PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107
Plan for Lecture 13:
Finish reading Chapter 6
1. Virial theorem
2. Canonical transformations

3. Hamilton-Jacobi formalism
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Course schedule

{Preliminary schecule — subject 1o fequent adjustmert.)

Date F&W Reading Tapic Assignment
1 |Man, 8282017 Chan. 1 Introduction @1
2 |Wed BAOZ0MT Chap 1 Scatiering theary ]
3 [Fri, 2012017  Chap 1 Scatiering sheary

4 [Mon, 04017 Chap 1 Scattering sheary FE)
5 (Wed, WOB/ZD1T Chap, 2 Fhiysics in an nar-inems retarance frama -
§ |Fri, 9082017 Chap. 3 Calculis of varialions uE
7 [Man, 9112017 Chap.3 Calculiis of variaticns uE
B (Wed, 9132017 Chan. 3 Lasgrangian Mecharics ¥7
9 [Fri, 9152017 Chap. 3 and B Lagrangian mechanics and constraints s0
10 Mon, 2182017 Chap. 3 and & :Canstants of the metion

1 Wed, 2202017 Chap, 3 and & Hamiltonian formaksm 25

12Fn, 9722017 (Chap, 3and & Liouvile equaticn

13 Mon, 9252017 Chap. & Canonical ranstarmatians
A4 wed, W2T/2017 Chap, 4 Mation from Smal oscilaions oot equilbrium
15(Fr, 9292017  Chap 1-46  [Review

Man, 100272017 Take-homs exam — No ciass

Wed, 10/0472017 Take-home exam - No class

18 Fri, 10062017
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Virial theorem (Clausius ~ 1860)

AT) = —<2 F, ~r,,>
Proof:
Define: A=Y p,-r,

%:Z(pc-rd+pa~ifd):ZFd-ra+2T

o

Because p, =F,
<%>:<ng ~r>+2<T)

Note that this

(@) R
= <§FU -r>+2<T> =0
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_17dA(r) . A(r)-4(0) implies that
_;-([ dt = T =0 « the motion is
bounded




Examples of the Virial Theorem  2(T)= —<ZFU 'To>

Harmonic oscillator:

F =—kk T:%mf (me?)=(kx)

Check: for x(#) = Asin [\/zt + a]
m

()= L ks~(s)
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Examples of the Virial Theorem  2(T)=—(>'F, 'To>

Circular orbit due to gravitational field

of massive object: ' ‘

F:iGAfmi- T:lmrza)z <mrzwz>:<GMm>
r 2 .
Check: for ro’ = GA:[ . <mr2a)2>:<GMm>
) r
9/25/2017 PHY 711 Fall 2017 -- Lecture 13

Hamiltonian formalism and the canonical equations of
motion:

H=H({g,O}{p,O}h)

Canonical equations of motion

dq, _ OH
dt  op,
dp, _ OH
dt oq.,,
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Notion of “Canonical” transformations

‘15:qﬁ({Ql'“Q,,},{E'“P,,},t) for each o
PU:Pg({Ql"'Q,,},{R'--R,}J) for each &

For some H and F,  using Legendre transformations
. : ~ d
2 pode = H({a P pot) = X R0, ~A ({0} (R} 0)+ - F ({4, 0. 1)
Apply Hamilton's principle:
d

1 Zr0- At n1 )+ Flla o) -0
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Some relations between old and new variables:

X pod (1), )~

20, - (1017 0+, Fllg, 0,0

4 oo (2 o 2 Jo. o
}

o

- 4,
fE) o)
Q. ME )= g, o o) 2
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Note that it is conceivable that if we were extraordinarily
clever, we could find all of the constants of the motion!

o
oF, 00,
Suppose : QU=8H=0 and Q=_8H =0
oF, 20,

= (Q,,P, areconstants of the motion

Possible solution — Hamilton-Jacobi theory:

Suppose:  Fllg, 110, }1)= -2 R0, + S(la b7 1)
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WARVIURVNE
IRV RUANIEAS FRRRITAY)

e M) 3 R0 T g h o

0q P, ot
Solution :
_ oS _ oS
P, °op,
~ oS
Ao, ip )= Hlig, b p. o)+

When the dust clears :
Assume {Q[r } {P[, }, H  are constants; choose H =0
Need to find S({g, },{P, }.¢)
oS oS

“w, Yo

oS oS
H| 3 ) —=0
- [{%}{%} ] s

Note: Sisthe"action":

S poi, - Hlla, o, bo)=
S Sl N 0
IR RANIE O WLERURTAY)
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Differential equation for S:

AwSh 5

Example: H({g}, {p},t):éj—m —ma’q’

Hamilton - Jacobi Eq : H[ {Zi} ]
q

2
i[ﬁj +lma)2q2 +§ =0

2m\ Oq 2 ot

Assume: S(q,t) W(q) Et (E constant)
Continued:

2

1 (oS 1 oS
—| = | +=m&’q* +—=0
2m\ Og 2 ot
Assume:  S(q,t)=W(q)—Et (E constant)
1 aw +lma)2q2:E

dq 2

dW 2mE — ( )2q2
dq

W(q)=[\2mE -(mo) ¢*dq
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Continued:
W(q)= [\2mE - (mo) ¢*dg
1 JomE (o) d E . mmy]
=—q+2mE +—sin +C
X (mo) g’ += ( hoE
S(q.E, ,)77‘1 2mE — ( Yq? +—sm [ a)q)

2mE
ul =0 :lsin’l( dadi) j—t
[0}

OF 2mE
=q(t) =" i’Z)E sin(a(t+0))
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Another example of Hamilton Jacobi equations

2
Example: H({q},{p},t)zi—m+mgy
Assume y(0) = 7; p0)=0

Hamilton-Jacobi Eq: H({q},{as},t] B

0q
6S oS
+mgy+—=0
2m 8y ot

Assume: S(y,t)=W(y)-Et (E constant)
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2
P
E le: H Api.t)=—
xample ({q} {p} t) . +mgy
Assume y(0) = k; p0)=0

2
1 (dW

—| — | +mgy=E=mgh
Zm(dyj & &

W(y)= mJ.JZg(h —y')d '= %m@(h —y)3/2

S(y,t)=W(y)—Et = %m@(k — )"~ mght
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Check action:

. 1
For this case: y(¢)=h— Egt2
1 1
S= I[—myz - mgyjdt' =—mg’t’ —mght
2 3

S(y,t)y=W(y)—-Et= %m\/g(h - )/)3/2 —mght
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Recap --

Lagrangian picture
For independent generalized coordinates ¢, (f):
L=L(lg, O}d,0}1)
d oL oL _ 0
di g, oq,

= Second order differential equations for g (¢)

Hamiltonian picture

# = H(lg, 0} {p, O}1)
da, _oH  dp, __oH

dt ép, dt oq,
= Coupled first order differential equations for
q,() and  p, (1)

9/25/2017 PHY 711 Fall 2017 — Lecture 13 20




