PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM  MWF Olin 102

Plan for Lecture 38
General review

+ Classical mechanics — traditional topics
+ Classical mechanics — related topics

* Mathematical methods

+ Course assessment
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PHY 711 Presentation Schedule — Fall 2016
Please enter your name and litke next 1o your prefered time -
Wednesday, Dec. 7, 2016
Presenter name Titte of presentation
11:00-11°25 AM Harmna Hanee! Uneavelling a ciassical mechanics
brain twister
11:25-11:50 AM Matt Roveln MNumerical Solutions to the Classical
Thees Body Problem
Friday, Dec. 8, 2016
Presenter name Title of presentation
11:00-11:25 AM Calin Tyznik MNormal Modes of Perovskite crystal
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Department of Physics

HY 711 Fall 2

12/5/2016

Review of course topics
» Classical mechanics — traditional topics
o Particle scattering; scattering cross section
o Inertial and accelerated reference frames
o Calculus of variations
o Lagrangian and Hamiltonian formalisms
o Small oscillations near equilibrium
o Rigid body rotations
» Classical mechanics — additional topics
Mechanics of continuous media
Mechanics of fluids; bulk and surface motions
Heat conduction
Elastic continua
» Mathematical methods
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PHY 711 Fall 2016 — Lecture 38

Scattering theory: detector

Large sphere of radius &

Figure £5 The scattcring problem and relation of cross section to impact parameter.
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Differential cross section
_ Number of detected particles at & per target particle

do
dQ Number of incident particles per unit area
= Area of incident beam that is scattered into detector

atangle &
If we can assume that the process is

@ dgbdb isotropic in ¢ results depend on b and ¢:
(di]_ dpbdb b |db
sin@ |dO

7w dQ) dpsin0dé

db

) I S (R,
Scattering
aamampay M

Figure from Marion & Thorton, Classical Dynamics
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In general, scattering is most easily analyzed in the
center of mass frame -- relationship between center of

mass and laboratory frames of reference:

lab CM Vewm
Vi =Vi+ Vg v
v, siny =V, sin 6 Vi
v,cosy =V, cosO+V,
sin & for elastic

sin @

tany = =
cos@+V, 'V, cos@+m /m,

Also:  cosy = cos@+m, /m,
\/1+2ml/m2 cos@Jr(ml/mz)2

case
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Differential cross sections in different reference frames

(dO—LAB ('//)j _ [dGCM (e)j dQy
dQ dQgy, ) dQ,

dQg, _|sing do| |dcosd|
dQ, » _‘siny/ dy _‘dcosz//‘
Using :

cos@+m, /m,
cosy =
\/1+2(m1 /m,)cos 8 +(m, /m, )
‘dcosy/‘z (m, /m, )Jeos 0 +1
|d cos6)| (1+2(m1 /my)cos @ +(m, /mz)z)m
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Differential cross sections in different reference frames —

(dam (w)] _ (dam (6))|d coso)|

dQ, dQy, }‘dcosy/‘

12/5/2016

(dom ('//)J _ [dom (0)] (14200, /o3 0+ (o, m, P}

(m, /' m, )eos @ +1

dQ, ., dQ.,,

sin &

where : tany = ———
cos@+m,/m,

dogoy |_ b |db
dQ.,, ) sin@|do
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Scattering angle equation in CM frame for interaction potential V'(r):

. where:
1 ;
b V(r,

0=-7+2b | du| —oe )
2 fere T | =0

Vi) _«
B

Rutherford scattering example: B =

(dg) _b
dQ ) sind
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db| & 1
dé| 16 sin*(0/2)

Physics of rotating coordinate system

5 R
[ﬂ) - [ o J i Z V‘ de‘
At ) ieriar ar )y = dt

(ﬂj :[ﬂ] roxV
At ) eriia dt body

Effects on acceleration (rotation only):

(%) A&, (%)
—_— =||— +OX|§| — +oxV
dt dt inertial dt body dt body
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Consider a vector V in a frame rotating with angular velocity o :

2 2
dY = dy +2mx(ﬂ) +d—m><V+u)><u)><V
dr’ inertial dt body dt body dt

12




Equation of motion on Earth’s surface

d’r GM,m . . dr do
m — =————T1+F'-2mox| — —M——XT —MOXOXr
earth r earth

dt

o~-wsink+wcosbz
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Calculus of variation example for a pure integral functions

Find the function y(x) which extremizes L[{ y(x), ?}, x]
x

where L[{y(x),%},x} = ;[f[{y(x),%},xjdx.
Necessary condition: oL =0

Atany x, let y(x) = y(x)+ 0 y(x)
d(x) ) ()

dx dx dx
- 87/‘ _4a L =0 forallx, <x<ux,
oy ) & dx o(dy / dx)
i -
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Example : Lamp shade shape y(x)

A:27t£ x 1+[%] = f[{y(x),%},xj:x 1+(%J
g 4T -0
ov).o dc|\oldyrdx)) |

= w X; Vi
3_1 xdy | dx _0
dx| 1+ (dy/ dx)

e e e .

|

f
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d xdy | dx

dx| 1+ (dv/ dx)
xdy / dx

1+ (dy/ dx)’

dy _ 1

dx x 2
Al
[Kl]

2
= y(x) =K, - K, 1n[Ki+ x——lj

=0

=K,

1 1
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y(x)=In
’§ x+Vx* -1
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Application of calculus of variation to Lagrangian mechanics:
Now consider the Lagrangian defined to be :

N

Potential

Kinetic
energy

energy
Hamilton's principle states:

U3
S= IL({y(t),%},t]dt is minimized for physical () :
i

Lagrange's equations of motion:

d oL OL
—————1|=0 for L=L dg VM. \=T-U
(dt aq, 6an . ({q(,} 4.} t)
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Extension of results in presence of electromagnetic field (using cartesian coordinates)

10A(r,1) B(r,1)=VxA(r,)

where  E(r,t)=-V®(r,r)-— o
c

L:L(x,y,z,x,y,i,t)ET—U

T=im(£+7+2)  U=U,(ri)+q0(r0)-Li-A(rr)
c

L=tm(&+ 52 +2) U, (r.) - q@(r,0)+ it A(r0)
c
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Recipe for constructing the Hamiltonian and analyzing
the equations of motion

1. Construct Lagrangian function : L = L({g, ()}, {g. () }¢)
2. Compute generalized momenta: p_ = ;—L
9,
3. Construct Hamiltonian expression : H = z q,p,—L
4. Form Hamiltonian function : # = H({g, (1)}, {p, () }1)
5. Analyze canonical equations of motion :
dq, _OH  dp, oM
dt  op, dt oq,
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Use of Lagrangian/Hamiltonian formalism for molecular
dynamics

~
- Pairwise interaction
between particles

? —ZMQI’,—I’J‘)

i<j

L=Ll{n 0} 0)= X 4mi
=>From this Lagrangian, can find the 3N coupled
2nd order differential equations of motion and/or
find the corresponding Hamiltonian, representing
the system at constant energy, volume, and
article number N (N,V,E ensemble).
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H. C. Andersen’s effective Lagrangian for constant pressure
simulations

L({p,(0}.{p,(0}.0.0) = “Zz ,

Zu(Q‘ |, -p)|)+iMO" - a0

P;

HZ
H({p, )} {m0)}.0.11) = 22 o zu( =0 )+ 3+ 0
Equations of motion in “original” coordinates:
dr_p, 1 diny

dt m, 3' dt

dP:=_ )L, 4V
,Zq: Qr r‘) 3p‘ dt
av

Mdt2 :_OH';[EZ%_%; [ '(Jri_rj‘)]
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Normal modes of vibration about equilibrium:

Example — linear molecule

)
‘
> X

X;

X3

I, 1 ., 1
L:Em,xl2 +Em2x22 +Em3x32

1 1
_Ek(xz - _EIZ)Z _Ek(’% X _‘€23)2
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Consider an extended system of masses and springs:

k k g .
1@ i@ @i
Xiay X, Xist

Note: each mass coordinate is measured relative

to its equilibrium position x;

1 & 1, &
L=T-V=—m¥ &=k (5., —x f

2 5 2
Note: In fact, we have N masses; x, and x,,,

will be treated using boundary conditions.
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Summary of results:

= o =ﬁsin2 " x, =R 2iAsin( v
m 2(N+1) N+1

v=0,1,..N n=1,2,..N

al ®

| 0

. -
a o

I o

OC 1 2 3 4 L]

1%

Extension of ideas --
3-dimensional periodic lattices
Example — face-centered-cubic unit cell (Al or Ni)

Diagram of Diagram of g-
atom positions space  1(q)
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From: PRB 59 3395 (1999); Mishin et. al. v(q)
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FIG. 2. Comparison of phonon-dispersion curves for Al fa) and
1
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Rigid body rotation -- Moment of inertia tensor :

I= Z m, (1’,3 - rpl'p) (dyad notation)
r
Euler angjooas for expressing rigid body rotation:

O=aél+pe,+ye,

@ = [d(—sinﬂcosy) +ﬂsiny}é1
+[0’z(sinﬂsiny)+,/j"cos;/Jé2
+[acos B +7]e,

Rotational kinetic energy for “symmetric” top:
If I,=1,:

T(a,ﬁ,y,d,ﬁ,y):%ll(dz sin2ﬁ+ﬁz)+%13[dcosﬁ+7]2
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Equations of motion for continuous media
Variables:
p density (mass/volume)
p pressure (force/area)
f force density (force/density)
v velocity
r (X,,X,,X,) position
i" component of momentum form of Newton-Euler equation:

a(pv, 30T,
% + Za—" = pf; where T; denotes stress tensor
t im1 OX;

Continuity equation

op
9P.y. =0
o V(oY)
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Stress tensor for fluids
Total stress tensor: T}, = T + T
T = pvv, + pd,,
ov, Ov, 2
yiseous — ot S O 2 V-v) =5 (V-v
W ”[ax’ o, 3 u( ) e kl( )
Navier-Stokes equation for fluid motion
6—‘/Jr(v-V)v =ffle+1VZv+l[§+lnjV(V-v)
ot P P P 3

Stress tensor for elastic media (Hooke’s law in terms of
displacement u; linear terms only )

Hooke's law: T, =—-K&,, (V »u)— 2/1[1[%+ %jf 15“ (V . u)]

S 2oy, ax, ) 3
u 5 1
p?=/,N u+ K+§,u V(V-u)+pf
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