PHY 711 Classical Mechanics and
Mathematical Methods

9-9:50 AM MWF Olin 107

Plan for Lecture 11:
Continue reading Chapter 3 & 6
1. Constructing the Hamiltonian
2. Hamilton’s canonical equation

3. Examples

9/19/2017
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Course schedule
(Fredminary schedule — subject to fregquent adjustment )
Date FEW Reading Topie © Assignment Due

1 Mon, WZ82017 Chap, 1 Infraduction # BT
2 Wed 02017 Chap, 1 ‘Scattaring theary #2 AT
3 Fri S01NT  Chap 1 ‘Scattering theary
4 Mon, B/04/2017 Chap, 1 Scattering theory 3 QBT
5 |Wed BG201T Thap. 2 Phiysics in an non-inertial refarence frame #4 WEZNT
6 Fr, %0B2NT Chap 3 Calcutus of vanations #5 amamT
7 Mon, 5112017 [Chap 3 Caleuhus of varaticns # 2132017
8 Wed 3132017 Chap. 3 Lagranglan Mechanics o7 Q52017
9 Fn, 9182017 Chap.3and 6 Lagrangian mechanics and canstraints  #8 20207
10 Mon, 918:2017 Chap. 3and 6 Caonstants of the motion

- 11 Wed B202017 Chap. 3and & Hamillonian formaksm #3 LET09T

12 Fri, 9222017

13 Mon, 9282017

14 Wed, 81272017

18 Firi, 9282017
Non, 10022017 TRkE-NOME BXAM — NO Class
Wed, 10/04/2017 Take-horme axam — No class
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WFU Physics Colloguium
TITLE: Guided Design of Materals: from the sublims
{core-shell nanoparticles) to the ridiculous [High-
Entropy Alloys*
SPEAKER: Professor Duane O. Johnson
F. Wendell Miller Professor.
Matenials Science & Engineering, lowa State
University
Chief Scientist, Ames Laboratory/U 8. DOE,
Ames, lowa
TIME: Wed. Sep. 20. 2017 at 4.00 PM
PLACE: George P Williams, Jr. Lechsre Hall, (Ofn
Bey ABSTRACT

Since the lron
unusual beha
i

have yielded desirable and
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re difficull 1o unravel. Here we address
g that ocour in metalb nanaparticles to bulk

Lagrangian picture
For independent generalized coordinates g (¢):
L=L{g,0}{a,0}1)
daL o

dt 04, 0q,

= Second order differential equations for ¢, (¢)

Switching variables — Legendre transformation
Define:  H = H({g, (0} {p, (0)},1)

H:Zq{,pv -L where p, = 0{“
= o4,
oL oL oL
dH = 7.dp_+p_dq. ———dq_— dg. |——dt
;(% Pt podd =2 i =2 qo] P
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Hamiltonian picture — continued
H =H(g, 0O}k {p,0}1)
H:anpg—L where paza—,L
v o4,
oL oL oL
dH = 7.dp, + p.dq, ———dq, ———dq, |——dt
;(% 4 poddy =2~ day =2 qn] a
:Z oH dq0+a—Hdpg +6ﬂdt
=\ 04, p, ot
. oH oL d oL _ . OH 0oL oH
=4, = =— ——=p,=—F—— —_—=———
p, oq, dt 0q, oq, Ot ot
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Direct application of Hamiltonian’s principle using the
Hamiltonian function --

ds Generalized coordinates :
L )

Define -- Lagrangian: L=T-U

L=1({g,}.4d,}1)

= Minimization integral: § = _[ L ({qo IREAS t) dt
t

Expressed in terms of Hamiltonian:
H =H({g,0}{p,O}1)
H=Yq,p,~L =1=Yd.p, - H({¢,}{p,O}.1)
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Hamilton’s principle continued:
Minimization integral:

S ::j(;‘?apa - H({q,0}.{p,(0)}.t) jdt

&= j(z(qap +1,, —%&IU - j;’ 517,,]}# =0
EY'] =B—H
Siop. Canonical equations
= piE o
fiogs
Detail : 0
T[Z(dqp,pa)jdz =/f(z(%—aqm,j]m =;&/,po ’ —'I(Z(aqoh,)]dz
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Constants of the motion in Hamiltonian formalism
H =H(g, 0} {p,0)}1)
44, _ OH = constant g if o _ 0
dt op, P,
dp, __H = constant p_ if oH _ 0
dt aq, oq.,
dH OH . OH . OH
=2 et P |t
d aq, op, ot
= constant H if oH =0
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Recipe for constructing the Hamiltonian and analyzing
the equations of motion

1. Construct Lagrangian function : L = L({g, ()}, {g. () }¢)
2. Compute generalized momenta: p_ = %

3. Construct Hamiltonian expression : H = z q,p,—L

4. Form Hamiltonian function : H = H({g, (:)}, {p,(O}h1)

5. Analyze canonical equations of motion :

dq, _OH  dp, _OH
dt  op, dt aq,
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Example1: one - dimensional potential :
L=im(&+j?+22)-V(2)
py=mx p,=my p =mz
H=me* +mp” +mz* = (Lm(d + 37 + 22)-V(2))
2 2 2

H :&+ﬂ+&+y(z)

2m  2m  2m
Constants:  p_,p, ,H

dz OH p. dp. 4V

Equations of motion: —=—=-%
dt op, m dt dz
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Example 2: Motion in a central potential
L=1mlp +17¢*)-v(r)

p, =mi py=mr’d
H = mi? +mr’g® - (%m(iz + r2¢2)— V(r))
=L+ )+ v (r)
5 2
H=Lry p¢2 +V(r)
2m  2mr

Constants :  p,, i

Equations of motion :

2
dr _p, dp, OH p; OV
dt  m dt or  mr* or
9/20/2017 PHY 711 Fall 2017 -- Lecture 11 12




Other examples

Lagrangian for symmetric top with Euler angles «, 5,7 :
L=L(a. B.y.c. B, 7) =3 1,(@"sin® B+ B )+ LI, (@cos B+ 7)
—Mghcos

p, =1asin® B+1,(ccos f+7)cos B

py=1p

p, = 13(02005,6’4—}?)

H=11 (o‘zz sin’ ﬂJrﬂ'z)+%13(a‘zcosﬂ+;‘/)z +Mghcos 8

@a*mcwﬂf+gg+gj
2 sin’ p 20, 21,

Constants:  p,,p,,H

+ Mghcos
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Other examples

L=%m@?+y2+zﬁ+5134—xy+ya
C

.9
pr:mx_EBOy
p, :my+%Box
p.=mz
H:%m(x2+)}2+zz)

Constants:  p_,H
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Canonical equations of motion for constant magnetic field:

2 2
(Px +i30yj (Py _lBoxj 2
H= 2¢ 2¢ e

+ +
2m 2m 2m
Constants:  p_,H
9 _9
ﬁ:px_'—ZcBOy ﬂzpy chox
dt m dt m

ﬂz_aﬂzﬁ( _4py
dt ox  2mc 2¢

dp,  oH B
:—Af:—ﬁi{pfFiBwj
dt oy 2mc 2c
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Canonical equations of motion for constant magnetic field
-- continued:

‘I 9
m m
dpr _ j 9By dy
dt 2mc Byx 2¢ dt
- y|o_4Bo &
dr 2mc 2¢ dt
x:& q g qB dy
m  2mc ° mc dt
Y =&_LB o 9By dx
> m 2me ° mc dt

9/20/2017 PHY 711 Fall 2017 -- Lecture 11 1€

9/19/2017

General treatment of particle of mass m and charge ¢ moving
in 3 dimensions in an potential U (r) as well as electromagnetic

scalar and vector potentials ®(r,) and A(r,z):
Lagrangian: L(r,i‘,t):%mi‘2 ~U(r)—q®(r,t)+ 4. A(r,z)
c

Hamiltonian: p=—=mr+ gA(r,t)
c
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Poisson brackets:
Recall:

H =H({g, O} {p, Oht)
H =0

dq, _OH = constant g, if 2
di - ap, %,
dp, __OH = constant p,_ if on
dt oq, ’

7_27 LOH | OoH
7 dot oy Pr |t

ot

=0

Similarly for an arbitrary function : F = F({g, ()}.{p, (O}.¢)

dF OF . OF . OF 0H OF OH | OF
E L s f Loy T
dt '\ oq, p, O ot

oq, op, p, 04,
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Poisson brackets -- continued:

For an arbitrary function : F = F({g, ()}, {p,(6)},1)

dF oF . OF . oF OF O0H OF oH
By L L, | Ly L),

dt - p
Define:

OF 3G oF 3G
(7.6l = Z[f%—f%] =-[arl,
-\04, o, op, 94,

oq, p, o4, op, p, 04,

dF oF
Sothat: —=|FH |, +—
d[ [ ]PB 6[
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Poisson brackets -- continued:

Y| 9F 0G _OF 0G)_
[F.6l, = ;(6% o, o, 0!10) [G:FLs
Examples :

[x,x]PR =0 [X’Pr]m =1 [x’Py ]pB =0

oz, ], =L

Liouville theorem

Let D =density of particles in phase space :
dD oD
—=|DH |y +—=0

dt [ ]PE 51‘
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Phase space

Phase space is defined at the set of all

coordinates and momenta of a system :

(la. O} P}

For a d dimensional system with N particles,

the phase space corresponds to 2dN degrees of freedom.
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Phase space diagram for one-dimensional motion due to
constant force

P

o

1

T .‘2
H(xp)=2-~Fx  p=F =t

m

) 1
PO=py+Fr O =x+ P Ey
m
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Phase space diagram for one-dimensional motion due to
spring force

15

P

T P R /B A
»’ P
H(x,p)z—-%—fma)zx2 p=-mo’x i=+
2m 2 m

p.(t) = p,; cos(wt +6,,) x, () =Lu sin(awt +6,,)
mao
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Liouville’s Theorem (1838)

The density of representative points in phase
space corresponding to the motion of a system of
particles remains constant during the motion.

Denote the density of particles in phase space: D = D({qa (t)}, {p[T (t)}, t)

dD oD . 0D . oD
== G, +—p, |+—
dt T\ 0q, p. ot

dD

According to Liouville's theorem : o
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Liouville’s theorem

(x,p*+4p) I

(x+Ax,p+A4p)

P X oD

) o

—

(x,p) ,.,I

(x+4x,p)

PHY 711 Fall 2017 —

Lecture 11

Liouville’s theorem -- continued

(x,p*4p)

I (x+4x,p+4p)

P X

—

oD

o ‘

(x,p)

1.,' (x+4x,p)

oD _ . X
— = time rate of change of

= time rate of particle entering minus particles leaving

particles within volume
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Liouville’s theorem -- continued

(x,p*4p)

I (x+Ax,p+Ap)

oD

o ‘

(x,p) 1.,' (x+4x,p)

oD oD . oD . dD
—+—Xx+ =0=—

ot Ox op
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Review:
Liouville’s theorem:

Imagine a collection of particles obeying the
Canonical equations of motion in phase space.

Let D denote the "distribution" of particles in phase space :
D= D({% ""131\1}’{1)1 “Day }’Z)
Liouville's theorm shows that :
dD

7 0 = Dis constant in time
t
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Proof of Liouville’e theorem:

l vp
Continuity equation :
oD

l ‘ " E=—V~(VD)

Note :in this case, the velocity is the 6N dimensional vector :
v= ('.'171.'27~ <Ey PPy pN)

We also have a 6N dimensional gradient :

V=(V,.V, ..V, .V, .V, ...V, )
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3N NI Og. Op,
=— |:6Dq/+aDpj}_DZ|:ql+p/}
j

=94, op;

o0, op 2 2
%, o, _OH [ OH |_,
aqi 6]) J aq./ 617 J 6[7 /aq J
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0

D _

oD . oD . L 54,-/6[;,»
= |—q¢,+—p,|-DD | =+
ot =\ 4, op; A oq; Op;

w_fw, o,
o “S|ogq, 7 op,
oD ¥\ oD . oD . dD
3?*2 ~——4;t—p;|=—-=0
t =) 0q, op; dt

9/20/2017 PHY 711 Fall 2017 -- Lecture 11

9/19/2017

dD _
dt
Importance of Liouville’s theorem to statistical
mechanical analysis:

0

In statistical mechanics, we need to evaluate the
probability of various configurations of particles.
The fact that the density of particles in phase
space is constant in time, implies that each point
in phase space is equally probable and that the
time average of the evolution of a system can be
determined by an average of the system over
phase space volume.
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