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Mathematical Methods
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Plan for Lecture 34

Physics of elastic continua —
Chap.13inF&W

1. Stress and strain

2. Waves in elastic media
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Brief introduction to elastic continua

reference deformation

r'=r+u(r) r'=r,+u(r,)

r'-r'=r,-r +((r2 —r1)~V)u(r1) +...
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Brief introduction to elastic continua -- continued

Deformation components:

ou _fow 0w L[ ow O

ox; 2\ox; ox, ) 2(ox, Ox

=€+ Oij . .
‘ rotation of material

elastic strain
tensor
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Brief introduction to elastic continua -- continued

reference deformation
r'=r, +u(r) r,'=r, +u(r,)

rz‘—rl'zrz—rl+((r2—r1)~V)u(rl)+...

3
1 L) — —
Xoj Xy R Xy =X+ ij (ij ‘xlj)
j=1
Effects of strain on a vector:
a'=a+a(qX+6,¥ +6,2)

a'=‘a'-a"za(lt§1)
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Deformation

a
a'=a+a(e, X+, +6,2)

b'=b+ b(e,zfx +e,¥ + 5322)

for a-b=0=abcosd :9:%

a'b' ~ab(e, +e,)=2abe, =abcost'
cosf'= cos(19+ (s 9)) =cos cos(0' —0)—sin8 sin(6' - 0)
~—sin@ sin(0'-0) ~—(0'-0)

, 3
4 zB—ZqZ:E—ZG

12
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Brief introduction to elastic continua -- continued
Deformation components:

ou,_1fou ou) 1fou aw
ox; 2\ox; 0Ox ) 2(0x;, ox
=¢, +O

V=a-(bxc) V'=a.(bxc) V'=V1+V-w=V(1+Tr(c))

av dp
V-u=¢, +e,+e€ :Tr(e)==—=——
11T 6 T 63 % -
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Elastic stress tensor
3

—Z]},dA = i" component of force acting on surface nd4 = dAl
j=1

Generalization of Hooke's law, F, =—kx:

. Ou, Ou,
Lame' coefficients : 7, =—A5,V-u—pu| —+—=
’ ’ ox;, o

J

or: T, =-168,Tr(e)-2ue,
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Elastic stress tensor -- continued

T, =—26,;Tr(e) - 2ue,

Note that: Tr(T) ——3(/1+§y Tr(e)

K = bulk modulus=— V[a—pj
ov

Inverse Hooke's law: ¢, b T.—L 8,Tr(T)

v y i
2u 3(/1 +§ ,uj
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Stress tensor -- continued

In terms of bulk modulus: K=A4+ % Y7
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1 A 1 1 1
1) |~ aT) {13 o)

G=" i~ ij
24 3(/1 +§ ,uj

Example -- hydrostatic pressure: 7 = 5,dp
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Tr(T) =3dp
& =_d7’35i/ = _jleb;'
3[1 +7,uj
3
Note that: Tr(e)=d—V=—d—p
V K
=>K=- @
ov
1 A 1 1 1
o=t smr) :——(S,.Tr(T)——(T,.—f é',.Tr(T)]
i 2/1 i 3[i+zﬂ] oK ¥ 2,u e
3
.. dp ij=zz
Example -- uniaxial pressure: 7, = .
Y 0 otherwise

€, = —lT:Z in terms of Young's modulus

ecture 34
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Example -- uniaxial pressure: 7; =

dp =z
0 otherwise

transverse contributions:

=6 =|5gt e |-
» 9K 6u

Poisson's ratio:

€, 13K-2u
T e 23K+u
Relationships between elastic constants:
1 E
“31-20
1 E
2140
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1 1 1
(=g d1) (-5 a(T)|

Shear modulus
_|=f forT or T,
7710 otherwise
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Values of bulk modulus K for elemental materials --

Buk Moduius (GFa)

Up to date, curated data provided by Mathematica's ElementDiata function from Wolfram Research, Inc.
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. Values of Young’'s modulus E for elemental materials --

100 200 300 400 500
Young Modulus (GPE)

Lin tn date. curated data orovided by Mathematics's ElementData function from Wolfram Research, inc.
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Values of Poisson ratio o for elemental materials --

H He
L H e N B o N
Ne Mg Bl r 3 o w
K Cs S = W
R B Y ™ X
cs  Ba Fo M An
B Am Wh G e

L s P M Pm Bm BN G0 T Dy H B TR YR L

[ Th P U No Pe Am Cm Bk O @& Fm Ms Mo L
| T

o1 [F] oa o4
Poisson Rato

Up to date, curated data provided by Mathemancs's ElementData functon from Wolfram Research, Inc
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“Values of shear modulus p for elemental materials --

F o e
o ow
O
LI
M An
FooA A Dt 55 B e M D RAg ke e g b U e

[ 100 150 200
Shanr Modulus (GPa)

Lip to date, curated data provided by Mathematics's ElementData function from Wollram Research, Inc
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Dynamical equations of elastic continuum

pil; =uVu +(K +l,u)V(V~u)+ of
ot 3
In the absence of external forces, this reduces
to two decoupled wave equations representing
longitudinal and transverse modes:
u=u, +u,
where Vxu,=0 and V-u,=0
1/2
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K+—u 12
¢ =|—— and ¢ =~
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Typical velocities of Material ¢, (m/s)
longitudinal sound waves Aminum, 3100-6400
shear - longitudinal wave
Beryllium 12890
Brass 3475
Brick 4176
Concrete 3200 - 3600
Copper 4600
http: d-speed-solids-d_713.htm Cork 366518
Diamond 12000
Glass 3962
. Glass, Pyrex 5640
air:  ¢~343 m/s Gold 3240
Granite 5950
water: ¢~=1433 m/s Harcwood 002
Iron 5130
Lead 1960 - 2160
Lucite 2680
Rubber, butyl 1830
Rubber 40 - 150
Silver 3650
Steel 6100
Steel, stainless 5790
Titanium 6070
Wood (hard) 3960
‘Wood 3300 - 3600
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from:
https.//pangea.stanford.edu/courses/gp262/Notes/5. Elasticity.pdf
Mineral Density Young's Modulus | Bulk Meduhss | Shear Modulus Paissor’s Aatia
Quarlz 2.6500 #5.756 36.600 45.000 0.053853
Calcita 27100 84,293 T8 800 42.000 31707
Dalomite 2.8700 116.57 84900 A45.000 0.205827
Clay (kachning) 1.5800 3.2034 1.5000 1.4000 0.14407
Muscinvite 2.75900 100.54 £1.500 41.100 022873
Feldspar (Albile) 2.6300 62.010 75.600 25.600 034786
Halitg 21600 37242 24 800 14,900 024572
2.9600 74,431 58.100 29,100 0.27888
49300 305.85 147.40 132.50 Q1547
3.9600 134581 124.70 51.000 FEIED
gas| 0.00065000 0.0000 0.00013000 0.0000 0.50000
waler 1.0000 0.0000 2.2500 0.0000 050000
ail] 080000 0.0000 1.0200 0.0000 050000

densities in g/cm?
moduli in GPa
velocities in km/s
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