PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107
Plan for Lecture 10:

Continue reading Chapter 3 & 6
1. Constants of the motion
2. Conserved quantities

3. Legendre transformations
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Course schedule

{Prefminary schadule — subject to frequent agustment. )
Faw

Date Reoding Topic Assignment Due

1 [Mon, BZB2017 Chap. 1 Intraduction iy 92017
2 jwed, B30/2017 Chap. 1 Scattering theory 7 @ei2017
3 Fri 9012017 Chap 1 Scattering theory

4 [Mon, S0472017 Chap 1 Scallering Thecey 23 QB2017
% P s::‘seir_'. in an nan-mertial reference H kigmair
§ FrOo082017  Chap. 3 Calculis of vanations s 112017
7 Men, 91172017 Chap3 Calculss of venations 5 9132017
8 fWed, 5132017 Chap 3 Lagrangian Machanics Fid Q1152017
9 Fr 9AM5E017  Chap 3 and 6 |Lagrangian mechanics and constraints 28 Q2072017

10/Mon, 182017 Chap 3 and & Canslants of the mation

11 Wed, H20:2017

12 [Fri, Q222017

13 Mo, 252017

114 [wed, Bi27/2017

15 Fri, 928/2017

I Thke-homme Sxaim - No class
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Summary of Lagrangian formalism (without constraints)

For independert generalized coordinates ¢, (¢):

L=L({g,O}g,O}1)

a0 o _,

dtdq, oq,

Note that if o =0, then 4oL =0

oq, dt 0q,
oL
= —— =(constant)
aq,
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Examples of constants of the motion:

Example1: one -dimensional potential :
L=1m(e+y*+2)-V(2)

d . .

= me =0 = mi=p, (constant)
d . .

= Emy =0 = my=p, (constant)
d . v

=>—mi=——
dt 0z
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Examples of constants of the motion:
Example 2: Motion in a central potential

L= %m(fz + rngz) -V (r)

= %mrz(p =0 = mrig= p, (constant)

d . L, oV _p, W
S—mr=mreQ  ———=—>5———
dt or mr  or
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Recall alternative form of Euler-Lagrange equations:
Starting from :

L=L({g,O}1g,O}1)

do o
di o4, oq,
Alsonotethat:d—L: 67Lg+264Lq +67L

R R R
AR SR P
dt\5'oq, ") ot

d oL oL
=>—|L-) —1q, |=—
dt( gaqa "] ot
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Additional constant of the motion:

If 6—L:0;
ot

then : L-
[ Zﬁqa ) ER

=L- ZD‘."IU =—E (constant)

Example1: one - dimensional potential :

L=tmls 452 +2)-V(2)
:%(%M(fcz+y'2+22)*V(Z)*m"‘2’my27mz'z)=0

= —(Lm(# + >+ 2)+V(2))=—E (constant)
For this case, we also have mx=p_andmy=p,

=S E= p‘+p’+ Lmz* +V(z)
2m  2m
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Additional constant of the motion -- continued:
If =0;

ot

then: [L Z—qg] oL _ =0

ot

=1L —Z%q‘d =—FE (constant)

Example 2: Motion in a central potential

L) v
EN %(% m(r'2 +r2¢32)* V(r)—mi? ’mr2¢2)= 0

= —(% m(fz +rg )+ V(r)): —E (constant)
For this case, we also have mr’p= P,

=E=

Zm(iz +imi? +V ()
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Other examples
2 g q . .
L :%m(}c2 +37 +zz)+EBO(—xy+yx)

oL =0 = mz=p_ (constant)
0z

E= Ziqa
= m(jc2 +57 +z'2)+21B0(—5cy+yx)
C

—im(i+ 5 +z'2)—2iBo(—Xy+y'x)
C

2
1 ) ) .2 1 p
—3m(x +y +z) sm (x +y) +—=
2m
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Other examples

L=im(#+52+2)-LBiy
¢
L
a—:0 = mz=p_ (constant)
0z :
a—L:O = mx=p,_ (constant)
ox
oL
E=) —4,—-L
Zﬂlaqg ’
_ (.2 .2 .2 q .
=m(x"+y +z2 )**Boxy
¢
—%m()'c2+y2+z'2)+%B0)'ry
J N
=im(+ 9+ ) =1imp? + 4 L=
° ( 7 ) 2" 2m 2m
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Lagrangian picture
For independent generalized coordinates ¢, (f):

L=1(lg, 0} {d, 1)
doL oL _,
dt 69, 0q,
= Second order differential equations for g, (¢)

Switching variables — Legendre transformation
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Mathematical transformations for continuous functions of
several variables & Legendre transforms:

Simple change of variables:
z(x,y) < x(y,z)???

z(x,y) = dz= % dx + & dy

X y X

x(y,z) = dx= ™ dy+| —

V). oz
ox (6z/ay),
But: | — | =—1— =&
o). (oz/ox),




Simple change of variables -- continued:

z(x,y) = dz=[a—) dx+ o dy
ox ), By .

x(y,z) = dx:(%j dy+ [6)6] dz
oy ),

0Oz
:(ax] :_(6z#wi

ay) _ =), j(ixj Ll
). (82/8x)y oz ), (62/8x)y
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Simple change of variables -- continued:

Example: z(x,y) = dz=[%) dx+[gj dy
Z(x,y)=exz“’ o), ),
x(y,z)=(lnz—y)m x(y,z) = dx:(%J dy+[a—xj dz
oy ), 0z),
ox Z_(@z/é‘y) (@) 2 1
Gy i (62/8x) 0z), (82/8x)y
1Y e AR

2(lnz y)l/2 _erxz”' Zz(lnz—y)l/2 2xe" Y
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Mathematical transformations for continuous functions of

several variables egendr transforms continued:
z(x,y) = dz= dx+( ?

Let u= —j and v= o
ox), 6y R

Define new function

w(u,y) = dw a—wj

ou j
For w=Z-ux, dw=dz —udx — xdu —AJrvdy 74 xdu
Ly
(6w) (aw) (62]
= | =] ==x — | == =v
ou ), o), \oy),
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For thermodynamic functions:

Internalenergy: U =U(S,V)

dU =TdS - PdV
dU = (LUJ as+ ["LU] av
as ), v ),

-5, S
as ), v )

Enthalpy: H=H(S,P)=U+PV

oH oH

dH:dU+PdV+VdP:TdS+VdP:(g) dS+(—] dP
P S

oP

),
as ), oP ),

9/17/2017
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Name Potential tial Form
Internal energy E(5.V.N) PdV + pdN

o
Entropy S(E.V.N) } }__rn' ¥ %.f\'
Enthalpy Hi{S, PN)=FE+ PV | dH = TdS + VdP + pdN
Helmholtz free energy | F(T,V\N)=E -T§ | dF = —SdT — PdV + pdN
Gibl ¢ CRErEY GIT.PN)=F+ PV | dG = —8dT + VdP -+ pdN
Landan potential T, V,u)=F—uN | dit = —85dT — PdV — Ndu
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Lagrangian picture
For independent generalized coordinates g (¢):

L=Lllg, O}g, 0}1)
d oL oL _ 0
dt 64, 0q,
= Second order differential equations for g_(¢)

Switching variables — Legendre transformation
Define:  H =H({g, (0} {p,(0}1)

H:anpﬁ -L wherepa:;L
dt1 =Y 4,dp, + p,di, ~-dq, ~di, |- L ar
- aq,, oq, ot
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Hamiltonian picture — continued

H=H({g,O}{p, Oh)

H=Yd,p,~L where p, =
- o4,
dH = Z[q‘,,dpc, +podd, 2 dg, fidqd]f@dz
> aq.,, oq, ot
[ B )M
o \ %45 Ops ot
. _OH oL d oL _ . O0H oL oH
=4, = =0 =P, =773 =T
p., dq, dt oq, dq, Ot ot
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