PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM MWF Olin 107

Plan for Lecture 33

Navier-Stokes equation — Chap. 12 in F&W

» Effects of viscosity on sound

11/18/2016

11/18/2016 SHY 711 Fall 2016 - Lecture 33
23 Wed, 10v26/2016 [Chap. 8 Introduction to ydrodynamics
24/Fri, 1282016 Chap. & Introductan b hydratynamics 218 112016
[28/Man_ 10V31/2016 [Chap, & Sound waves 18 WA2Z0E
26 Wed, 11/02/2016 Chap. § Sound waves &, HD4206
27/Fr, 11412016 Chap. B Man-lngar saund Wz 072016
28 Man, 1170772096 ‘Chap. 10 Surface waves in fuids
20 Wed, 11/09201€ [Chap, 10 Surface waves in fuds =2 W08
30(Fn, 11412016 Thap 1t Feat canductivity rrel 11472016
21 |Man, 11142076 Chap. 12 Viscaus s Bz4 16206
32 Wed, 11/16/2016 [Chap, 12 Viscalss ks uzs 1111872016
- 33/FN, 11182016 IChap. 12 Viscaus fuidy was 1z1R0E

34 Man, 112172016

Vied, 117232018 Tnanksgiving Hakday — no class

Fn. 11252016 Thanksgiving Holday — no class
38 (Man. 11282016
36 Wied, 1173072016
37 |Fn, 120272016
30 Man, 124052018

Wed, 120772016 Presentations |

Fri, 1200802016 Presentations. il
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Comment on drag on a sphere moving in a viscous
incompressible fluid:

v, =uc0s9(1—2£j=ucose[l—4cl —&—ﬁj
P

rdr ”

2
somusing(1-LL 1D ) inof1-46,- G4 G
r

”
To satisfy v(r > ) =u: =C =0
To satisfy v(R) =0 solve for C,,C, € “non-slip” condition

3
v, =ucos@ 173—R+R—3
2r 2r

3
v, :7usin0[173—RfR—j

47 47
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Newton-Euler equations for viscous fluids

Navier-Stokes equation

N (v-9)y :ffle+1VZV+l[§+lf]jV(V-V)
ot p p P 3
Continuity condition

op
ZLiv-(pv)=0
> TV (oY)
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Newton-Euler equations for viscous fluids — effects on sound
Without viscosity terms:

SHvvv=r—vp L4 (pv)=0
Assume: v=0+9v f=0 p=p,+p

3
P=p,+0p=p, J{@i] 8p=p,+c’op

s

. . . 08 ? [olo)
Linearized equations: 9oV _ 7C—V5p 9P, A% -(5V) =0
ot Lo ot
Let Sv= 5V0 ex(k r-ot) 5P = 5,00 ei(k~r—wz)
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Sound waves without viscosity -- continued

2

Linearized equations: ooV _ L v %p PV (6v)=0
ot Lo ot

Let Sv= §VU ez(kvr—mt) 5p5 5’00 e;(k r-ot)

2 2
A ~Cvsp = wdv, = %k
ot Po Po
%+puv~(§v):0 = —wdp, + pk-Sv,=0
kzzwz P, :IA(‘SVO
: Po ¢

=>Pure longitudinal harmonic wave solutions
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Newton-Euler equations for viscous fluids — effects on sound
Recall full equations:
Navier-Stokes equation

%+(V-V)v:f—%Vp+%V2v+%({+%njV(V-v)

Continuity condition

op

——+V. =0

o TV ev)

Assume: v=0+09v f=0 pP=p,+0p

p(s.p)=py+3p=p,+cop+ (@j 3s
os ),
where ¢* = P ‘/ISCOSlty
op causes heat
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Newton-Euler equations for viscous fluids — effects on sound
Note that pressure now depends both on density and
entropy so that entropy must be coupled into the equations

@+(V~V)V:ffle+lV2V+l[{+lﬂjV(V-V)
P P P 3

ot

op Os )

Fiv. =0 T —=k VT

5 V(oY) pr ==k,

Assume: v=0+09v f=0 pP=p,+0p

[y [

p:po+5p:p0+czép+(—p) Ss wherec?=| L
0s ), op ),

T=T+0T=T,+ or 5p+(6—Tj os
op ), 0s ),

s=5,+0s
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Newton-Euler equations for viscous fluids —
linearized equations

ov 1 Nea 1 1
—+(v-V)v=f——Vp+=Vv+—| J+—1 |V(V-
ot v P r P ' p[g 377) v-v)

= oy _ —LV(Sp +Lvsy +i[§ +§77JV(V -OV)

ot Po P Po
2
L [‘ip] v5p+(alj Vs :7C—V5pfpu[6—T] Vs
P |\op), Os p Po op ),
Digression -- from the first law of thermodynamics:
de=Tds+La L[%) [T o)) [lp ~L[ﬁl)
=Y 5l\a),) o), »)) Ua ), 5\a),

1(op
2L -
m[é‘s]p p“[
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Linearized equations -- continued

op

Piy. =0

5 V(oY)
:%erOV»(&v):O

Os )
pTo =k VT

=905 _ ks (c’LTj viss+| L Vip
ot pT,\\0s ), op ),

Further relationships:
[61) L go=tu
0Os ), - c, Pe,
! ‘ heat capacity at constant volume
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Linearized equations -- continued

Os )
T—=k, VT
P o o
:@:—k”’ (g) V385 + ar Vip
o py\\ds), ap ),
Further relationships:
[ELT] B xo=tu
os ), ¢, pc,
:>@= }/K’Vzﬁs+£ oar Vip where;/zi
ot 5 \9p ), c,
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Newton-Euler equations for viscous fluids — effects on sound
Linearized equations (with the help of various
thermodynamic relationships):

2
@:—C—V&—p{alj Vé‘s+lV2§v+i(§+lnjV(V~§v)
ot Po op ), Po Po 5
oop

—+p,V:(9v)=0

o Po ( )

a5s . ex(ar) _,

—= Os+—L—| — | V?§

a oty [Bpl v

0
c k

Here: y=-Z~ K=—1
¢, C,Ps
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Linearized hydrodynamic equations

2
goy :—C—V§p—po(z—T] V5s+le§v+i(§+én)V(V~5v)
P s

ot Po Po Po
oop
—+p,V-(6v)=0
5 TAv(ov)
00s ) c,k(oT 5
—= Os +—L—| — | V5
o VO (a j v
It can be shown that
2 2
[alJ = s ~ Te'p where = i(al) (thermal expansion)
o), pe, P, yierj,

Let Sv= §V0 ex(k‘r—mz) é‘pE 5Pg ez(k»r—mz) Ss EgSO ex(k‘r—wr)
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Linearized hydrodynamic equations; plane wave solutions:
2 2 . 2 .
@6V, = Py, @&vnk - %5% - L(é’ + l7])k(k -0V,)
o c, Po Po 3
wop, — p, k-0v, =0
. 2
085, =—ipck’5s, ~ L ks,
P

In the absense of thermal expansion, f=0

2¢ . 2 .
wov, = Py K §VU—L(§+ank(k-5vo)
) Po Po 3

wop, — p, k-0v,=0
©3s, =—iyxk’3s,

. H,,?Entropy and megbapiﬁqalﬂmodes‘, are independent

Sv=0v, ei(k-r—wl) Sp=dp, e[(k-r—zm) Ss=3s, e;(k.r_w)

2 ¢ D 2 .
:%k—ﬂb‘vu 7i({+1ﬂ)k(k-b‘v0)
Po P P 3

wop, — p, k-0v,=0

oV,

©3s, = —iyxk’3s,
2y

Entropy wave: Js = ds,e %' ® "4~ where A=
0
3}

Density wave: dp, = k-0v, 2 op =dp,e
@

-1/2
w w 3 2] w o 3
k=—|1-i5—{+— =—+iax—+i +=
c[ 2p, (: 4”]] c c 2p, (; 4’7)

—k r’Jel(li-r/§fn)z)

—ak- re:((u e)kr—ct)

Transverse wave: Ov,, xk#0  Jdv, =dv, e

2
where 5= 2L

In the absense of thermal expansion, £ =0 -- continued:
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Linearized hydrodynamic equations; full plane wave solutions:

2 2 212 .
@6V, = Sy +%5sok— ink év, —L(§+lr])k(k -0V,)
Po » o o 3
wop, — p, k-0v,=0
85, = —iyk*Ss, - e 4 50,

0
Transverse modes (Jv-k=0):

0p, =0 0s,=0
. kz . 1/2
£w+L](§Vx K)=0 k:i(%j
Po n
—kr/S i(kr/S-or) 2n
Ov, =0v, e "% where o= |—
@p,
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Linearized hydrodynamic equations; full plane wave solutions:

: :
g TP s gk 5v0—L(§+§r;)k(k-5vo)
P P

o c, o o

WOV, =

wop, — p, k-0v, =0
. 2
ﬂkzb‘pn

0

@85, =—iykk>Ss, —

Longitudinal solutions: (Sv -k # 0):

2 272
[wz ey +i%{§’7+§)j5po _Mé‘so =0
Po <,

. 2
ﬂkzﬁpo + (w+ i;/lckz)é'so =0
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Linearized hydrodynamic equations; full plane wave solutions:

Longitudinal solutions: (v -k # 0):

2 272
[a)z TSNS Gmgnépo 7’%1&5% =0

0 P

ixpc?

——k8p, + (@ +iykk® )55, =0
Po

Approximate solution: =— + io

k
( J KTﬁ
2¢,c

—ak-r t((o/c)(k r— cz)

where o=

op = op,e
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