PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM  MWF Olin 107
Plan for Lecture 7:
Continue reading Chapter 3

1. D’Alembert’s principle
2. Hamilton’s principle

3. Lagrange’s equation in
generalized coordinates
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PHY 711 Classical Mechanics and Mathematical Methods

MWF 11 AM-11:50 AM|[OPL 107 | http:fiwww.wiu.edu/~natalie/H 6phy 711/

Course schedule

{Prefminary schedule - subject to frequent adjusiment.

Date F&W Reading|Topic Assignment Due
1 |Wed, 531/2018 [Chap. 1 Review of basic principles [#1 872016
12 [Fri, 90212016 [Chap. 1 Scatlering theary 42 BTIZ016

héon, 9052016 Labar day — no class
3 |Wed, /0712016 Chap. 1 Seattering theory 43 212016
|4 [Fri, 9092016 [Chap 1&2  [Scattering theory and rotations #4 /1212016
5 |Mon, 91212016 Chap. 3 Calculus of variations {4} 142016
6 |Wed, 91412016 (Chap. 3 Calculus of variations 46 BBI2Z01E

» 7 |Fn, 816/2016 [Chap. 3 Lagrangian machanics HT 192016
8 [Mon, 8192016
9 |Wed, 2112016
10{Fri, W23/2018
PHY 2
PHY 711 -- Assignment #7
Sept. 16, 2016

Confinue reading Chaptar 3 in Fetter & Walecka.

1. Work Problem #3.3 al the end of Chapler 3 in Fetter and Walecka_ It 5 nol necessary to solve the
full equations of motion bayond estimating the frequency of small oscillations of the pendufum.
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Jean d’Alembert 1717-1783
French mathematician and philosopher
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Digression -- notion of generalized coordinates

Referenced to cartesian coordinates: r(?) = x(t)X + y(1)y + z(¢)Z

Cylindrical coordinates

X =pcos¢

) 7 y=psing
i “2 . z=z
[ et

z kp p=Ax+)’

= 4 ¢ = arctan(y / x)
/¢ ’/ z=2z
:'/ o

X

Figure B.2.4 Cylindrical coordinates
(Figure taken from 8.02 handout from MIT.)
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Spherical coordinates
x=rsinfcos¢g

i y=rsinfsing

i

F
;<R¢ z=rcosf

r i NG r=qx"+y + 2
7

_/

F ;a.r’-
19 |
.:I'i‘ ‘—J- -V [2 2
' //'/ 2 0= arctan[w}
I = z
f,l/__——“
. ¢ =arctan(y / x)

Figure B.3.1 Spherical coordinates

(Figure taken from 8.02 handout from MIT.)
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D’Alembert’s principle:

ds Generalized coordinates :
L )

Newton's laws :
F-ma=0 = (F-ma)-ds =0

9/16/2016

Fuds=Y 3 F -y,
- T ' 0q,
For a conservative force: F, = —é—U
0Ox,
oU ox, oUu
F-ds=- — =-—
gz ox, 0q, e ZH“ oq, %o
16/2016 PHY 711 Fall 2016 -- Lecture 7
ds Generalized coordinates :
7,({x) xo X
Newton's laws : yex,
F-ma=0 = (F-ma)-ds=0 zox,

ma-ds:Eka', %5%

d( ax) . dox
- ;Z(E(W' 6%] "t e, ]&I"

. ox,  Ox, d ox 0 dx,  0x,
Claim : i=—i and ——L= ax; _ ox;
oq, 04, dtéq, oq, di og,
L2 A .2
ma-ds=Y " 4 6(%7%(') _O(%in) :
o i dt aq, 6q6
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%
Claim: ﬁ = &
oq, 04,
Details: %, =3 2 4, + % Therefore: 8)'r, =
- 0q, " o g, oq,
Claim: 40 _ 0 dq 0%
didq, oq, di g,
Z o’x, . o’x, Z ’x, . o’x,

9.+ 95t
> 0q,.0q,, otoq, ‘57 0q,0q,. 0q,,0i
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Generalized coordinates :

& )
-4 ) A,

Define - - kinetic energy: T = Z%mx :

ma-ds—z d o oT
dt 0q, 6q

Recall :
ou ox oUu
F~ds722 o 6(] 2 &,

(F-ma). ﬁ—ZOU&z z(doT T Y —o

dt 0q 6q

o
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ds Generalized coordinates :
P RN

ds Generalized coordinates :
P R

Define-- Lagrangian: L=T7-U

L=1(lg, g, 1)
d OL 0L
F-ma)-ds=-Y | ———— =0
(F-ma)-ds Z(dt oq, oq,) °
= Minimization integral: S = IL({% Lg, Lot
t

=>»Hamilton’s principle
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Euler — Lagrange equations: L = L({% }, {qa }, t) =T-U
doL_a_

dt 64, oq,

Example:

L=L(6,0)=1md"0* —mg(d —d cos0)

2= o :%md29+mgdsin9:0

a0_ ~Ls5ing
d
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Another example:  L=L({g, },{¢, },1)=T-U

doL o

dt 64, 0q,
L=L(@,f.y.¢.f.7) =4 1,6 sin® B+ 3 )+ L 1, (c cos B + 7 — Mgd cos

%%:%(Ildsinzﬁ-%—Iz(dcosﬂ+}7)cosﬁ)=0
doL d -\ OL

L _ Y1) ==

dt of dt( ) op

doL d . )
Ea—yz;(@(acosﬂ-*—y)):o

Examﬁle — sjmple harmonic oscillator
=Lmi U=imw'x

Assumex(0)=0 and x(£)=0 S=[(T-U)dr
o

Trial functions  x, (1) = Asin (wt) S5, =0
x,(t) = Aot (7 - ot ) S, =0.067 A’mae’

x,(t) = Ae™* sin (ot ) S, =0.0624°ma’

0.4 0.6 0.8 1
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Summary —
Hamilton’s principle:
Given the Lagrangian function: L = L({qa},{q'a},t) =T-U,

The physical trajectories of the generalized coordinates {% (t)}

Are those which minimize the action: S = jL({qg},{qg},t)dt

Euler-Lagrange equations:

Zia—L—a—L q,=0 =foreacho: dao_or =0
dt o4, 0q,

o
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Note: in “proof” of Hamilton’s principle:

(iLLJLL]:O for L=L({g,}{g,}t)=T-U
dtéq, oq,

It was necessary to assume that :
d oU
dr o4,
= How can we represent velocity - dependent forces?

does not contribute to the result.
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Lorentz forces:
For particle of charge ¢ in an electric field E(r,#) and magnetic field B(r,7):

Lorentz force: F= q(E +Lvx B)

x —component : F, = ¢(E, +1(vx B),)

In this case, it is convenient to use cartesian coordinates
L=L(x,y,2,% p,2,t)=T-U

T=tm(e+52+2%)

d OL oL
x-component: [ —-———|=
dt 0x Ox
Apparently: F, = _aﬁu + iﬂ
Ox dt ox

Answer : U= q(D(r,t)fgi' -A(r,?)
c
where E(r,t)=7VCI)(r,t)flM B(r,t):VxA(r,t)

c
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Lorentz forces, continued:

x—component of Lorentz force: F, = q(EY +1(vx B),)

Suppose: U = qu(r,t)—gi'-A(r,t)
c

Consider: F, :76U+ia—l{
Ox dt Ox
oA, (r,t

767U=7q6(1)(r,t)+1 xaAr(r,t)Wo L (r )+26Az(r,t)

Ox Ox c Ox Ox Ox
&L fr)

ox c
doUu __q dA‘(r,t):71[6A‘(r,t)i+6A‘(r,t)1,)+E‘Ar(r,t)z_+i,‘,4r(r,t)]
dt ox c dt c ox ay oz ot

Lorentz forces, continued:

v, o(r1), g (x 6Ar(r,t)+y 6Ay(r,t)+ Lo4, (r,t)J
ox ox ox

ox ox c

1671'1 _ _1(6Ax(r,t)),c . an(r,t)y . 5Ax(r,t)z, L 04, (r,t)]
dt Ox c Ox oy Oz ot
U, du
T ox di ok

)

+4
ox c c ox oy c ot

ox y

:_qa(b(r,z) q .((Mt(r,t)_aA,\(r,x)]JrgZ,[aAz(r,z)_aA,\(r,t)J_q oA, (r,t

Ox c ot c ox (%% c ox oz

= qEY(r,t)Jr%(sz(r,t)fz'B‘ (r,t)=qE, (r,t)+%(v><B(r,t))X
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-y o(r,t) ,{ aA,(r,z)+gy,[ a,(r.t) BAX(r,t))_*_gz_(@Az(r,t)_ o4,(r,t)

)
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Lorentz forces, continued:

Summary of results (using cartesian coordinates)

L=L(x,y,2,%,y,2,t)=T-U

L=1m(i + 2 + ) q@(r,0)+ L Alr,¢)
C
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T=im(@+j?+2)  U=q0(r,1)-Li Alr,1)
c
where E(r,t)= —V<1>(r,z‘)fl 5Aa(:,t) B(r,t)=VxA(r,)
c




Example Lorentz force
L=1m(e + > +2°)-qd(r,0)+ Li- Alr,1)
Suppose E(r,£)=0, B(r,7)= lci’oi
A(r,1) =1 B,(~y&k +1§)

L=1m(e+y? +z'2)+2i30(—xy+y'x)
C

doL o _, 4 mi-Lpy|l-LBy=0
dt ox Ox dt 2c 2c
16717_@20 NCA mp+-LBx|+LBi=0
dt 0y oy dt 2c 2¢
doL oL _o 4,:

di &: oz
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Example Lorentz force -- continued

L=im(¥+5 +z'2)+2i30(—xy+y'x)
C

d . q q . . 9., .
—|mi——B,y |-—B,y=0 = mi—— =0
dt[ ¢’ ) 2¢ 4 c 4

d( . q q , . g,
—| my+—B,x |+—B,x=0 =>mj+—B,x=0
dt[ Y 2¢ Oj 2¢ Y ¢’
—mz=0 =>mz=0

dt
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Example Lorentz force -- continued

L=1m(+5 +z'2)+2i30(—xy+yx)
C

mi=+21By
C

mi=-4B i
C

s =0 Note that same equations are obtained

from direct application of Newton's laws:

mr:gi'xBoi
c
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Example Lorentz force -- continued
Consider formulation with different Gauge: A(r)=—B,y%

4 mx—ﬁBoszo =mi-LBy=0
dt c c

4 mi)+LBi=0 = mi+LBx=0
dt c c
imz'=0 =>mz=0

dt
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Example Lorentz force -- continued

Evaluation of equations :

’”5"_%30)":0 )'c(t):VOSin(%t+¢)

mj+L B % =0 3(£) =V, cos( %2t +¢)
c

mz =0 Z'(t):VOZ

x(t)=x,— =V, cos(%t + ¢)
y(t) =+ sin(%t + ¢)

z(t) =z, +V,t
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