PHY 711 Classical Mechanics and
Mathematical Methods
11-11:50 AM MWF Olin 107
Plan for Lecture 8:
Continue reading Chapter 3 & 6

1. Summary & review

2. Lagrange’s equations with
constraints
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PHY 711 Classical Mechanics and Mathematical Methods

MWF 11 AM-11:50 AM | OPL 107 | hitp.i/www. wiu edu~natalie/f18phy7 11/

Instructor: Natalie Hotzwarlh Phone:758-5510 Office-300 DFL je-mail: natalie fwll sdu

Course schedule

[Pralimnary schedule — subject to frequent adjustmaent

Date FAW Reading Toplc Assignment Due
1 [Wed, 8/31/2016 |Chap. 1 Review of basic principles 1} WI2016
2 fFri, 9022018  Chap 1 Scattering theory & ATR20E
Mon, HOS2016 Labor day — no class
3 [Wed, Si07/2018 Chap. 1 Scattering theary # W06
4 Fri, 9092016 Chap 182 Scatiering theary and rotatcns ] lszz01e
& Mon, $122016 Chap. 3 Calcuhes of vaniatons #5 BI42016
8 \Wed, 9/14/2016 Chap. 3 Caleuius of variations = W1EZ01E
7 Fri, 9162016 Chap 3 Lagrangian mechanics # B192018|
- B [Mon, H19/2016 Chap 3and6 L i and ] 212016
9 (Wed, 92112016
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Summary of Lagrangian mechanics
d oL oL
L=T-U=L BIRTAGIN — =0
({9, 0}{4,0}.1) a5 " 5q.

Consider a generalized coordinate formed from an extended
Brachistochrone trajectory: x(6) =a(0—sin®) and y(0)=a(1-cos6)

((0).y0) ] _ oY
s= J- JaxP+dy” = aJ-\ (1-cos8')" +sin’ 0'd¢’ = 4acos(;)
(ra,~2a) T T
0.5 s==4a cos(% 9)
oy -1
-1.57
2 .
0 1 2 3 4 5 6
X
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Comment on problem Lagrangian formulation of
Brachistochrone motion:

0);((9):a(¢9—sin¢9) () =a(1-cos8)

9/19/2016

-0.57
-y -1 s:—4acos(%6’)
-1.57
» \ s /
o 1 2 3 4 5 6

X
Lagrangian for mass frictionlessly traveling along s:

L(s(£),5(1)) =+ ms* — mgy = +ms* - nga[l - [41) ]
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Lagrangian for mass traveling along s :

L(s(8),5(0)) = L ms® — mgy = L m3” 7mg2a[l {i) ]
: 4a

dt 05 Os

d oL BL:O

._m
Smi=-"8
a

S5=-2
4a

s(t)=s,+ Asin[\/%t}
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Comments on generalized coordinates:

L=1(g,0}{d,O}1)

doL o

dtéq, oq,
Here we have assumed that the generalized coordinates
q, areindependent. Now consider the possibility that
the coordinates are related through constraint equations
of the form:

Lagrangian : L= L({g,(0)},{3,(0)}1) Lagrlanlge
. multipliers
Constraints: f, =f,({qg(t)},t):0

doL oL <] o,

Modified Euler - Lagrange equations : - +
dioq, oq,

=0

i A -
Y%,
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Simple example:

L(u(t),0(t)) =+ mi* + mgusin 6

L(x,y,%,9) =t m(%* + 7 )-mgy
f(x,y)=sinf@x+cosdy=0
Note that: u =xcos@ — ysiné
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Case 1:
L(u(t),u(t)) = Lmii* + mgusin@
d 0L OL
—a—.—a—:O:mii—mgsim?:O =i =gsind
dtou  Ou
Case 2:

L(x,y,%,3) = 4m (& + ) - mgy
f(x,y)=sinf x+cosf y=0

4oL 0L 3 o i+ asing
dtor ox ox

i@—%+ig:0:my+mg+icos0
dt oy oy oy

sin@ X +cosf j =0 .
A= o Force of constraint;

= A=MEC0S — normal to incline
(cos@ ¥ —sin@ j) = gsin@
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Rational for Lagrange multipliers

Recall Hamilton's principle :

S=TL({qo(t)},{qo(z)},twt

“fd oL oL
R b

With constraints: f; = f; (g, 0}0)=0
Variations dg,, are no longer independent.
0)
J :O:Zai&jo ateach ¢
o 04,
= Add 0 to Euler - Lagrange equations in the form :
o
ﬂ J 5
Z’ ’; 2,

o
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Euler-Lagrange equations with constraints:

Lagrangian : L= L({g, ()}{4,()}1)
Constraints: f; = f({q”(t)},t =0

Modified Euler - Lagrange equations : ———-—+

=0
dtog, oq, 5 7aoq,

d oL oL Zlé%

Example:
Lagrangian : L =1m(i +°6" )+ mgrcos @
Constraints: f=r—/(=0

mg
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Example continued:
Lagrangian: L= %m(rz + r292)+ mgrcos @
Constraints: f=r—(=0
d . i
—mF—mrf~—mgcos@+A=0
dt
d . .
—mr°@+mgrsinf =0
dt
F=0=F r="{
= 0= —%sin 0

= A=ml6*+mgcosf
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Another example

U

2
Constraints: f=/,+(,—(=0

d
* }_ T dt ml,—mg+2=0
L .
l ‘ %m2€27m2g+l=0
n=' n'-mA‘um‘.mau.kl+k2=0=il+72
= 2mm,
m;+m,
b =i, =M
m;+m,
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Lagrangian: L=3m/} + Lm0} +mgl +m,gl,




Another example:

A particle of mass m starts at rest on top of
a smooth fixed hemisphere of radius R.
Find the angle at which the particle leaves
the hemisphere. i
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Example continued
Constraint Equation: f(r,0)=r—R=0

Lagrangian: L(r,0,7,0) = %m(i’2 +r70? ) +mgr(1-cos0)

Euler - Lagrangian equations :
OL d oL ) 9 _ 0

or dt or or mré” + mg(1-cos@) —mi- + 1 =0

ai_iai+ﬂal:0 mgrsin @ — mr*0 — 2mrrd = 0

060 drod 00
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Example continued
mré* +mg(1—cos0)—mf+/1 =0

mgrsin@ —mr*0 —2mri0 =0

Also note, from conservation of energy:

%m}eze‘2 —mgR(1-cos@)=0

Using constraint: '
mR92+mg(1—cosﬁ)+l:0 2

) i sz—g(l—cosﬂ)
mgRsin@ —mR"6 =0 R

é:%sinﬁ A =mgcosd—mRE* —mg
In this case 4, is not exactly the force of constraint F,.

F, =mg cos@—mRO*=mg(3cos®~2) for F, >0
= for cos@ =§ or 6 =48.2 deg, object falls from hemisphere

9/19/2016 PHY 711 Fall 2016 - Lecture 8 15




Consider a particle of mass m moving frictionlessly on a
parabola z=c(x2+y?) under the influence of gravity. Find
the equations of motion, particularly showing stable
circular motion.

L(x,y,x,y) = %(Xz +37 440 (xx+ W)z)—mgc(xz 4 yz)
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L(x,,%,7) = %(xz + 37+ 4c? (xi+ yj/)z)fmgc(xz +5%)
Transform to polar coordinates;
X =rcos¢ y=rsing
m

L(r.gFf) = E(i’z +r27 + 4czr2i’2) - mger?

Euler-Lagrange equations

L d oL .
67_767.:0 = O—Emr2¢:0
08 di0d di

87[4 _ i‘lL -0 = Let mr2¢ =/(_ (constant)

or dtor

L(r,¢,f,¢) = %(i’z + r2¢52 + 4czr2i’z) - mgcr2
oL_doL_
or dt oF

mrd® +4mi*cr — 2mger — %(mi(l +4c*r? )) =0

% —2mgcr —%(mf(l +2c%47 )) =0

Stable solution when these terms add to 0:

20
0, =mr;\2gc =mz, -4
c
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Analysis of stable (circular) motion
2

. 2mger —%(mi(l + 262}’2)) =0

mr3

0, =mr}\2gc = mz, /z—g
c

Let »=7,+0r keeping terms to linear order:

—8mgcor — mé‘i"(l + 2c2r02) =0

Si=—— 8
1+ 2c7r
8gc
= 0r=Acos| |———t+a
1+2cr;
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