PHY 711 Classical Mechanics and

Mathematical Methods
9-9:50 AM MWF Olin 107

Plan for Lecture 16:

Continue reading Chapter 4

1. Normal modes for extended one-
dimensional systems

2. Normal modes for 2 and 3
dimensional systems
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Course schedule
{Prefiminary schecule - subject o frequent adjustment.)
Date F&W Reading Tapic Assignment Due
1 |Mon, 8282017 Chan. 1 Introduction w1 ama017
2 [Wed, B302017 Chap 1 Scattering theary B2 at2017
3 [Fri, @01/2017  Chap 1 Scatiering theary
4 |Mon, 247017 Chap 1 Scamaring thoary #3 AEI01T
5 {Wed, WOGE017 Ghag, 2 Fhiysica in an nar-inema refaranca frama 4 AEZONT
8 : Chap. 3 Cakulus of vanations u5 92T
7 Man, Chag.3 Calculus of variticns o aN32017
B (Wed, G017 Chan. 3 Lagrangian Mechanica a1 anszaiT
] Chap. 3 and 6 |Lagrangian mechanics and canstraints s amazarT
10 Mon, 9182017 Chap. 3 and & Canstants af the motion
1 Wed, 22002017 Chap, 3 and 6 Hamltonian formatsm 25 QATEOAT
12 Fo, 2222017 Chap, 3and 6 Licuvile sguation
13 Mon, 9292017 Chap. 6 Cananical transtarmatians
A Wed, BIETIZ0IT Chap, 4 Mation Tram Sk oscilanons sbaut equilbnum
15[, D292017  Chap 145 |Review

Maon, 10022017
Wed, 10/042017

Take-home siam — N class
Take-home exam - No class

BE) 6Fi 19082057 | Chap.4  Vibrational modes
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Example — linear molecule

X k
OWJ
f———— xl

X,

X3

I, 1 ., 1
L=Em1xl2 +Em2x22 +Em3x32

1 1
_Ek(xz - _512)2 _Ek(xs —X _523)2
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Lett x,>x—-x X, —>x-xX —{, X —>x-x —{,—0(,
L= %mlxl2 +%m2x22 +%m35c32 —%k(x2 —xl)2 —%k(}@ - X, )2
Coupled equations of motion :

mx; = k(xz _xl)

my¥, = _k(xz _x1)+k(x3 _xz): k(xl —2x,+ xs)

my¥; = _k(xz - xz)

Let x(t)=Xe™

—otm X¢ =k(xg - x7)

—alm X{ =KXy —2x5 + X7

- @m XY =—k(xy - x7)
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For m =m,=m,

and m,=m,
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Consider an extended system of masses and springs:

Note: each mass coordmate is measured relative

to its equilibrium position x;
1 &, 1., )
L=T-V :EmZx,. —EkZ:(xH1 - X, )
i=1 i=0

Note: In fact, we have N masses; x, andx,,,

will be treated us1ng boundary COIldlthIlS
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N N
= lmzxyz _lkZ(xm —X )2
2 3 23
X, =0andx,, =0
From Euler - Lagrange equations :
mx, = k(x2 _2x1)

mx, = k(x3 -2x, +x1)
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From Euler - Lagrange equations :
m)'é/:k(xj+172x/+xj71) with x, =0=x,,

Try: x;(t)=Ae” ™"

_ P Aein &(eiqa D4 )Ae—ia;r+:qaj
m

-0 = %(2 cos(ga)-2)

S = ﬁsinz[ﬂ)
m 2
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From Euler - Lagrange equations - - continued :

m)'c'j=k(xj+l—2xj+xj,1) with x, =0=x,,,
jor+igaj 4k .
Try: x/.(t) = e ioriaa S = 781n2(ﬂ)
) m 2
Note that:  x,(¢) = Be™" ™ > o= ﬁsinz[ﬂ)
m 2

General solution :
x, (0= ﬁ{(Ae’i""”"“j + Be’i‘”"iq"’)
Impose boundary conditions :
x,(t)=R(de ™ + Be™)=0
Xy, (1) = ER(Aefiniqn(NH) + Be—in)tfiqu(NJrl)): 0

| 2017  Lecture 1€
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Impose boundary conditions - - continued :
x,(6)=R(4e ™ + Be™)=0
Xy (1) = (J{(Ae—in)/ﬂqa(]\fﬂ) i Be—in)/fiqu(NJrl)): 0
=B=-4
Xy () = R(de e (e —giae¥ ) — g
= sin(ga(N +1))=0
= qa(N+1)= vz wherev=0,1,2---
VT
TN+l

qa
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Recap - - solution for integer parameter v

x (£) =R 2ide™ " sin| 7
/ N+1

» 4k . L wvx
W, =—SIN" | ————=
Y om 2(N +1)

Note that non - trivial, unique values are
v=12,---N
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Example for N=4: = ﬁ :
" \Nm

.
o8
,
os
4k /m
.
02
.
0 os . m 2 25 E

qa
Note that solution form remains correct for N >«
o(ga)=~4k/m ‘sin(qa)‘
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For extended chain without boundaries:

k K L f o f
T - YUY . Y . SO

Xiy X, Xist
From Euler-Lagrange equations:
m, :k(x_,+1 -2x; +x_,,1) forall x;
Try:  x,(t)= Ae i
_sze—manaj — &(eu]a _2 +e—;qa)Ae—wr+1qaj
m
-0’ = E(Zcos(qa) - 2)
m
4k . ..
= @’ =—sin’ (% distinct values for 0 <ga <7
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1
0.8
_% 06
4k /' m
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Consider an infinite system of masses and springs now
with two kinds of masses:

X Vi Xin Yin Xiva
Note: each mass coordinate is measured relative

to its equilibrium position x!, y?, -+

L=T-V
1
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=Em§0“x,2 +%M§y,2 —%k;(xm -y )Z —%kg(y, - X, )2
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L=T-V

1 & 1 . 1, & 1, &
=Em;x,2+5M;y,2—5k;(xm—y,)Z—Ek;(y, -, )2

Euler - Lagrange equations :
mx; = k(yH - 2x, +y,)
My, = k(x/ =2y, +x/+1)
Trial solution :

x, (1) = Ae i

y[ ([) — Be—imﬂanj

mae* -2k k(e’iz"“ +1) {AJ 0
ke +1) Mo? -2k \B)
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mo* ~2k k(e +1) [AJ 0
ke™ +1) Mo* -2k \B)
Solutions :

o =£+Aik\/iz+¢z+w
S oom M M mM

0 [3) 04 X3 0
2

galn
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Eigenvectors:
For ga=0:
2k 2k
w_ =0 w0, =,[—+—
m M
A 1 A 1
=N = N|
B 1 B), -1
T
For ga=—:
7473
2k /2/{
o =.— w, =,—
M m
A 1 A 0
=N =N
B 0 B), 1
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Potential in 2 and more dimensions

2 0%V
V)2V (g y) +4(x-x, ) 5

o’ o
o oV
+‘E(y_yeq)z 6y2 +(x_xeq)(y_yeq)@

YegVeq
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Example — normal modes of a system with the
symmetry of an equilateral triangle

Degrees of freedom for
u . . .
3 2-dimensional motion:
2N =6
k k
u;
m YW K m
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued

U3 Potential contribution for spring 13:
1
Y » Vm:Ek(‘lw*us*“l‘*‘lu‘)z
2
zlk ll}‘(“37ul)
u, 2 [23s]
2
(1 3
u, zik(g(“xs_"u)‘*j("ﬂ_”n)]
NEN
513*‘513‘[ x*?)’

10/06/2016 >HY 711 Fall 2017 — Lecture 1€ 22

Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued
Potential contributions: V =V, +V;+V,;

(it

+7
2
2
+lk [23'(“3_“2)
2

[£2s]

2
1. (1 B
10/06/2016 ’ Ek[i(u” B u'd ) N T(Myz N uy} )j
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued

DR N S CEL S R N
R S L AR SN EEY W
; =1 7% 5 7l‘/? %ﬁ 0 Us Us

ERCICI SERE S S CYR ™

R LA S | 8 P

SRR L | A
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Example — normal modes of a system with the
symmetry of an equilateral triangle -- continued

U
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3-dimensional periodic lattices

Example — face-centered-cubic unit cell (Al or Ni)

Diagram of
atom positions

Diagram of g-
space  v(q)

(@)
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From: PRB 59 3395 (1999); Mishin et. al. v(q)
0 r [a00] X .K [a90] r [qaq] L 1 r [q00) X .K laq0] r [aqal
A =
. , .
L sb L -
£ £
E > 4
7
4 :

a-> (b)

0 - 0
000025 050 0.75 100 075 050 025 000 025 050 000025050075 100 075 050 025 000
<a a

: present EAM potertinls, with the experi-
by eutron diffruction at 50 K (Al snd 298
for Al and Ref. 34 for Nil. The phonow frequencics

a1 posnt ¥ were included in the fiting dutshase with baw weight
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Lattice vibrations for 3-dimensional lattice

Example: diamond lattice

Ref: http://phycomp.technion.ac.il/~nika/diamond_structure.html
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Atoms located at the positions:
R‘=R," +u’
Potential energy function near equilibriu :

U({ : })z U({Ron })*’%Z(R" -R, )

ab

Define:
wo_ OU
" éR,‘R,"
SR

so that

U(RY)~u, +% S utDYul

bk

i) =3 Zm i} 0, Tyl

a,j
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LG“;””(/’ }): %Zmﬂ(u‘,’)z U, —% hz:l';D;’,fuf
ab.

a,j

Equations of motion :
s _ ab b
m; = ZDM Uy
bk

Solution form:

u (t): Ateriona RY

2
Details: Rj=1“+T wheret” denotes
unique sites and

T denotes replicas
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Define:

) D)
wi(a)= ;W‘
Eigenvalue equations:
o't =)

In this equation the summation is only over

iq T

unique atomic sites.

= Find "dispersion curves" o(q)
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Solid State Phys. 6 JL’
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Figure 2. Phonon dispersion curves of diamond. Experimental points
et al (1965, 1967). & and O represent the longitudinal and transverse m«
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