PHY 711 Classical Mechanics and
Mathematical Methods
9-9:50 AM MWF Olin 107
Plan for Lecture 20:
Start reading Chapter 7
1. Linear versus non-linear oscillators

2. Coupled motion of extended
systems; relationship to continuum
models & wave equation
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Linear oscillator equations (example from one dimension)

1 d?
V(x)z V(xgq)+5(x—xgq)lez/

1 1
L(x,%)==mi’ ——ma*x’
2 2
Euler - Lagrange equations :
i=-w"x
Superposition :
Suppose that the functions x, (t) and x, (t) are solutions
= Ax,(¢)+ Bx,(r)are also solutions (all 4,B)
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Non - linear oscillator equations (example from one dimension)

1 dwv 1 awv
V(x)z V(xeq)+5(x7xeq)zyxm +1(x7x‘”’)4ﬁxﬂ +

zlma)2 x? +l£x4
2 2

L(x, %)= L
2 2 2
Euler - Lagrange equations :

i= —a)z(x +ex )
Superposition - - no longer applies
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Non - linear example - - continued
L(x,)&): lmfc2 —lmwz[x2 +lac4)
2 2 2
Euler - Lagrange equations :
jé+a)2(x+éx3): 0
Perturbation expansion :
x(t)=x, (1) +&x,(e)+ ...
Euler - Lagrange equations :
zeroorder: ¥, +®’x, =0

firstorder: ¥ +@’x, +@’x; =0
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Non - linear example - - continued
i+’ (x +ax’ ) =0 Initial conditions :
Perturbation expansion : x(0)= X, x(0)=0
x(t) =X, (t)+ &, (t)+ ..

Euler - Lagrange equations :
zeroorder: X, +@’x, =0 = x,(1) = X, cos(wr)
first order: ¥ +@’x, +@’x; =0

= %)+ w'x (1) ==X, cos’ (wt) = —XTj(fﬁcos(wt)Jrcos(Swt))

= x0)= —X—‘i {3@[ sin(wt)+ l[cos(cot) - cos(3wt):|}

8w 4

x(t)= X, cos(wt)—¢ Xy

e {3wt sin(wt)+%[cos(wt)—cos(3wt)]}+0(52)
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Non - linear example - - continued
i+’ (x +ax’ ) =0 Initial conditions :
x(0)=X, x(0)=0

Perturbation expansion :
x(t) = xo(t)+ &x, (t)+ e
Previous result (blows up at large ¢):
3
x(t)= X, cos(wt)— SSXTOZ {Swt sin(wr)+ i[cos(wt) - cos(Swt)]} + 0(52)
By rearranging terms (allowing effective frequency to vary):

x(1)=X, cos[a}[H & 38);; Jt] -¢ 32’; {cos(et)—cos(3mt)} + 0(52)
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Non - linear example with driving term - - Duffing equation
Georg Duffing~1915
i+ (x+a’)= dcos(x)
Trial solution from:  x() = ¢, cos(Q¢) + ¢, cos (3Qx)

{(wz —Qz)c1 —S%a)ch[l-%-“']—A:|COS(Qt)+
{((uZ —QQZ)C3 —siwzcl“[1+~-]}cos(3Qt)+~-:0

Approximate solution: (assume S 1)
1

S S

'1-90 /O

[¢ 1
2re—q
¢ 4

(cu2 —Qz)cl —E%wch -A=0
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Duffing oscillator -- continued

3 Plot for ©=2
(mz—Qz)cl—mech—A:O A=1
Q=0 —gza)ch A
4 [
e

51
[
-10
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Returning to linear case;  continuum limit --
Longitudinal versus transverse vibrations
Images from web page:
http://www.physicsclassroom.com/class/waves/u10l1c.cfm
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Longitudinal case: a system of masses and springs:

k k k
N NN 0000 0000
i lﬂm ﬂw
X X

i . xi+l
L=T-V :imixf fiki(xm %)
2 = 2.5

= mi, = k(xm —2x, + xH)

Now imagine the continuum version of this system :

. 0°
x(0= plx0) 5=
ot
82
Xy —2X 4 X = ’Lzl (A’C)2
ox
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Discrete equation :  m, = k(x,,, —2x, +x, )

2 2
Continuum equation : ma—’g = k(Ax)2 6—'?
ot ox
o’u _( kAx )82;1
ot? m/Ax ) ox*

system parameter with
units of (velocity)?

For transverse oscillations on a string

with tension 7 and mass/length o :

(kAx) T
-
m/ Ax o
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Transverse displacement:

T
(x,t)
Wave equation :
> u — 2 O*u
or ox*
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Lagrangian for continuous system :

Denote the generalized displacement by x(x,¢) :

L:L[ a—’ua—’uxt)
ox 0

Hamilton's principle :
Xy

ou ou )
oldt\dxL| u,——,——;x,t|=0
{ j [” ox

oL 0 oL 0 oL

= _—— =
du  ox 8(0u/ox) or dou/or)
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Euler - Lagrange equations for continuous system :

oL 0 OL 0 oL

ou oxo(ouiox) or doular)

Example:
-5(%)-3(%)
0.
2
2067 - f—# 0
or’ ox?

2 2
a—ﬂ —cza’u=0 for ¢*=—

o o
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General solutions (x,?) to the wave equation :

DPu L Pu
o
Note that for any function f{g)or g(g):
uxy)=f(x—ct)+g(x+cr)
satisfies the wave equation.
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Initial value solutions x(x,?) to the wave equation;
attributed to D' Alembert :

Pu L %u u

—— —c=t=0 where u(x,0)=¢(x)and —(x,0) =y (x

P o u(x0)=¢(x) az( )=y(x)
Assume:

ux,t)= f(x—ct)+g(x+ct)
then:  u(x0)=¢(x) = f(x)+g(x)

M) iy — o YO dg(x)
o V)=V )= ‘( dx  dx J

= f(0)-g(0) =~ [y
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Solution - - continued : ut)= f(x—ct)+g(x+ct)
then: ux0)=¢(x)=f(x)+g(x)

u _ __ (4 _dg)
E(X'O)_W(x)_ L[ dx dx ]

= /()-8 =~ [y

For each x, find f(x)and g(x):

f(x);{ﬂx)ij[w(x')dx'}

o= ;[m) e >dx']

= u(x,t)= %(;b(x— ct)+P(x+ ct))+ % J.,,/(X')dxy
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Example:

2 2
ou 026;21:0

Y ou
£ here u(x,0)=e™'" and ——(x,0)=0
o o where u(x0)= €7 and Z(x0)

:>,u(x,t):%(e"”"’z/”z +87(H/)zml)




Example:

o’ u

o’

= ux )= ZLc (e’(

G
o’

st} i _ e} i )

Ou(x,t 1 e 2 etV s
Note that u(x,t) _ _72(()“_“)6 (x+etf /o +(x—ct)e (x=ct) fo )
ot o
t=0.
1
0.5
-10 -5 0] 5 10
-0.5
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=0 where u(x0)=0 and ‘l”(x,()) = —i’z‘e’““f
ot o




