11/28/2016

PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM MWF Olin 107

Plan for Lecture 35

Physics of elastic continua —
Chap.13inF&W

1. Elastic energy

2. Waves in elastic media
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23 'Wea 10262016 Chap. §

Intreduction to hycrrdynamics

24 Fri, 10282016 [Chap. 8 Introduction o hydmdynamics g 1312016
25 Mon, 103172016 [Chep. § Sound waves win 110272016
26 vec, 111022016 /Crap. & Sound waves w20 11042016
27 Fri, 11042016 Chap. & Non-dnear sound #21 1UCT201E
28 Mon, 11072006 [Crap. 10 [Surface waves in fluids

28 'Wed, THIRZOTE [Chap. 10 Surface waves in fluids {77F) 2016
30Fri, 1111/2016  [Chap, 11 Haat concuctivy w3 TA4Z016
31 Mon, 19/14/2016 ‘Chap. 12 Wiscous Muds L] 162016
32 Wed, 111672016 :Chap. 12 Wiscous fuds #25 11182016
33 Fri, 111182018 Chap. 12 Miscous fuds #26 212016
34 don, 1102 .13 Elaslic continua Prepare presenabions

Weo, 1 1
Fri, 112482016

38 Mo, 11282016 [Chap. 13

Tharisgnirg Holiday — na class
Tharksgning Holkday — na class

Etastic continua

Prepare preseniations

38 ved, 11302016 Math methods. Frepare presentatons
37 i, 120217016 Math mathods Srepare presentatons|
38 Mon, 12097016 Math mathods. Prapare presentabons
Wed, 12407/2016 Presentations |
Fri, 12002016 Presentations ||
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Brief introduction to elastic continua

deformation
" _
r,'=r, +u(r,)

reference
r'=r +u(r)
r,-r'=r,-r +((r2 —r1)~V)u(r1) ..

For cartesian components i =1,2,3:
Where

1{ éu, Ou,
€ =—| —+—L
o2y, oy
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3
1 L _ _
Xoj — Xy R Xy — X F qu (xz_,' xlj)
=
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Elastic stress tensor

3
72 T,d4; = i" component of force acting on surface id4 = dA
=1

Generalization of Hooke's law, F =—kx:

x

11/28/2016

, . u, ou,
Lame' coefficients : 7, =—A6,V-u—u . +E *f(? ,Tr(e) — 2,
J
2
Bulk modulus: -~ K= 4+ 5/’ material-dependent
empirical parameters
Young's modulus: E = oKu
3K+u
Poisson ratio: = 13K -2p
2 3K+ u
Shear modulus: Y7
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Stram
Stress
Hooke's Law: =—K¢, Tr

Inverse Hooke's Law: ¢, = ié} Tr(T) i[ = 6T r( )J
9K "’ 2
T,

) 0
Elastic force:  F™*% = Z 3 u
x

Elastic work due to distortion du

é‘Welaxun _ J’ d*x F . Su

*J.a” "5u

ulx

oo,
—ZIdA T,6u, 7;&13 o

11/21/2016 PHY 711 Fall 2 11 ecture

Elastic work due to distortion Ju

SWestie — J‘dzx Feste . Su
Vv

=3 Ja, T3 [arat, 2

=14 ij=ly 6

=ZSZJ.dAJ 7:/6”1 - iJ‘d%d:/Eer

=14 ij=ly t
sur;e bulk

contribution  contribution

3
For large samples: W <" = —ZId xTie;

j=ly
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3
Bulk elastic energy: oW % = —ZId xTe,
i=ly
Integrating from 0 to final strain €, :

3
5Welastlc — _%Z]}]_Eij

ij=1
Hooke's Law: T, =—K&,Tr(e) —Zy(ey. —%é‘y.Tr(e)j

1 : LY
W = —K(Tr 6)2 + ,uZ[el.j ——Tr ej

2 P 3

1 2 3 2

=E/1(Tr €) + ,uZeﬁ
ij=1

Note that the two relations:

3 2
5Welastic — %K(Tr 6)2 + /uZ[qf —%TI’ EJ

=1

T, =—K5,Tr(c) —2#(6” —%@/Tr(e)j

elastic
Ensure that: ML =-T,

€
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Dynamical equations of motion
Recall Newton's second law for continuum system with

density p, velocity components v, and stress tensor 7} :

o(pv 3, 0T,
olpw) =—> —H+pf,
ot e ‘external force density

For our elastic medium: p does not vary in time

Velocity related to displacement: v, = aﬁit"
Hooke's law: T, = —K5“Tr(e) - Z,U((k, - %@,,Tr(e)j

1{ o 0 1
- (V)2 2 2L ()
1 k
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1(0u, ou, 1
For: T,=-K&,(V- u)fzy[f[o—v:Jrgk’]fE&k,(v u)]
3, 0T, ( 2 J S o(Vv 2 du, 3, 0u,
- S, _ _
Yo o, 3% ax, " gaxkax, 3 x,
1 3 0, 3 o’u
— K+7 1 _ k
( 3 j,z;‘ﬁx,ﬁx, HEpy
6(pvk 2 8T
P 8x,
82u 1 )
= K+- £+
P or [ 3 j,za x,0x, Z Pl
Vector form: ,0 [K += yj )+ 1NV u+ pf

Dynamical equations of elastic continuum
0’u ) 1
W =uVu+ K+3,u V(V-u)+pf
In absense of external force:

2
a — yV2u+(K+ ﬂ)v(v u)
6 3

Suppose:  u=u, +u,
where Vxu,=0 and V-u,=0

2
pwauvz(u,+ut)+(K+%yJV(V~u,)
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Dynamical equations of elastic continuum
Transverse component:

o'y, d’u

P =4V, P = =£vu, =V,
it it

P

Transverse wave velocity: ¢, = /ﬁ

l;I =uV'u, +(K+%y]V(V ‘)

2.
Longitudinal component: p E;t

Note that the longitudinal wave has its displacement along its
propagation direction x,,, so thatu, =u, (xp) =u,(x,)X,

6214, o'y, 1 jé’zu 4 \ou
= +| K +— L= K+— !
Por Mo 3% ) o 3% o

2
P
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Dynamical equations of elastic continuum
Longitudinal component -- continued:

ou, 4 \ou
=|K+—u|—+
o ( 3”]ax;
o, £+iﬁ ou,

_ o oy,
or p 3p axi !

2
ox,

Longitudinal wave velocity:
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Some values:

J30an
jzazn
:

Subszanca

, annaaled
Turgstun Carbide
Zine, relled

Stoel, 347 Gtainiass 7 liton  Patpstyrane |08 jzase Juzo
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Elasticity in solids
z
]
X

We imagine that near equilibrium, the solid can be described
in terms of a potential function ¢({ R}) where {R} represents

the positions of each atom:

E:ZR:¢({R})+%§ u v))‘w({n})%%(( (R)fu(Rv)),v)z¢({R})+...
vanishes at equilibrium
elastic_l _ v 62¢({R}) _ r
S = 4%(%(11) u,(R ))Ttiauj (1,(R)—1,(R"))




elastic __ 1 r 62¢({R})
SWetste = Z%(ui(R) —u,(R ))76141.614]

ii

(1, (R)—1,(R"))

Note that u(R') = u(R')+(R'-R)-Vu(R)
In terms of strain coeffients ¢ :
elastic l
S stie = E;EUCWEH
i

62
where coeffients c;,, are composed of permutations of R %R,
U Ol

For the most general case c;;, have 21 distrinct terms, for a cube
there are only 3 unique terms.
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Simplified notation:

xx —>1

w2

zz 3 For cubic crystals, the unique coefficients are:
yz—>4 G =Cone Co=c¢yy Cu=cy,
zx =5

xy —>6
Some typical values (Ref. Ashcroft and Mermin (1976))

I i

Al 107 61 28
Fe 234 136 118
Si 166 64 80
NaCl 48.7 12.4 12.6
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