PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM MWF Olin 107

Plan for Lecture 31

Viscous fluids — Chap. 12in F & W
1. Viscous stress tensor
2. Navier-Stokes equation

3. Example for incompressible fluid

11/15/2016

11/14/2016 PHY 711 Fall 2016 - Lecture 31
21 Wad, 101192016 Ghap & Mechanics of rigic bodins. 216 102402016
Fri, 1062172016 Fall break - no class
22 Mon, 16242016 Chap B Mechanics of Estic Membranes My ZBA01E
23 Wed, 10/26/2016 Chap. 8 Introduction to hydrodynamics
24 Fri, 10282016 Chap. 8 Introduction fo hydmgynamics wa 1032016
25 Mon, 10/31/2016 Chap. @ Sound waves #19 11022016
26 Wed, 11/022018 Chap, 8 Sound waves #20 MO42016
2T Fri, 11042016 Chap. 8 Mon-tnear sound Wz OTZ016
28 Mon, 11/0772016 Chap. 10 Surface waves in fluds
29 Wad, 11092016 Chap. 10 Surface waves in fluds wa2 111172016
A0 Fri, 11112016 Chap. 11 Heat canductivity w23 MIN4I016
» 31 Mon, 171472016 Chap 12 Vescaus fligs a4 Hitea0e
32 Wed, 11162016
33 Fri, 1182016
34 Mon, 112172018
Wed, 11232016 [Thanksgiving Holiday — no class
Fri, 117252018 [Thanksgiving Hoiday -~ no class
Wed, 12072016 Presentations |
Fri, 121062016 Presentations |l
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Equations for motion of non-viscous fluid
Newton-Euler equation of motion:
ov
P+ P(VV)V= Py = Vp
Continuity equation:
op op
—+V-(pv)=0 = v|=+V-(pv)|=0
ot ot
Add two equations:
ov  Op
p—+—vV+p(v-V)v+vV-(pv)=pf ., —Vp

3

ot =R
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Equations for motion of non-viscous fluid -- continued
Newton-Euler equation in terms of momentum:

opv) , 5 2emy)
apvV) SOV Ly
z + ; 6)5/ Plappiied p
3 0
8(§V) + ZM +Vp= Pfuppnm
0

= 3x]

Fluid momentum:  pv

Stress tensor: T, = pvyv; + po,

i" component of momentum form of Newton-Euler equation:
0 (pvi) - 0T,

- P g
ot ; 6x_, Pl
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Now consider the effects of viscosity
In terms of stress tensor:
__ rpideal viscous
T,=T T,

ideal ideal
™ =pvy, + pé:j =T;

Newton's "law" of viscosity
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Effects of viscosity
Argue that viscosity is due to shear forces in a fluid of the form:
E{mg =7 %

4 o
Formulate viscosity stress tensor with traceless and diagonal terms:

v, Oy 2 .
T;l :_”[57):;-'—07)‘;[_5 AI(V‘V)]_ng(V‘V)

viscosity bulk viscosity
Total stress tensor: T}, = Tji + T,

ideal
L™ = pvv, + péy

ov,  ov, 2
Ty :_'7[67;+072—§5H(V~V)]—§§H(V‘v)
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Effects of viscosity -- continued
Incorporating generalized stress tensor into Newton-Euler equations
a(pv) 0T,

Y

= Ox;

=p/;

pv, K0Py, p o, ( 1 )3 o,
Ly — 2= -+ L+l L+ — —
o ; & '7; P G ;ax,ax/
Continuity condition
2, 0pv,
6—p+ o
o ‘O 6):]

Vector form (Navier-Stokes equation)

@Jr(v»V)v:f—leJr”Vvari §+177 V(V-v)
ot p p P 3
Continuity condition

0,

a—p+V-(pv):0
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Newton-Euler equations for viscous fluids
Navier-Stokes equation

X vy :f—lvp+ﬁvzv+l(g+lnjv(v v)
ot P P P 3
Continuity condition

p

\A =0
at+ (pv)

Typical viscosities at 20° C and 1 atm:

[ Fuid __|__np(mis) | _n(Pas) |

Water 1.00 x 106 1x10%°

Air 14.9 x 10° 0.018x 10

Ethyl alcohol 1.52x 106 1.2x 103

Glycerine 1183 x 10© 1490 x 103
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Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R

Navier-Stokes equation

N vV :ffin+lVZv+i(é’+l77)V(V v)

ot P P p 3

Continuity condition

op
PLy. =0
ot V)
Incompressible fluid = V-v=0
Steady flow = N =0
Ot
Irrotational flow = Vxv=0

No applied force = =0
Neglect non-linear terms = V(vz) =0
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Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

Navier-Stokes equation becomes:

0=—Lyp+ Ty
PP

Assume that v(r,t)=v, (r)z

P _ nV?v.(r)  (independent of z)

Oz

Suppose that a—p = &
oz L (uniform pressure gradient)

A

nL

11/14/2016 PHY 711 Fall 2016 — Lecture 31 10

= VzvZ (r)y=-
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Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

Vv.(r) = A

p oL
1d )t
rdr dr nL

Ap2
4

v.() =22 1 C () +C,
nL

2

ApR
=C =0 vZ(R):O:—4pL +C,
"

v, (r)= ﬁ]—’;‘(Rz —rz)
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Example — steady flow of an incompressible fluid in a long
pipe with a circular cross section of radius R -- continued

v,(r)= 4A77%(R2 —rz)

Mass flow rate through the pipe:

ddi]‘tl = ZEpIOerrvz (r)=

ApprR*
8nL

Poiseuille formula;
=>Method for measuring n
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Example — steady flow of an incompressible fluid in a long
tube with a circular cross section of outer radius R and inner
radius xR

-
Lm0
rdr dr nL

2
V() =-2C L Ccn() +C,
: 4nL

2
v (R)=0=—2PR _ cimry+c,
4nL
2p2
v (kR =0= PR Ry 4 C,
4nL

11/14/2016 PHY 711 Fall 2016 - Lecture 31 13

11/15/2016

Example — steady flow of an incompressible fluid in a long
tube with a circular cross section of outer radius R and inner
radius kR -- continued

Solving for C, and C, :

R 0
: 4anL R Ink \R

Mass flow rate through the pipe:

5 2
ApprR* 1_K4+(1‘K )
8nL Inx

a_
dt
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R
0 LR rdrv,(r) =




