Chap. 9 Saund waves #20
27 Fri, 110472016 (Chag. 9 Mon-iresr sound w21

28 Mon, 110772016 Chag 10 Surface waves in fuds

28 Wed, 11082016 Chap 10 Surface waves i fuds
» 30 Fri, 117112016 [Thap. 11 Heat canductvity

31 {Mon. 142016

32 (Wed, 11162016

33/Fn, 1117802016

34 Man, 11212016

Wed, 11232016 Thanksghving Holday — no class
Fri, 11/25:2016 Thanksgivng Holday - no class
Vied, 120772018 Fresentations |
Fri, 1200502016 Preseniations 1|
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Conduction of heat

W ~ Jn
Enthalpy of a system at constant pressure p

non uniform temperature 7'(r, )

mass density p and heat capacity c,

H =_[pc,,(T(r,t)—T())d3r+Ho(T(>sP)
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Note that in this treatment we are considering a system at
constant pressure p

Notation: Heat added to system --dQ=TdS
External work done on system - dW =—pdV
Internal energy —~dE =dQ+dW =TdS — pdV
Entropy --dS
Enthalpy --dH =d(E+ pV)=TdS +Vdp

Heat capacity at constant pressure:

oA{2) (23
»“\ar), \or), "\or),

_ 3

C,=pcdr
More generally, note that ¢, can depend on T; we are
assume that dependence to be trivial.
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Conduction of heat -- continued
H = jpcp (T(r.t)=T))d’r + Hy(T,. p)
Vv
Time rate of change of enthapy:

dH oT (r,t) , . s
?:lpCpTd r:—:'ijjh'dA+'l[pqd r

heat flux heat source

QAT(nt) oy
pPc, o b T Pq
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Conduction of heat -- continued

oT (r.1) . .
PE =-V-j,+pq
Empirically:  j, =—k,VT(r,z)
= (r) KVT (r,t)+ 4
ot c

P

K= L7 thermal diffusivity
pe,

Typical values (m?/s)
Air 2x10°
Water  1x107
Copper 1x104
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Boundary value problems for heat conduction
Ty

oT (r,t

Without source term: p ) -&V°T(r,t)=0

111117201
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Example with boundary values: T(O V2> 1)=T(a,y,z,t)=T,

Boundary value problems for heat conduction
(g ) ey T (r,1) =0 470
t =
T(O Y.z, t) T(a V,2Z, t) T, b
6T(x,0,z,t) 6T(x b,z, t)

5y Assuming thermally
6T(x y 0 l‘) aT x y c, t insulated boundaries
oz
Separation of Varables (x v,2,t)=T, + Y (y)Z(z)e™
2
Leth;a inﬂY dz;yz
dx’® dz*

:71+K(az+ﬂz+y2):0
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Boundary value problems for heat conduction

=4

T(x,0,20) =T, + X (x)Y () Z(z)e™ P
X(O):X(a):O 3X x)—sm(

dav(0) _dv(p)

dy dy - y)_cos[ j
P el
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Full solution:

nmp

T(x,y,2,0)=T,+.C,. sin( m”x)cos[MTy)cos(
a

Boundary value problems for heat conduction

/

) ) )
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Full solution:

T(x,y,z,t)=T,+>.C,,, sin[m

nmp

¥
n=lm=0,p=0

_1-pr:‘::::h_ )
0 0.4 ”ﬁf“fg 1050
X
n=lm=Lp=0
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”x]cos(n”—y] cos( prz
a b c

Oscillatory thermal behavior

T(z=0,0)=R(T,e™)

z=0

V4
ar _ KaZT Let f(z)=Ae”
o oz’ 2 i® 3in/2
it a =——=e
Assume: T(z,f) = sn( f(2)e™) K
d*f .
i — a=x(1-i
(wlwwy)wf " d22 PHY 711 Fall 2016 - Lecture 30 ( ) 2K

[2]




Oscillatory thermal behavior -- continued

T(z=0,0)=R(T,e ™)

11/11/2016

z=0 z
T(z,t) _ ER(Aei(l—i)z/ée—mz)

where ¢ = 2K
w

Physical solution: ~ 7'(z,7) = Tz)e’”‘g cos [g - a)t)
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T(z,t)=Te " cos(g - a)tj

t=0.
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Initial value problem in an infinite domain; Fourier transform
M—/cva(r,t)= 0
ot
T(r,0)=f(r)

Let: f(q,t):J-dJre"q"T(r,t)
Fla)= [dres 1(e)
= T(q.0)= f(a)
af(q,t)

===k T(a.r)
f(q,t)z f(q,O)e‘qu’




Initial value problem in an infinite domain; Fourier transform

T(q.0)= [@re ™ T(e) = T(er)= ﬁ [@ge T (q.1)
T(q.t)=T(q.0)e ™"
T(r.i)= ﬁ [@ge* 7 (q.0) "
T(a.0)=7(a)=[d*re " £(r)
7(r,t)= Id3r‘G(r—r',t)T(r‘,0)
with G(r—r',7)= ﬁ_‘.d‘}qe"" (rr)gy’t
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Initial value problem in an infinite domain; Fourier transform

T(r,t)= ja”r'G(r -1, )7 (r',0)

with G(r—r',t)= (271[)3 J‘d3qeiq'(r’r')e”{qz’
' 1 —fe-r
G(l'—r ,t)= (4717([)3/2 o)
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Heat equation in half-space

D) r(e )0
ot
T(r, t) = T(z,¢t) with initial and boundary values :
T(z,t)=0 forz<0
T(z,00=0 forz>0

T0,0)=T, fort>0

z
Solution : T =T, erfc
’ [2\/2 j

where erfe(x)=—= J- e du




Heat equation in half-space -- continued

6T(z,t)_K 0’7 (z,t) -0

ot o7
Solution : T =T, erfct j

N

where erfe(x)= % -[ e du
7

Note that d erfelx) erfc(x) = ii_‘.e’“zdu = —ie’x2
dx dx Jz 3 NS
z 2 7(//(4;\1)) z
erfc| —— |=—e
ot [%/E J 7 4it?
2
2

—erfc

[i) _ 767&2/(4”»(#]
oz’ ) Nz 4/(@
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