PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM MWF Olin 107

Plan for Lecture 36

Review of mathematical methods —
complex numbers

PHY 711 Fall 2016 —

11/30/2016

23 Wed, 10V2E/2016 Chap.

Intreduction to hycrrdynamics

5

24 Fri, 10282016 [Chap. 8 Introduction o ygrdynamics g 1312016
25 Mon, 10312016 (Chap. 8 Sound waves w1g HG220iE
26 Wed, 1110272016 Chap. & Sound waves 220 D401
27 Fri, 11042016 Chap. & Non-dnear sound #21 1072016
28 Mon, 110772016 [Chap. 10 Surface waves in fluids
28 'Wed, THIRZOTE [Chap. 10 Surface waves in fluids 2016
30Fri, 1111/2016  [Chap, 11 Haat concuctivy TA4Z016
31 Mon, 19/14/2016 ‘Chap. 12 Wiscous Muds 162016
32 Wed, 111672016 :Chap. 12 Wiscous fuds #25 11182016
J3Fri, 1AB2016  [Chap. 12 Miscous fuds #26 212016
34 Mon, 11 16 iChap. 13 Elaslic continua Prepare presenabions

fWed, 11232016 Tharksghing Heliday — na class

Fri, 1282016 Thanksgnang Haliday — na class
35 Mon, 11282076 [Chap. 13 Elaslic cortinua Frepare preseniations
36 e, 1173072016 Math methods. Frepare presentatons
37 i, 120212016 Math methods Arepare prosentaons|
38 Mon, 120972016 Math mathods Prapare presentations

Wed, 12407/2016 Presentations |

Fri, 12002016 Presentations ||
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PHY 711 Presentation Schedule — Fall 2016

Please enter your name and litke next 1o your prefered time -

‘Wednesday, Dec. 7, 2016

Presanter name

Title of presantation

11:00-11:25 AM

Hamns Haneet

Unravelling a classical mechanics
brain twister

11:25-11:50 AM

Mati Roveto

Numerical Solutions to the Classical
Thees Body Problem

Friday, Dec. 8, 2016

Presenter name

Titie of presentation

11:00-11:25 AM

Colin Tyznik

MNormal Modes of Perovskite crystal

PHY 711 Fall 2016 - Lecture 3¢ 3




Appalachian Stabe Universty
4:00pm - Olin 101

Rafroshments served
3:30pm - Olin Lounge

11/30/2016

Arithmetic of complex numbers — from Lecture 19 --

Complex numbers ~ i=+v-1 it=-1
Define z=x+iy

2" = zz% = (x +iv)(x—iv) = x* + »*

Polar representation

z=p(cosg+ising)=p e
Functions of complex variables

f(z)= ‘R(f(z)) + iS(f(z)) =u(x,y) +iv(x,y)

Derivatives:  Cauchy-Riemann equations

Ef(z) B Eu(z) _6v(z) Ef(z) B Eu(z) _6v(z) _ Ev(z) _Eu(z)
o o ax v
Argue that daf _ of (2) _ of (2) - ou(z) _ ov(z) and ov(z) _ _Eu(z)
dz  oOx ioy ax ay ox ay
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Analytic function
f(2) s analytic if it is:
o continuous
osingle valued
o its first derivative satisfies Cauchy-Rieman conditions

Which of the following functions are analytic?

f(@)=¢
f(@=="
f(z)=Inz

f(@)= z*
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Some details

e =e"™ = e cos(y) +ie'sin(y)

a—uzexcos(y):@ @ze‘sin(y):—a—u
ox oy

Ox oy

z :(x+iy)2 :(x2 —y2)+2ixy

ou ov ov ou

—=2x=— _:Zy:——

ox oy ox Oy
More details

lnz:ln(refg):lnr+i9

= ln(refg*[z””) =Inr+i@+i2zn for any integer n

= not single-valued

\&
Za:(re’(i) :r(xemﬂ

:(rei9+iz,w, )‘7 = 4 gia0+i2man

note that €™ =1 only if & = integer
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Cauchy integral theorem

For any function f(z) which is analytic within a region enclosed
by a closed curve C within the complex plane:

§> f(2)dz=0
Example: ‘ f(z)=e" for C aunit circle
z=¢" for 0<0< 27

2 ’ .
qsea_ d=- :.[0 p(cosO+isin0) 010 — ()

C

Special counter-example:  f(z) = 1 for C a unit circle
z

i0 -
e | .
e 0

0
c Z
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Cauchy’s integral representation
For a counterclockwise closed contour C within which function
f (z') is analytic:
(j) f(z )d . {/'(z) if z is interior to C
27i

0  ifz is exterior to C

Convenient representation of an analytic function:

For a counterclockwise closed contour C on which function

g(z") is continuous, f(z) is analytic for z not on C:

_ 1 oeg(z)
/@)= 271'1'(? z'-z d
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11/30/2016

For a counterclockwise closed contour C on which function
g(z") is continuous, f'(z) is analytic for z not on C:

1 8@
f@=g -7

cZ—2Z

It follows that we can evaluate the nth derivative:

/"

/G g(z .
2”195

It further follows that is also analytic.

d"f(z)
dz"
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It can be shown that an analytic function f(z) can be represented
by a convergent Taylor's series:

f(2)= ia”(z —zo)"

n=0

Special points in complex plane
zero of order n at point z; :

A function /() has a zero of order » at point z, when

d dﬁ*l r
rey=0-LE LB o
but LD

Y

It follows that near z,, f(z) = (z -z, )H h(z) where h(z) is
non vanishing and analytic.
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Isolated singular points of an otherwise analytic function

Laurent expansion of function f'(z) about a point z, :
J@=Ya () et
n=0 zZ—2zZ, (zfzo) (z—zo)

If b, # 0 but b, =0 for m > n, f(z) has a pole of order n at z = z,

and

has a zero of order n at z = z,.
z

11/30/2016

Evaluating contour integrals in the presence of poles

[£(z)dz = 27rii Res( f(zp))
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Note that in the vicinity of pole atz_:
»

_f(z):ia,(z—zp),Jr b +L+...+ x
=0 z

5 (emn) (s

where g(z) is analytic

g(2)

0
(z—zp)

Res(f(zp)):ﬁ C%dz

Note that:  g(z)= iaA (z -z, )A
k=1




Residue formula:

[1(z)az = Zm'Zm:Res( 7(z, ))

n-1

Res(f(z,)- ‘j‘ ( (nil)!{jzn_l ((-2) f.(z>)H

11/30/2016

Example integral:

. )
X 17 x*

il A ()
3(2)
21
[
R(z)
I =2zi(Res(f(i))+Res(f(21)))
Example continued:
1 z*
T P Py
I =27i(Res(f(i))+Res(f(20)))
N I S
Res(f(l))_Z(i+i)(i2+4) 2(2i)(-1+4)  12i
oL 4i° 14 1
Res(f(zz))_2(4i2+1)(2i+2i) 2(-4+1)(4i) 6i

I =

K




Example:

27
I:J.die_ for 0<a’<l
o 1+asin@

11/30/2016
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2z

d

I= jie for 0<a’<l

o 1+asin@

i . -1/ d.
Letz=¢" sing=2 z o= 3(z)
2i iz

I :(]S ZdzZ

v2iz+az" —a

%(z)
Pole within unit circle: 2,
=41 a*
p = ﬂf
I=27i R 2z
=27 es(f(zp))— =
1-a
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Example — Gauss’s integral
1= I & gy for a, brealand b > 0.
Letz=x--%
2b
w—ia/2b o
[=e 4 ey = oI I ety = o Ka
—o—ial2b -0 b
3(2) 142434420
@ 1=-3  2=-4
— ()
-
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