PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107
Plan for Lecture 14:
Start reading Chapter 4

1. Small oscillations about
equilibrium

2. Normal modes

9/27/2017 PHY 711 Fall 2017  Lecture 14

9/26/2017

Course schedule

{Preliminary schecule — subject 1o fequent adjustmert.)

Date F&W Reading Tapic Assignment
1 |Man, 8282017 Chan. 1 Introduction @1
2 |Wed BAOZ0MT Chap 1 Scattering theary ]
3 [Fri, 2012017  Chap 1 Scatiering sheary

4 [Mon, 04017 Chap 1 Scattering sheary FE)
5 [Wied, ROE201T Chap, ;‘ Phiysics In an non-inedial refaranca frama EZ]
® |Frl, 082017 Chep. 3 Cakulus of vanations 5
7 [Man, 9112017 Chap.3 Calculiis of variaticns s
B (Wed, 9132017 Chan. 3 Lasgrangian Mecharics ¥7
9 [Fri, 9152017 Chap. 3 and B Lagrangian mechanics and constraints s0
10 Mon, 9182017 Chap. 3 and & Canstants af the motion

1 Wed, 2202017 Chap, 3 and & Hamiltonian formaksm 25

12Fd, 9222017 [Chap, 3 and B Licuvile equaticn

13 Mon, 9252017 Chap. & Canonical ranstarmatians
- 4 Wed, 8272017 Chagp, 4 Mation from Smal oscilafions sbout equilbrium
15(Fr, 9292017  Chap 1-46  [Review
Man, 100272017 Take-homs exam — No ciass
Wed, 10/0472017 Take-home exam - No class

18 Fri, 10062017
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WFU Physics Colloguium
TITLE: “Photons. electrons, and phonons, OLED,
OFET, and OPY”
SPEAKER: Professor Laurie E. McNeil
Department of Physics and Astronomy
University of North Carclina at Cha
Chapel Hill, NC
TIME: Wed. Sep. 27, 2017 at 4:00

ABSTRACT

PLACE: George P. Willlams, Jr. Les
101)

9/27/2017 PHY 711 Fall 2017  Lecture 14 4

9/26/2017

Motivation for studying small oscillations — many interacting
systems have stable and meta-stable configurations which
are well approximated by:

awv
V(x)=~ V(xeq)+%(x—xgq)zﬁ = V(xeq)+%k(x—xeq
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Equations of motion for a single oscillator:
Let k=mw’
: 1, 1 5,
L(x,x,t)=—mx" ——mw"x
2 2

daL_aL
dt ox Ox

x(t) = Asin(wt + @)

= m¥=—-maw’x
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Example — linear molecule

k K .
© .09

—
X x,

X3

1 1

[
L=—mx*+—m,x> +—mx
X 2% 3X3

2 2 2

1 1
75k(x2 X *412)2 *Ek(xs X *423)2
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1, 1 ., 1
L:Em,xlz+5m2x22 +Em3x32

1 > 1 >
_Ek(xz_xl_glz) _Ek(xa_xz_gza)
Let: x, =>x—x X —2X-x —{, X—>X—x"—0,—{y

L :%m]xf +%m25c22 +%m3x32 —%k(x2 —x ) —%k(x3 -x,)
Coupled equations of motion :
mx, = k(x2 _xl)
myx, = 7k(x2 7x1)+ k(xs 7xz): k(xl —2x,+ xs)
myx; = 7k(x3 - xz)
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Coupled equations of motion :
mx, = k(x2 _xl)

m,x, = 7k(x2 7x1)+k(x3 7x2): k(xl -2x, +x3)

Let x()=Xe™

- @lm X =k(xy - x7)
—tm XY = k(X7 -2X7 + X7)
- @lmX¢ =—k(xy - x7)
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Coupled linear equations:
—almX{ =k(X5 - X7)
—2m XY = k(X7 —2X5 + X¥)
—lm X7 =—k{x7 - x)

9/26/2017

Matrix form:
k—calm, -k 0 X!
-k 2k —alm, —k X5 =0
0 -k k—alm, | X?
Matrix form:
k—alm, -k 0 X7
—k 2k —w’m, -k X5 =0
0 -k k—awlm, ) X¢

More convenient form:

Let Y, = \/;, X,  Equations for Y, take the form:

2 a
Ky —@, — K 0 Y
2 a | _
K, 2kp-@, —ky |Y|=0
2 a
0 — Ky Ky =0, | Y;
k
where &, =k, =
Jmm;
2 HY 711 Fall 2017 - Lecture 1 1
Digression:
Eigenvalue properties of matrices My, =4y,

Hermitian matrix :  H, =H i
Theorem for Hermitian matrices :

A, have real values and y” -y 5 =0up
Unitary matrix : uu” =1

‘/‘La‘:l and y5~yﬂ:5aﬁ
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Digression on matrices -- continued

Eigenvalues of a matrix are “invariant” under a similarity
transformation

Eigenvalue properties of matrix: My, =4y,

Transformed matrix: M'y', ="y,

If M'=SMS™ then A' =4, andS'y' =y,
Proof SMSly', =4y,

M(sTy,)=4%(STy",)
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Example of transformation:
Original problem written in eigenvalue form:

klm  —k/m 0 Xy Xy

~kim, 2k/im, —k/m, | X |=a}| XS

0 —k/m;  k/m; | Xy Xy
\/;1 0 Ky Ky 0

0 0 \/m7 0y Ky

0
Let S=| 0 m, 0 |} SMST=|-x, 2K, —K,

Ky K 0 Yla Yla
—Ki 2K2z Ky Yza a’i Yza
0 Ky Ky YJ‘Z YJa
k
where  «, =k, =
mm,
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In our case :
a a
Ky —Kp 0 Yl Yl
a | _ 2 a
—Kp 2Ky, —ky | L=, T
a a
0 Ky K33 Ys Y}

for my =my;=m, andm, =m, (CO,)

a a

Koo  ~Koc 0 4 4
a | _ 2 a

—Koc 2ch —Koc Yz =w, Yz
a a

0 —Koc Koo Y3 Y3
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Eigenvalues and eigenvectors :

Y} Zo ) (Xx) 1
o} =0 Y, =N 1 |, |X;|=N]1
v ae) X 1
. Y? 1 X; 1
d:zf Y7 |=N,| 0| [ X3 |=N,[0
¢ Y} -1) | X3 -1
k 2k " : A :
el P LA R A S PR LA B
0 c Y33 1 X33 1
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General solution :

xi(t) — m(z CaXivze—im,zt]
For example, normal mode amplitudes

C“ can be determined from initial conditions
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Additional digression on matrix properties
Singular value decomposition

It is possible to factor any real matrix A
into unitary matrices V and U together
with positive diagonal matrix X :

A =UzvV"
o 0 - 0
g0 O
0 0 - oy
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Singular value decomposition -- continued

Consider using SVD to solve a singular
linear algebra problem AX=B
A=UzV"

X= Z Viw

iforo; >¢ o;
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Consider an extended system of masses and springs:

k k k k
)0 0 0000 00070 10010
mxﬂw\xgwwe\m/
xi

X, Xin

Note : each mass coordinate is measured relative
to its equilibrium position x;
1 &, 1<
L=T-V= fmZXf 7sz:(xi+1 —-X, )z
2 5 2 3
Note: In fact, we have N masses; x, and x,,,

will be treated using boundary conditions.
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L=T-V =lmi5cf —lki(xm —x f
2 i=1 2 i=0

Xx,=0andx,,, =0

From Euler - Lagrange equations :
mx, = k(x2 _2x1)
mx, = k(x3 -2x, +x1)

mx; = k(xm —2x,+ xl*l)

miy = k(fol _sz)

I
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From Euler - Lagrange equations :
m)‘éi:k(xj+l—2xi+xj71) with x, =0=x,,

Try: x/(t):Ae—immqa/

— 0 Ae :ﬁ(eiqa D4 )Ae—iwrﬂqa/
m

-0’ = %(2 cos(ga)-2)

=S = ﬁsinz[ﬂ)
m 2
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From Euler-Lagrange equations -- continued:

mi; = k(xj+l — 2xj + xH) withx, =0=1x,,,
Try:  x,(1)=Ae™"™ = o = in? {ﬂj
m 2
i , 4k .,
Note that:  x,(¢) = Be™™ "’ = @* = _—sin® (%)
m

General solution:
x, ()= ‘R(Ae"‘”’”‘*”f + Be"‘””“’”’)
Impose boundary conditions:
x%,(0)=R(4e ™™ +Be ™) =0

XN“(I) _ SR(Ae;iwprzqa(Aurl) " Befi(wfiqa(fwl]) -0
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Impose boundary conditions -- continued:
x,(t)=R(4e™ + Be ™) =0
Xy (1) = m(Ae*"‘“’*"‘f"W”) + Be*"‘“’*’W*”) =0
= B=-4
Xy ()= ‘.R(Ae”'”” (eiqa(NH) — g e+ )) =0
= sin(qa(N +1))=0
= qa(N+1)=vz where v=0,12---

= T
1 N+1
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Summary of results:

= of = K gin?| 7 x, =R 2iAsin( e
m 2(N+1) N+1

v=0,1.N n=12,...N




